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(simce  the  Formation  of  the  Society,  January  16th,  1865),    ' 

Thursday,  May  8th,  1902. 
Dr.  HOBSON,  P.R.S.,  President,  in  the  Chair. 

Fourteen  memhers  present. 

Mr.  J.  E.  Wright,  B.A.,  Scholar  of  Trinity  College,  Cambridge, 
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Dr.  G.  Prasad  read  a  paper  "  On  the  use  of  Fourier's  Series  in  the 
Theory  of  Conduction  of  Heat."  The  President,  Dr.  Larmor,  and 
Prof.  Love  took  part  in  a  discussion  of  the  paper. 

Mr.  A.  E.  Western  communicated  a  note  on  "  Format's  Theorem 
on  Binary  Powers,"  pointing  out  an  exception  to  the  theorem. 
Lt.-Col.  Cunningham  gave  an  account  of  exceptions  which  had  been 
found  previously. 

Dr.  F.  S.  Macaulay  read  a  paper  on  "  Some  FormulaB  in  Elimina- 
tion." 

The  following  papers  were  communicated  from  the  Chair : — 

On  Groups    in    which   every    two    Conjugate    Operations   are 

Permutable :  Prof.  W.  Burnside. 
The   Application    of  Contour    Integration   to  the   Solution  of 
general    Problems    in  the    Conduction    of  Heat  and  to  the 
Expansion    of  an  Arbitrary  Function  in  Series:    Mr.  H.  S. 
Carslaw. 
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Some  FormulcB  in  Elimination.     By  F.  S.  Macau  lay. 
Received  and  read  May  8th,  1902. 

1.  The  object  of  the  following  paper  is  to  investigate  the  properties 
of  the  determinants  which  arise  in  the  theory  of  elimination  when 
conducted  according  to  the  methods  of  Bezoat,  and,  in  particular,  to 
find  a  simple  expression  for  the  resultant.  The  equations  are  supposed 
homogeneous,  of  different  orders,  and  general,  that  is,  complete  in  all 
their  terms  with  unconnected  literal  coefficients. 

Cayley*  has  given  (without  proof)  an  extremely  general  expression 
for  the  resultant  of  n  equations  in  the  form  D/J^j/ ... /D^.„  or 
DD, ... /DiD,...,  where  D  is  any  non- vanishing  determinant  of  the 
complete  matrix  corresponding  to  the  function  (7,5i  +  ...  +  Cn'S„  of 
order  t^  (cf,  §3  below),  and  D„  D,,  ...,  D„.2  are  other  determinants. 
The  simpler,  but  less  general,  expression  for  the  resultant  found 
below  is  D/A,  where  D  is  a  determinant  selected  arbitrarily  in 
accordance  with  a  certain  rule  (§  6a)  from  the  same  matrix,  and  A  is 
a  minor  of  D. 

For  three  equations  it  can  be  verified  that  the  two  results  D/D^  and 
D/A  are  the  same ;  Dj  and  A  are  not,  however,  composed  entirely  of 
the  same  elements  for  the  same  D,  but  each  is  independent  of  the 
elements  in  which  they  differ.  To  verify  the  identity  of  the  two 
results  for  more  than  three  equations  would  be  difficult,  and  of  little 
use.  The  advantage  of  the  simpler  form  D/A  lies  in  the  fact  that  A 
can  be  at  once  written  down  from  7),  whereas  Dj,  Do,  ...  are  only  ob- 
tained by  a  complicated  process,  which  Cayley  does  not  fully  explain. 

The  theory  suggested  by  Cayley  has  been  developed  in  considerable 
detail  by  K.  Bes.f  He  discusses  at  length  the  case  of  three  equa- 
tions, from  which  he  infers  the  result  for  n  equations.  He  does  not 
prove  that  D,  D^,  . . .  can  be  so  chosen  that  no  one  of  them  vanishes 
identically ;  and  he  is  scarcely  justified  in  describing  his  method  as 
e  new  process,  since  it  does  not  appear  to  differ  in  any  essential 
feature  from  that  of  Cayley. 

*  The  method  is  deficribed  g^erally  in  the  Camb.  and  Dub,  Math.  Jour,,  VoL  m., 
1848,  p.  116,  and  is  explained  more  in  detail  in  Salmon's  Higher  Algebra  (4th  edition, 
1886),  p.  87. 

t  **  Th^rie  g^n^rale  de  I'EIimination,  d'apr^s  la  methode  Bezoat,  suivant  un 
nouveau  precede,'*  Verhandelingen  der  Koninklijke  Akadcmie  van  TFetemchappen  te 
AmtUrdam  (Sectie  1),  Deel  vi.,  No.  7,  1899,  8vo,  pp.  1-121. 
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H.  Laurent*  has  also  given  a  supposed  explicit  expression  for  the 
resultant,  but  an  incorrect  one. 

The  resultant  of  n  general  equations  may  be  defined  as  an  integral 
function  of  the  coefficients,  without  repeated  factors,  whose  vanish- 
ing is  the  necessary  and  sufficient  condition  that  the  equations  should 
have  a  common    solution.     In  the  case  of  n  equations  containing 


«  «  L'EUmination,**  Seientia,  Fkyt.-Math, ,  No.  7, 1900,  pp.  1-75.  This  monograph, 
although  curiouB  and  interesting,  is  rendered  practioally  valueless  in  what  relates 
to  equations  in  several  unknowns  by  its  unreBable  methods  and  conclusions.  The 
resultant  is  nowhere  defined  and  is  regarded  as  an  Indefinite  fractional  expression. 
The  following  are  some  of  the  principal  omissions  and  errors  : — 

(1)  The  proof  (}  15)  of  the  theorem  that,  when  two  (non -homogeneous)  poly- 
nonuals  in  two  variables  are  given  as  moduli,  one  variable  can  be  expressed  as  an 
integral  function  of  the  other  is  incomplete,  since  two  general  assumptions  are 
made  ^oofs  of  which  are  not  supplied. 

(2)  The  proof  (§  16)  that  the  £-eliminant  C  of  three  equations  in  x^  y,  z  of  orders 
m,  It,  /I  is  of  order  mnp  in  c  is  faulty,  since  the  author's  method  for  expressing  C 
leads  to  a  fraction  instead  of  an  integral  function  of  e.  The  same  error  appears 
still  more  prominently  in  §  17. 

(3)  The  proof  (}  18)  of  Bezout*s  reduced  form  of  a  given  poljrnomial  with  respect 
to  other  given  polynomials  as  moduli  completely  fails  when  it  passes  beyond  reduc- 
tion in  one  variable. 

(4)  The  statement  (}  20)  that  a^/nJ  [the  author  uses  i>  for  /;«/.}  1 0  ( 1 4)  of  this 
paper]  is  a  determinant  with  all  its  elements  to  the  left  of  the  diagonal  zero  is  an 
error,  out  an  unimportant  one,  since  it  breaks  up  into  a  product  of  determinants  in 
the  diagonal.  The  statement  that  Ci^juJ  depends  only  on  the  coefficients  of  the 
terms  of  highest  order  in  the  several  equations  is  correct,  but  the  proof  is  lacking. 
The  author's  proof  of  the  same  result  in  the  Nottv.  Ann,  de  Math.,  Series  3, 
Vol.  n.,  1883,  p.  147,  is  not  valid.  In  the  same  place,  p.  149,  he  is  in  error  in 
stating  that  n  cannot  vanish  unless  the  equations  have  a  double  solution,  from 
which  he  deduces  incorrect  conclusions.  Again,  in  §  20  of  the  monograph,  the 
author  states  that  ayuJiB  independent  of  the  roots  of  the  equations.  He  does  not 
explain  what  the  statement  means ;  but  it  is  certainly  untrue.  If  it  were  true, 
then  the  ratio  of  n  to  any  other  expression  A'  formed  in  like  manner  would  also 
be  independent  of  the  roots,  which  can  easily  be  tested  and  found  incorrect  for  the 
case  of  a  linear  and  a  quadratic  equation  in  two  unknowns.  Netto,  in  referring 
to  Laurent,  says  that  Ci^jUJ  is  a  constant^  without  further  explanation  (Eneyklopddie 
d.  Math,  Wist.,  Teil  i..  Band  i..  Heft  3,  1899,  p.  274).  It  would  seem  that  both 
writers  have  been  misled  by  an  assumed,  but  f^se,  analogy  with  an  equation  in  a 
single  unknown . 

(5)  In  §  23  is  contained  the  so-called  explicit  expression  for  the  resultant  referred 
to  above ;  but  the  author  is  in  error  in  supposing  this  expression  '<  independant  des 
ci(/,'*  and  in  supposing  it  to  be  the  resultant,  or  to  contain  the  resultant  as  a  factor. 

(6)  In  §  26  the  author  implies  that  in  order  to  calculate  the  resultant  of  n  homo- 
g^eous  equations  in  n  unlmownB  it  is  of  advantage  to  make  the  orders  equal  by 
multiplying  the  equations  of  inferior  order  by  powei-s  of  the  same  unknown,  over- 
looking the  fact  that,  if  two  of  the  equations  have  a  common  factor,  the  resultant 
vanishes  identically.  Mtdtiplying  by  powers  of  different  unknowns  is  also  of  no 
advantage. 

In  contrast  with  the  above  we  may  mention  §  19,  which  gives  a  proof  of  Jacobi's 
theorem,  and  §  22,  which  proves  that,  if  the  vanishing  points  (or  solutions)  of  n  given. 
polynomials /in  n  variables  are  distinct,  finite,  and  complete,  then  any  polynomial 
which  vanishes  at  all  these  points  is  of  the  form  2^/,  t.«.,  vanishes  identically  with 
respect  to  the/'s  as  moduli* 
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more  than  n  unknowns  the  resultant  of  elimination  of  (n— 1)  of 
the  unknowns  is  called  the  eliminant  in  the  remaining  unknowns. 
The  most  usual  form  of  expression  for  the  resultant  is  by  means  of 
the  Poisson  product.  Select  any  one  of  the  equations  (7  =  0;  solve 
the  remaining  (n— 1)  equations,  after  putting  one  of  the  unknowns  x 
equal  to  1 ;  substitute  all  the  solutions  in  (7,  and  take  the  product 
nO;  then  the  numerator  B  oiHG  (when  reduced  to  its  lowest  terms) 
\r  the  resultant  of  the  equations.  R  is  an  integral  function  of  the 
coefficients,  being  the  numerator  of  a  symmetric  function  of  the 
roots  of  the  («— 1)  equations ;  and  the  vanishing  of  E  is  a  necessary 
and  sufficient  condition  that  the  n  equations  have  a  common  solution. 
The  degree  of  R  in  the  coefficients  of  any  one  of  the  equations  is  equal 
to  the  product  of  the  ordei'S  of  the  remaining  equations,  and  the  weight 
of  every  term  in  R  is  equal  to  the  product  of  the  orders  of  all  the 
equations.  The  denominator  of  the  Poisson  product  is  the  m-th  power 
of  the  resultant  of  the  (n^l)  equations  when  a;  =  0,  m  being  the 
order  of  0.  R  is  independent  of  the  particular  choice  of  the  unknown 
X  and  the  equation  (7  =  0;*  this  also  follows  from  §  4  and  (18)  of  §  10 
in  this  paper.  R  is  non-factorisable.f  Thus  R  satisfies  all  the  con- 
ditions required  by  the  definition  of  the  resultant.  In  this  paper  the 
resultant  is  regarded  from  a  different  point  of  view,  viz.,  as  a  factor 
of  a  determinant ;  but  it  is  identified  with  R  by  means  of  its  pro- 
perties, and  also  actually  identified  in  §  10  (18). 

2.  Notation.— Let  G^'\  6^',  ...,  C^,  or  G^,  (7„  ...,  (7„,  be  n  given 
homogeneous  general  polynomials  in  n  variables  x^^  a^s, ...,  ^m  of  orders 
tiij,  m„  ...,  m«  respectively. 

Let  Gr  denote  the  value  of  G^*  (j  =  1,  2, ...,  n)  when  a5ui,a5u2>  ..m^h 
are  all  zero  ;  so  that  G^r  is  a  homogeneous  polynomial  in  I  variables 
a?i,  aj„  ...,  aj|. 

We  imagine  a  correspondence  to  exist  between  the  variables 
iCj,  «„  ...,«»  and  the  polynomials  (7„  (7„  ...,  0„  respectively.  Thus  we 
may,  if  we  like,  regard  (7^  as  a  polynomial  in  Xr  whose  coefficients  are 
polynomials  in  ^,  ...,  ^r-i?  ^r-t-ii  •••>  ^n* 

A  polynomial  containing  no  arguments  aj^^aj^  ...  irj*  divisible  by 
a^»  is  said  to  be  reduced  in  aj, ;  if,  further,  it  contains  no  arguments 


•  Hadamard,  **Memoire  sur  T Elimination,"  Acta  Math.,  Vol.  xx.,  1897,  p.  201. 
t  Netto,  Algebra,  Bd.  i.,  1896,  p.  169,  and  Bd.  n.,  189S,  p.  79. 
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divisible  by  a^,  it  is  said  to  be  reduced  in  ajj  and  x^;  and  so  on.  When 
the  variables  are  not  specified,  a  reduced  argument  or  polynomial 
means  one  which  is  reduced  in  all  the  variables. 

In  the  function  0,  S^'^  +  0,  S^*> -f  C,  5^*' + . . .  of  order  t,  it  is  to  be 
understood  that  S^^^  is  a  general  polynomial  of  order  ^— m„  with  all 
its  coefficients  at  disposal,  S^^^  a  general  polynomial  of  order  <— m, 
reduced  in  ajj,  /S^*^  a  general  polynomial  of  order  t—rn^  reduced  in 
an,  aJ,,  and  so  on.  In  the  function  C,  S<°^ -f  0, /S '^  +  C^ /8^^'^  + . . . ,  where 
Op,  0,,  Gr,  ...  are  chosen  from  (7„  0„  ...,  (7„,  it  is  supposed  that  S^^^  is 
reduced  in  Xp,  8^'^^  in  Xp,  Xg,  and  so  on ;  so  that  the  significance  of 
8^^\  8^^\  ...  depends  on  the  order  in  which  (7„  (7„  ...  appear  in  the 
constituent  terms  of  the  function. 

Theorem. — It  is  a  known  theorem*  that  any  polynomial  G  of  order 
t  can  be  expressed  uniquely  in  the  form 

Gp8^'^ + 0, 8^'^+ ...  +  Gr8^'''^'{-8^'\ 

where  Z  (  <  n)  is  the  number  of  the  given  general  polynomials  Op, ..,,  Gr* 

In  order  to  prove  this,  we  have  to  show  that  8^^\  8^^\  ...,  S^'^  can  be 
chosen  in  one  and  only  one  way  so  as  to  satisfy  the  identity 

Equate  coefficients  of  the  arguments  on  the  two  sides  of  the  identity. 
The  number  of  equations  is  equal  to  the  number  of  arguments  of 
order  t ;  this  is  equal  to  the  number  of  the  unknowns,  viz.,  the 
coefficients  of  S^\  8^^\  ...,  S^^\  as  may  be  seen  by  considering  the 
polynomial 

in  which  each  argument  of  order  t  comes  in  once  and  once  only. 
Again,  the  determinant  of  the  coefficients  of  the  unknowns  in  the 
equations  is  not  zero ;  for,  if  it  were,  then  the  identity 

could  be  satisfied  without  8^^\  8^^\  ...,  8^^^  all  vanishing  identically; 


*  This  theorem  is  a  fundamental  one  in  Bezoat's  method,  and  is  probably  con- 
tained in  his  Th4orie  generate  dee  Equations  Alffebriquee  (Paris,  1779,  4to,  471  pp.), 
which  I  have  not  been  able  to  consult. 
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and  this  is  not  possible,  since  the  identity 

cannot  be  so  satisfied.  Hence  the  theorem  is  proved.  In  the  last 
step  we  make  use  of  the  fundamental  hypothesis  that  G^,  C„  ...,  C„ 
are  generaZ,  from  which  we  are  entitled  to  assume  that,  since  a  certain 
function  of  the  coefficients  of  Gi,  (7„  ...  does  not  vanish  when 
0|,  C„  ...  have  the  particular  values  arp,  ajJJ*",  ...,  it  cannot  vanish  for 
the  actual  values  of  Gi,  0„  ...  . 

From  this  theorem  follows  another  of  special  importance,  viz.,  that 
a  homogeneous  polynomial  of  the  form  Gp8i+Gg8^-\-.,.  -{-GrSi  can  be 
expressed  uniquely  in  any  one  of  the  standard  forms 

where  Oy,  0^,  ...,  G,*  are  the  I  polynomials  G,,  0,,  ...,  Gr  taken  in  any 
order  we  please.  For  (7,  iSi  +  0,  S,  + . . .  +  (7,  /8^/  can  clearly  be  written 
in  the  form 

which,  by  a  proper  choice  of  8^^\  8^^\  ...,  <S^'"*\  can  be  made  of  the 

and  this  can  clearly  be  brought  step  by  step  to  the  form 

Similar  reasoning  leads  to  the  theorem  that,  if  GiSi-^- ,..-{' GiSi, 
of  order  /,  vanishes  identically,  then 

S,=  s'cf,S„    (j  =  l,2,  ....  0, 

J»-l 

where  the  polynomials  S„  are  of  assignable  orders,  and  satisfy  the 
relations  8„  =  —  8gp  and  8,,  =  0.  The  same  i-esult  holds  if  (7„  ...,  Ci 
are  any  given  polynomials,  provided  that  certain  functions  of  the 
coefficients  do  not  vanish. 

3.  Notation. — The  matrix  corresponding  to  a  homogeneous  integral 
function  Cj  iSx  +  C^s'S,  -h ...  +  0„iS„  of  order  t  (also  called  a  matrix  of  the 
coefficients  of  Oi,  (7„  ...,  (7„)  is  formed  as  follows.  Write  down 
horizontally  all  the  arguments  w,,  Wj,  ...,  w^  of  order  t.  Multiply  Gp 
by  any  argument  «  of  Sp,  and  write  the  coefficients  of  otGp  under  their 
corresponding  arguments  fi»i,  w,,  ...,  <*>^,  thus  giving  a  row  of  the 
matrix.     Write  to  the  left  of  the  row  the  coefficient  of  oi  in  Sp.     If 
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we  thus  obtain  a 


«i  ^t  • 

.     0)^ 

K 

Oil  oi,  . 

.    Ol^ 

K 

Oil  a«  . 

•  o^ 

K 

O'pi  a^2  . 

.  a,^ 

This  (bordered)  matrix  is  a  diagrammatic  representation  of  the 
function  (7i /S,  + . . .  +  C„  iS»,  viz.,  the  function  is  the  sum  of  the  pro- 
ducts of  every  element  of  the  matrix  by  the  two  corresponding 
elements  in  the  border.     It  represents  also   the  whole  coefficient  of 

pmp 

each  argument  in  the  function,  viz.,  the  coefficient  of  w^  is    2  \»«|i». 

D  (n,  t)  denotes  the  determinant  whose  vanishing  is  the  condition 
that  the  identity 

Oifif»J-f(7,iSf^>^+ ...  +  aS^-^)  =  8^''\ 

of  order  t,  can  be  satisfied.  Thus  D  (n,  t)  is  obtained  from  the 
matrix  corresponding  to  G^S^^^-^-G^S^^^-^- ...-\-C^S^'"^^  by  omitting  the 
columns  corresponding  to  arguments  contained  in  8^"\  that  is,  all 
columns  corresponding  to  reduced  arguments.  We  take  D  (»,  ^)  =  1 
when  t  is  less  than  the  least  of  m^,  m„  ...,  m„. 

B(n,t)  denotes  the  H.C.F.  of  the  n!  determinants  formed  in  a 
similar  way  io  D  (n,  t)  when  Oj,  (7^,  ...,  0„  are  arranged  in  any  order. 
B  (n,  t)  =  D  (n,  t)  when  t  is  less  than  the  sum  of  the  least  two  of 
mj,  m,,  ...,  m^;  otherwise  B  (n,  t)  <  I)  (n,  t). 

D(li  t)j  I  <  n,  is  the  determinant  whose  vanishing  is  the  condition 
that  the  identity 

&^8'''+G^'8''^,..^Cf!'S''''  =  S'\ 


of  order  t,  can  be  satisfied.  Here  I  is  the  number  of  the  variables 
(§  2),  and  also  the  number  of  the  given  polynomials  (7.  B(l,  t) 
denotes  the  H.C.F.  of  the  11  determinants  like  D  (I,  t). 

We  take  t^    to    stand    for    mi  +  wi,4-...+w^  — w+1,    and    tt  for 
m|+...+mi— Z+1. 
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Theorem. — The  resultant  of  Oi,  0„  ...,  (7»  is  E  (»,  ^^). 
The  matrix  from  which  D  (»,  t^)  is  obtained,  viz., 


«l  «J  • 

•  "^^ 

X, 

a„  a„  .. 

•      «lM 

^ 

On  a«    • 

.    Oj^ 

^. 

a^i  a^a  .. 

.  a,^ 

is  the  determinant  D  (n,  ^„)  itself ;  for  there  are  no  reduced  argu- 
ments of  order  ^„  (since  the  reduced  argument  of  highest  order  is 
jp«ii-ijpii4-i  x^*~^  which  is  of  order  ^«— 1),  and  consequently  there 
are  no  columns  to  be  omitted, 
vanishes  if  the  equations 


It  is  then  evident  that  D  (n,  tn) 


can  be  satisfied.  But  these  equations  are  satisfied,  when  the  resultant 
vanishes,  by  giving  to  oi,,  n^s,  ...,  (c^  the  values  which  they  have  for 
the  common  solution  of  the  equations  (7,  =  0,  0,  =  0,  ...,  Cn  =  0. 
Hence  the  resultant  is  a  factor  of  D  (n,  t^),  and  of  all  the  n!  determ- 
inants like  D  (n,  t^) ;  therefore  it  is  a  factor  of  their  H.C.F.,  viz., 
B  (n,  t^).  Also  B  (n,  ^„)  is  of  the  same  degree  as  the  resultant  in 
the  coefficients  of  each  of  the  polynomials  0„  (7„  ...  (7«  (proved  in  §  4). 
Hence  B  (n,  t„)  is  the  resultant. 

4.  Theorem. — The  degree  of  B  (n,  t)  in  the  coefficients  of  0,  is 
equal  to  the  number  of  arguments  of  order  ^— m^  which  are  reduced 
in  all  the  variables  except  Xr,  t.e.,  it  is  equal  to  the  coefficient  of  of 


in 


X^r 


'^"   l-x'^p 


l_a.*r  F-1     l—x 

Let  IX  (n,  0  be  the  determinant  like  D  (n,  ^)  for  a  different  order 
of  the  polynomials,  viz.,  for  the  order  (7/,  ...,  C>,  0„  0^. 
2)'  (n,  <)  is  a  determinant  of  the  matrix  corresponding  to 

Henoe  the  degree  of  1/  (n,  t)  in  the  coefficients  of  Or  is  equal  to  the 


io 
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number  of  arguments  in  iS^*"*^  of  order  ^—w^  But  B  (n,  t)  is  a  factor 
of  D'  (n,  t)j  and  therefore  cannot  contain  the  coefficients  of  C^  to  a 
higher  degree  than  the  number  of  arguments  of  order  t—mr  reduced 
in  all  the  variables  except  Xr. 

Now  the  polynomial  Oi fif^^^  +  0, S^^^  + ...  +0»S<"-*^  is  represented  by 


«l  ««  ... 

«^ 

X, 

Oil  <hi  ... 

au 

A, 

On  On  ... 

«2^ 

K 

a.i  a..  .. 

<^^ 

and  (§2)  this  can  be  brought  identically  to  the  form 
which  is  represented  by 


*»i  "i  ••• 

«, 

x; 

«.'.  o.',  ... 

< 

K 

ai,<4  ... 

< 

K 

Orf  o^  ... 

<, 

Hence 


S  A,a^=  SX;<     (r=l,2,  ...,,i). 


Taking  any  p  valuer  for  r,  it  follows  that  the  ratio  of  any  determinant 
in  the  first  matrix  to  the  corresponding  determinant  in  the  second  is 

equal  to  the  transformation   determinant    (  ^  j    derived    from  the 

identical  expression  of  Xi,  X^,  ...,  ^^  as  linear  functions  of  X^,  X,,  ...,  X^. 
In  particular,  we  have 

V(n,t)  _jy\ 

iy(n,t)       AX/' 

•  We  examine  then  how  the  quantities  X'  are  expressed  as  linear 
functions  of  the  quantities  X,  or,  what  comes  to  the  same  thing,  how 

I.  OiiS^'+0,iS^'^  +  ...  +  0,fif^»-^^ 

is  changed  to  the  form 
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The  first  step  is  to  write  I.  in  the  form 

and  equate  the  co-factors  of  Gr  in  II.  and  III.     We  thus  have 
a  8''^'^  + . . .  +  0,  S"'"-'^ + fif' ^"-'^  =  S^'-  '\ 

This  identity  determines  uniquely  all  the  coefficients  of  8"^^\  ...,  Sf"^*"% 
/Sf^""^^  in  terms  of  the  coefficients  \  in  S^''''^\  by  §  2.  The  coefficients 
X'  in  fif^""'-  are  therefore  linear  functions  of  the  coefficients  X  in  8^'"^\ 
and  the  coefficients  of  the  expressions  for  these  quantities  X'  in  terms 
of  the  quantities  X  are  fractional  functions  of  the  coefficients  of 
Ct,  ...,  Cp,  Cq,  i.e.,  they  are  independent  of  the  coefficients  of  Gr. 

The  next  step  is  to  change  the  co-factor  of  C,  in  III.,  keeping  the 
co-factor  of  Gr  unchanged,  and  requires  the  identity 

to  be  satisfied,  g"^""*^  being  already  determined  from  the  first  step. 
From  this  we  see  that  the  coefficients  X'  in  S'^""*^  are  linear  functions 
of  the  coefficients  X  in  S^^'^^  and  iS^*""*^,  and  that  the  denominators  of 
the  coefficients  of  the  expressions  for  these  quantities  X'  in  terms  of  the 
quantities  X  are  independent  of  the  coefficients  of  Or*  This  last  property 
clearly  holds  for  all  the  quantities  X'  when  expressed  in  terms  of  the 

quantities  X.  Hence  the  denominator  of  Ixj  is  independent  of  the 
coefficients  of  0^. 

•  D  (n,  t)  is  therefore  divisible  by  all  the  factors  of  D'  (n,  t)  which 
contain  the  coefficients  of  Gr;  and  similarly  each  one  of  the  n! 
determinants  like  D  (n,  t)  is  divisible  by  the  same  factors.  Hence 
JR  (n,  t)  is  divisible  by  the  same  factors,  and  therefore  B  (»,  t)  is  of 
the  degree  stated  above  in  the  coefficients  of  0^.  The  degree  of 
B  (n,  t)  in  all  the  coefficients  combined  is   equal  to  the  coefficient 

ofo^inS^^xntl^'. 

It  easily  follows  that  the  degree  of  B  (n,  t^)  in  the  coefficients  of 
Gr  is  Um/mr.     This  completes  the  proof  that  B  (n,  t„)  is  the  resultant. 

The  continued  ratio  of  the  determinants  of  the  first  matrix  above 
is  the  same  as  for  any  one  of  the  n !  matrices  formed  in  a  similar  way 
when  (7„  0„  ...,  0„  are  arranged  in  any  order,  and  is  equal  to  the 
continued  ratio  of  the  H.C.F.*s  of  the  sets  of  n!  corresponding  de- 
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terminants.  Hence,  since  B{n,  t)  is  the  H.C.F.  of  the  set  corre- 
sponding to  D  (n,  t)y  it  follows  that  all  the  determinants  of  the  first 
matrix  are  divisible  by  D{n,t)/R{n,  t).  Also  a,  /S^'>  + . . .  +  G^  S^""^^ 
can  be  changed  identically  to  0,  Si  -h  ...  +  0„iS„,  where  <Sf„  ...,  S„  con- 
tain any  the  same  nnmber  p  of  arguments  in  all  as  8^^\  ...,  8'*~^\ 
provided  only  that  the  determinants  of  the  matrix  corresponding  to 
(7,/8,+  ...  +  0„/S>„  do  not  all  vanish  identically.  Hence,  since  corre- 
sponding determinants  will  still  remain  proportional,  it  follows  that 
the  determinants  of  the  matrix  corresponding  to  (7,iS'i4-...4-(7„iSr„ 
will  have  a  common  factor  of  the  same  degree  as  D{n,  t)/B  (n,  t) 
in  the  coefficients  of  all  the  polynomials  0^  (7„  ...,  0„  combined. 
Similar  results  hold  for  the  matrices  corresponding  to 

6\iS^«»+...  +  C|S^'-^>     and    G,8^-\- .,.-{- C^Si. 

5.  Theorem. — To  prove  that,  neglecting  sign, 

D  Q/,  t)  _  Djn-'l.O  D(n— 1,<-1)        D  (n-l,t—m^-\-l) 
E(n,O~-B(w-l,0  Bln-l,t-l)  '"  E(»-l,  <-m,  +  l) 

X  D  (n— 1,  t—m^)  D  (n— 1,  ^— m„— 1)  ...D  (n— 1, 1). 

B  (n,  ^)  is  a  factor  of  D  (n,  t),  and  the  remaining  factors  of  D  (n,  f) 
are  independent  of  the  coefficients  of  On  (§  4).  Let  a^  be  the  co- 
efficient of  «'*••  in  (7„,  and  r  the  number  of  arguments  in   S'*"^^  (of 

order  *— m^)  which  are  severally  used  as  multipliers  of  0„  in  forming 
the  r  rows  which  correspond  to  (7„  in  D  (n,  t).  The  element  a„ 
appears  in  all  these  r  rows  of  D  (n,  t),  and  occupies  the  columns 
corresponding  to  the  arguments  of  x^*  iS^**"'\  the  only  columns  absent 
from  D  (n,  t)  being  those  which  correspond  to  reduced  arguments 
(§3),  or  arguments  comprised  in  S^**\  The  remaining  columns  of 
D  (n,  t)  are  those  corresponding  to  all  arguments  of  order  t  which  are 
not  comprised  in  x^*"  8^"'^^ -{■  8^**\  t.e.,  S^**-'^\     Hence  the  coefficient  of 

ai  in  the  expansion  of  D  (w,  t)  is  the  determinant  whose  vanishing  is 
the  condition  that  the  identity 

of  order  t,  can  be  satisfied.  To  find  this  determinant,  assume  the 
identity  satisfied,  and  put  x„  =  0;  then  0,  becomes  &*~^\  and  if  8^^^ 
becomes  /8'^'\  we  have  the  identity 
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of  order  t.  Hence  either  B  (n-1,  t)  =  0,  or  S'^'^  S'^'\  ...,  /Sf'^*'^  all 
vanish  identically.  In  the  latter  case,  8^''\  8^^\  ...,  S^*"^^  are  all 
divisible  by  x^y  and  on  dividing  it  ont  we  have  the  identity 

of  order  ^—1.     Hence  D  (n— 1,  ^—1)  =  0,  or  a  similar  identity  holds 

of  order  t—2.     It  follows  that  the  determinant  sought  is 

p-t-i 
n  D(n— 1,  t—p). 

p-O 

Hence  B (n,  0  =  <  "n  B (n-1,  f  — ;?)  + ...  . 

We  next  find  the  coefficient  of  <  in  R(n^t).  Consider  the  determ- 
inant like  B{ny  t)  when  the  order  of  (7„  0,,  ...,  On  is  changed  to 
(7„,  Oi,  ...,  0«.i,  that  is,  the  determinant  whose  vanishing  is  the 
condition  that  the  identity 

of  order  ^,  can  be  satisfied.  The  element  a»  appears  in  all  the  r  rows 
corresponding  to  G^  and  occupies  the  columns  corresponding  to  the 
argnments  of  o;^'*  S^^^ ;  hence,  on  expanding,  the  coefficient  of  a^  is 
the  determinant  whose  vanishing  is  the  condition  that  the  identity 

of  order  ^  can  be  satisfied.     The  coefficient  of  a^  is  therefore 

n     i)(n-l,^-^), 

j»=0 

by  a  similar  proof  to  the  above.  Keeping  now  (7„  fixed,  while  the 
order  of  O,,  (7„  ...,  (7„_i  is  altered  in  all  possible  ways,  the  H.C.F.  of 
the  coefficients  of  a^  in  the  several  expansions  is 

n     B(n-l,t'-p). 

p=0 

This  is  the  coefficient  of  <  in  B  (n,  t)  ;  for  it  is  easily  seen  to  be  of 
the  same  degree  as  B  (n,  t)  in  the  coefficients  of  C,,  ...,  (7«_i.     Hence 

j)=m^  — 1 

E(w, /)  =  <       n      B(n—l,t-p)  +  .... 

Also  the  ratio  of  B  (n,  t)  to  B  (n,  t)  is  equal  to  the  ratio  of  their  first 
terms  when  expanded  in  this  way ;  thus  we  have  the  theorem.    When 

'  *  '•'        B  (n,  0  =  B(n, «,)  =  a^'  ••"-'  iJ(n-l,  <..,)*"+ ... . 


U  Dr.  F.  S.  Macaalay  on  [May  8, 

6.  Thborbm. — B  (n,  t)  is  the  quotient  of  D  (n,  t)  by  the  minor  of 
D  (n,  ^)  obtained  by  omitting  the  columns  corresponding  to  all  argu- 
ments reduced  in  (n— 1)  of  the  variables  «,,  «„  ...,  «„,  and  the  rows 
corresponding  to  Or  (r  =  1,  2,  ...,  n— 1)  for  all  multipliers  reduced  in 

The  resultant  B  (n,  f„)  of  Oj,  (7„  ...,  0„  is  consequently  the  quotient 
of  D  (n,  <„)  by  the  corresponding  minor  of  D  (n,  f„). 

I^et  A  (n,  ^)  denote  the  minor  of  D  (w,  t)  mentioned  above.  To 
prove  the  theorem,  viz.,  to  prove  that  A  (n,  t)  =i  D  («,  t)/B  (n,  t),  it 
will  be  sufficient  (§  5)  to  show  that 

A  (n,  0  =      n     A  (n— 1,  ^— ;>)     H    D  (n— 1,  ^— ^), 

j)=0  p=»»*,, 

and  to  verify  that 

A(2,0  =  l>(2,0/R(2,0. 

Now  A  (n,  ^)  is  the  determinant  whose  vanishing  is  the  condition 

that  the  identity 

I.  C,2^^^-hC,2^'>+...  +  a.i2f-»J=r  2, 

of  order  t,  can  be  satisfied ;  where  2^^^  is  a  polynomial  whose  argu- 
ments are  non-reduced  in  at  least  one  of  the  variables  ^r,,  a^,  ...,  at„; 
2^^^  a  polynomial  whose  arguments  are  reduced  in  x^,  but  non-reduced 
in  at  least  one  of  the  variables  «„  ...,««;  and  similarly  for  2^*\  ...,  2'""'^ 
(the  last  consequently  divisible  by  x^")  ;  and  finally  2  a  polynomial 
whose  arguments  are  reduced  in  at  least  n— 1  of  the  variables.  The 
number  of  coefficients  in  2'^\  2^'\  ...,  2^'*""'  is  equal  to  the  number  of 
the  equations  they  have  to  satisfy,  and  A  (m,  t)  is  not  identically  zero. 
This  is  seen  by  considering  the  polynomial 

a:p  2^'^  +  a;?'2^^^  +  ...+.T^^-->2(''-=^H2, 

in  which  every  argument  of  order  t  occurs  once  and  once  only 
(cf.§2). 

Putting  ar„  =  0,  and  writing  2'  for  the  value  each  2  then  takes,  we 
see  that  identity  I.  becomes 

*  It  is  to  be  remembered  that  the  multipliers  of  Cr  are  also  reduced  in  x^  ...,  ^r^.i. 
'the  columns  to  be  omitted  are  those  which  contain  the  elements  ai.a^t  ...,  a,,  in  the 

omitted  rows,  where  Or  is  the  coefficient  of  a-^  ''  in  CV. 
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of  order  t  Hence  A  (n-1,  t)  =  0,  or  S'^*^,  2"^  ...,  S'^""%  S'  all 
vanish  identically.  In  the  latter  case  «„  divides  out  of  each  S  in  I., 
and  we  have 

II.  Oi2(<»^+C,2^>>4-...  +  C«.i2^"-'^  =  2, 

of  order  <— 1.  Since  II.  is  obtained  by  dividing  «„  out  of  I.,  the 
part  played  by  ojJJ^*  in  I.  is  now  taken  by  «*»~^ ;  so  that  in  II.,  for  any 
argument  to  be  reduced  or  non-reduced  in  x^  means  that  it  is  non- 
divisible  or  divisible  by  aj^""^. 

Putting  «»  =  0  in  II.,  we  see  that  A(n— 1,  ^— 1)  =  0,  or  else 
identity  I.  still  holds  with  t,  «"**  changed  to  f— 2,  «**••"*.  Proceeding 
in  this  way,  we  find  that 

A(n,  0  =  A  (n-1,  0^(n-l,  ^-1)  ...  A  (n-1,  f-m„  +  l)  A', 
where  A'  is  the  determinant  whose  vanishing  is  the  condition  that 
identity  I.  holds  when  ^,  aj***  are  changed  to  *— m„,  ajj.     Thus  each  2 

is  now  necessarily  non-reduced  in  a;„,  and  consequently  2^**^  takes  the 
form  fl^'^;  while  2  is  reduced  in  ajj,  aj,,  ...,  aj„.i,  and  takes  the  form 
gf("-i)^     Hence  identity  I.  becomes 

of  order  t—m^.     Hence  (§5) 

A'  =  ^"n"   D(n-1,  t-p), 

which  proves  the  theorem. 

Thus  definite  expressions  have  now  been  found  for  R  (n,  t),  R  (n,  t^), 

viz.,    R(n,t):=zD(n,t)/^(n,t),     R  (n,  Q  =  D  {n,  t,)/^(n,  Q, 

Another  way  of  expressing  the  rule  for  obtaining  A  (n,  t)  from 
D  (n,  t)  is  the  following : — A  (n,  t)  is  the  determinant  formed  by  the 
elements  of  D  (n,  t)  occurring  in  all  the  columns  corresponding  to 
arguments  non-reduced  in  two  or  more  variables,  and  all  the  rows 
corresponding  to  Cr  (r  =  1,  2,  ...,  n  ~1)  for  multipliers  non-reduced 
in  one  or  more  variables  leaving  x^  out  of  account. 

*6a.  A  more  general  way  of  forming  an  expression  for  the  resultant 
of    Ci,  C^,  ,,.,Cn   is   the  following: — Form    the   complete     matrix 


♦  This  section  waa  added  in  a  revision  of  the  paper,  June  17th,  1902.     It  supplies 
a  further  proof  of  the  theorem  of  }  6. 


16  Dr.  F.  S.  Macanlay  an  [May  8^ 

(having  more  rows  than  columns)  corresponding  to  the  function 
Oi/S|4-0,/S,  +  ...+0»S„  of  order  ^^  =  H-2(m-l).  Call  he  rows 
which  make  up  D  (n,  t^^),  that  is,  the  rows  corresponding  to 

the  primary  rows,  and  the  rest  the  snpplementary  rows.  Select  any 
Sfi  of  the  primary  rows,  of  which  /i^  correspond  to  0„  where 

fArfnr^Um    (r=l,  2,  ...,n); 

and  add  to  them  any  snpplementary  rows,  so  as  to  form  a  determ- 
inant of  the  complete  matrix  which  does  not  vanish  identically.  Then 
the  resultant  is  the  quotient  of  this  determinant  by  the  minor  obtained 
from  it  by  omitting  the  2/x  rows,  and  the  columns  which  contain  the 
elements  o^,  Of, ...,  a^  in  the  2m  rows,  where  a^  is  the  coefficient  of  x^^ 
in  Or,  Observe  that  there  is  one  element  di^  a^y  ...,  gu  in  each  row 
and  each  column  of  the  complete  set  of  primary  rows. 

The  theorem  is  also  true  for  i2  (n,  t),  when  f4,  a„  ...,  fs,  are  given 
their  proper  values  ;  but  for  this  case  the  proof  given  below  requires 
amplification  in  one  or  two  details. 

Let  Pi,  Pt,  ...,  p«  denote  the  numbers  of  the  arguments  of  order  /„ 
of  the  form  x^^w^^\  x^v^^\   ...,  «*»«^""*^  respectively,   so  that  2p  is 

the  number  of  columns  of  the  matrix,  and  p^  =  fi^.  Let  ^^g]  denote  a 
polynomial,  and  <ii|jj  an  argument,  which  is  reduced  in  the  first  p  and 
last  q  of  the  variables  «,,  a?,,  ...,  aj„. 

The  complete  set  of  supplementary  rows  forms  a  matrix  of  rank 
2  (p— /i),  which  is  the  number  of  supplementary  rows  in  any  one  of 
the  determinants  above ;  for  the  matrix  corresponds  to 

...+ar;;;»-/ ((7.5(0)) 

...  +  C,.(a;-»6i;;+a.;*<i+...4.ar  -^SlJ^) 

-^x?  (C.C3) + o,6i:U) + ... + a^siii) + ...  +0.;;;-^  (c.s%-\ 

which  contains  2(p— /i)  parameters  only.      The  number  of  para- 


1902.] 


some  Formulas  in  Elimination. 


meters,  for  example,  in  the  second  bracket  of  the  last  line  eqaals  the 
nninber  of  arguments  in  the  function 


of  order  t^—m^,  that  is,  the  total  number  of  arguments  J^^  of  order 
*•»— wi,   less  the  number  in   aj^'iSliUi  +  'SlJjj  ov    /SflLj),    which   equals 

Hence,  if  two  determinants  are  chosen  having  the  same  primary 
rows,  but  different  supplementary  rows,  then  the  determinants  in  one 
set  of  supplementary  rows  will  be  proportional  to  those  in  the  other 
(§  4),  and  the  two  original  determinants  will  be  in  the  same  pro- 
portion. The  theorem  is  therefore  true  for  any  set  of  supplementary 
rows,  if  it  is  true  for  one  set. 

The  proof  of  the  remaining  part  of  the  theorem  will  be  sufficiently 
indicated  by  taking  n  =  5.  Consider  the  determinant  D  arranged 
in  columns  and  rows  as  in  the  following  diagram : — 


pi  columns 


fix  rows 


ftm  rows 


/U3  rows 


^4  rows 


/*•(=  pi)  rows 
P4-/i4rows 
Pi—M2  rows 


'2    l^w^s*  ^1)^4'  ^(0)^^ 


Pi-fi,  rows 


p2  oolimms 

f)j  columnH 

p.  CollUIUM 

P,(-m,)co1b. 

^. 

I>i 

~A 

"A 

A 

1 

1 

A 


D^ 


J) 
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The  2/i  primary  rows  correspond  to  OiiS^®^-|-C,S^^-|-...  +  (7ji8'^*^ 
where  S^'"^^  (r  =  1,  2,  3,  4,  5)  is  an  incomplete  polynomial  containing 
any  /i^  arguments  «^'"*^  The  2  (p— /a)  supplementary  rows  are 
chosen  in  a  particular  way,  each  of  the  arguments  uf^)  in  the  diagram 
being  given  all  the  values  of  which  it  is  capable.  The  elements  to 
the  right  of  the  dotted  line  are  all  zeros.  D^  (r  =  1,  2,  3,  4)  is  the 
determinant  marked  in  the  diagram  by  writing  D^  at  the  four  comers. 
A^  (r  =  1,  2,  3,  4)  is  the  determinant  marked  in  the  diagram  on  the 
supposition  that  the  fi^  columns  containing  the  element  a^  in  the 
primary  rows  are  omitted.  Let  R  be  the  resultant  of  Oj,  0„  ...,  C^, 
and  Rr  (r  =  1,  2,  3,  4)  the  resultant  of  Cr^u  ••»  0^  when  «„  ,..,Xr  are 
made  zero,  so  that  R^=ia^.  Then  D,.  is  divisible  by  1^7*""*^  We 
shall  prove  this  for  the  case  r  =  2,  by  the  method  of  §§4,  5. 

Let  Gi^i^-^-C^S^^^  +  G^^^^  be  the  function  whose  matrix  has  D, 
for  a  determinant,  8^\  ^^\  8^^^  being  the  sums  of  the  multipliers 
of  Oj,  G^y  Cft  in  D,  affected  with  arbitrary  coefficients  X.  We  shall 
be  able  to  compare  D,  with  a  standard  determinant  of  a  similar  type 
by  bringing  OjS^f^  +  C^iS^^  +  O.iSf^*^  to  a  standard  form,  viz.,  the 
function  C,S(5j-f- C4/S|JJ  +  0aS|Jj,  with  respect  to  the  arguments  to 
which  the  columns  of  D^  correspond.  These  are  the  arguments  of 
the  type  x^'w^^\  «]|**w^'\  «;'»<ii^*^  or  ta^\  or  ^JJ*"***!!},  «"*wi}J»  ajj'»wgj,  from 
which  we  see  that  the  standard  function  contains  just  the  necessary 
number  of  parameters.  Now  the  following  identities,  regarding  the 
functions  on  the  left  hand  as  the  unknowns, 

(1)  s;5!+(7.c+o.<'+(xrs, +;.r&i")  =s?', 

can  be  satisfied  in  succession  uniquely,  and  on  multiplying  by 
C„  C^,  O5,  and  adding,  it  is  seen  that  the  required  ti*ansformation  has 
been  effected. 

Prom  (1),  (2),  (3)  we  see  that  the  parameters  \'  of  8^^,  8?^.,  8^ 
when  expressed  in  terms  of  the  arbitrary  parameters  A  of  ^^\  S^^\  8^^\ 
contain  the  coefficients  of  (7,  only  in  the  numerator.  Hence  the 
determinant  D,  contains  all  the  factors  of  the  standard  determinant 
corresponding  to  CjS[ij  -f  G^  8\y)  +  G^  S%]  which  involve  the  coefficients 
of  0,  (§4).  Now  the  standard  detenninant,  which  comes  from 
equating    to    zero    all   terms    in     G^8[^^-^G^8j]-\-Gti8^^^     containing 
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a;**jr^  (a,  =  0,  1,  ...,m,— 1;  a,  =  0,1,  ...,  m,—l),  breaks  np  into mitn, 
determinant  factors  of  the  type  D  (3,  t),  each  of  which  is  divisible 
by  H^,  The  determinant  D,  is  therefore  divisible  by  l?^'**" ;  and 
similarly  Dr  is  divisible  by  B^^  ■*"*^ 

Again,  D,  and  Ej*'"**'  are  each  of  deg^'ee  /i,  in  the  coefficients  of  0„ 
while  the  coefficient  of  d^*  in  D,  is  A,2)„  and  in  iij*'"''  is  ET''"**'  (§  5)  . 
hence  J.    _  A.i). 

From  this,  and  similar  results,  we  have 

D  .D,  AaA  AAA  A  AAAA  A 

therefore  2^  =  D/A,  A,A,  A^. 

This  proves  the  theorem  for  the  case  n  =  5,  and  in  a  similar  way  ii 
follows  generally. 

7.  The  problem  of  dividing  out  the  extraneous  factor  A  (n,  ^)  from 
^  (*»>  ^i.)>  80  as  to  bring  the  resultant  B  (n,  t^  to  an  integral  form, 
appears  to  be  a  more  difficult  one  than  that  of  merely  finding  the 
extraneous  factor.  Any  series  of  operations  for  finding  the  integral 
form  of  R  (n,  t^  would  probably  be  very  long  and  complicated. 

A  slight  reduction  in  the  magnitude  of  the  extraneous  factor  is 
obtained  as  follows.  Taking  m^  <  tti,  . . .  ^  m^,  the  coefficient  Oj  of 
«"'  in  0,  raised  to  the  power  (m,+ ...  +  Wrt-i)«-i/(«  — 1)  J  divides  out  of. 
both  B  (n,  t^)  and  A  {n,  t,,)  at  sight.  This  is  not,  however,  the  whole 
power  of  a,  that  divides  B  (n,  i„)  unless  mj,  m,,  ...,  m„  are  all  equal. 
Among  the  multipliers  of  G^  we  may  omit  all  those  divisible  by  oT". 
This  will  result  in  a  diminution  of  (7n,+ ...  +w^.i)„_i/(n— 1) !  iu  the 
number  of  rows  of  B  (n,  ^h),  and  the  same  diminution  in  the  number 
of  columns,  viz.,  the  columns  corresponding  to  all  arguments  divisible 
by  a;7'  *'*.  The  extraneous  factor  in  the  reduced  determinant  B'  is  a 
minor  of  B',  To  obtain  it  we  omit  all  the  rows  and  columns  in  D' 
which  had  to  be  omitted  in  B{n^  t,,)  and  which  appear  in  7)'.  Those 
not  appearing  in  2X  are  the  rows  corresponding  to  C,  for  multipliers 
«""  <ii,  and  the  columns  corresponding  to  arguments  ar, '  *  "  w,  where  w 
is  any  argument  of  order  ^„— w,— ?»„  reduced  in  a*,,  a*,,  ...,«„.  We 
must  then  omit  some  other  rows  and  columns  of  B'  in  place  of  those 

c   2 
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which  have  disappeared.  They  may  be  chosen  in  several  ways.  We 
may,  for  example,  choose  the  rows  corresponding  to  O'l  for  mnltipliers 
a^*""**arr'«'i  where  «'  is  the  valne  that  <k»  takes  when  34  and  a^  are 
interchanged ;  for  it  can  be  proved  that  each  of  these  rows  simply 
supplies  a  factor  a,  to  the  minor  A  (n,  t^)  of  D  (n,  t^).  Since  m  is  not 
divisible  by  ajj**,  «'  is  not  divisible  by  arr*,  and  x^^'^^Xt^ta  is  not 
divisible  by  aj^"*  a^id  so  is  a  multiplier  for  G^  in  U,  The  extra 
columns  to  be  omitted  from  If  are  those  corresponding  to  the  argu- 
ments arr'*"*"'"'a^«'. 

A  greater  reduction  in  the  magnitude  of  the  extraneous  factor  is 
suggested  by  a  method  of  Sylvester's.*    Taking  m,  ^  m, ...  ^  m,  and 
(a,-l)  +  (a,-l)4-...4-(a„-l)  =  m,-l, 

then  any  argument  in  G^  or  0,  ...  or  (7„  is  of  higher  order  than 
^ai-i  0,-1  x*^n-^  and  therefore  divisible  by  a?**  or  a?** ...  or  a^;  so 
that  we  can  write 

a  =  aJr^r-l-4*^r+...+^Mir,     (r  =  1,  2 n), 

where  -4r»  ...» -K^  are  polynomials.  The  number  of  solutions  of  the 
equation  2(a  — l)  =  mi— 1  in  positive  integral  values  of  Qj,  ...,  a„, 
excluding  zeros,  is  equal  to  the  number  of  arguments  of  order 
m,— 1;  which  is  also  the  number  of  reduced  arguments  of  order 
^^— 7?ii,  as  may  be  seen  by  dividing  any  argument  of  order  w,  — 1  into 
^mi-ijgjh-i  ..,a.^H-i,  There  are  therefore  the  same  number  of  poly- 
nomials %^ABG  ,..K  of  oi*der  ^„— m,  as  of  reduced  arguments  of 
order  ^„— m,,  taking  only  one  set  of  polynomials  -4,  B,  ...,  K  for  each 
solution  of  the  equation  2(a— l)=Wi— 1.  The  determinant  D' 
corresponding  to  these  polynomials  and  the  function 

of  order  ^»— w,,  will  have  the  resultant  B  (n,  #„)  as  a  factor.  The 
proof  that  1/  does  not  vanish  identically,  provided  that  only  one 
polynomial  ^^AB  ..,  K  ia  chosen  for  each  solution  of 

2  (a— 1)  =  wij  — 1, 

is  somewhat  complicated,  and  we  omit  it.  It  is  clear  that  D'  is 
divisible  by  the  common  factor  of  the  determinants  of  the  matrix 

*  SalmonV   Higher  Algebra,  1885,    p.  86,    and   Camb,  and  Dub.  Math.  Jotir.j 
Vol.  vn.,  1852,  p.  68. 
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corresponding  to  0,S^^^+... -f  C'^/S^"-*^;  hence  (end  of  §4)  D'  is 
divisible  by  A  («,  t^—vi^).  Also  the  quotient  is  of  the  same  degree 
as  JB  (», /„)  in  the  coeflBicients  of  (7„  C„  ...,  G^,  and  is  therefore 
identical  with  B  (?»,  ^„).  Thus  the  extraneous  factor  in  D'  is 
^  ('*♦  ^«— wt,),  which  is  obtainable  fvoxn.  D*  by  the  same  rale  (end  of 
§  6)  as  A  (n,  t„)  from  Z?  (w,  ^„). 

This  method  has  the  greatest  effect  in  reducing  the  extraneous 
factor  when  Wj,  w,,  . . . ,  ^«  are  all  equal.  When  n  =  3  and 
wij  =  m,  =  m3,  it  gets  rid  of  the  extraneous  factor  altogether ;  and 
when  n  =  3  and  m^  <  m,  <  m^,  it  reduces  the  extraneous  factor  to 
a,  raised  to  the  power 

i(m,— mi)(m,— m,— l)+i  (nh—rnJinh—m^—l), 
of  which  Oj  to  the  power  ^  (wi,— )/ii)(tw,— m^— 1)  can  be  divided  out, 
leaving  Oj  to  the  power  i(m^—mi)(m^—m^  —  l)    as  an  extraneous 
factor  which  does  not  divide  out  at  sight. 

8.  We  add  a  further  list  of  formulae  without  entering  into  details 
of  proof.  The  formulsB  of  the  present  article  are  proved  by  methods 
that  have  been  already  employed.  In  §§9,  10  some  indications  are 
given  as  to  how  the  results  are  obtained. 


(1) 

(2) 
where 

Pi  =  - 


B  (n,  t)  =  B  (n- 1,  t)  B  {n,  ^—1),  when  t  >  t„, 

B(n,t)  =  UD  (Z,  tty',  when  t  >  K, 
1-1 


2     /       \      1     / 


ltn-in-\\         IK-K.l\         ltn-tn.x\  ^ 

Vn-Z-1/      Xn-l-^l     Vn-Z-3/      

\n^ll         \n-l-ll      \n-Z-2/      \     1    / 

(    )  denoting  the  coefficient  of  x^  in  (1-1-a*)';  ^„— ^  in  the  last  row  of 

the  determinant  is  a  negative  number. 

(3)  R  (»,  0  =  l^  («.  '")»  when  t  >  /,.. 

It  (n^tn)  is  a  piime,  i.e.,  non-factoi-isable  (Xetto,  Lc,  p.  5).     It  is  also 
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probable  that  B  (n,  t)  is  a  prime  for  all  values  of  t  when  914,  m,,  ...,m^ 
are  all  eqnal.  When  mj,  m,,  ...,  m^  are  not  all  eqnal  it  is  probable 
that  B  (n,  t)  has  only  one  factor  containing  the  coefficients  of  all  the 
O's.  In  this  case,  if  m^  is  not  less  than  any  other  m,  the  factor  is 
the  nnmerator  of 


E(n,  0/     n      B  (n—l,  t—p) 


when  reduced  to  its  lowest  terms. 

If  m,  is  less  than  any  other  m,  then  the  coefficient  of  «"••  in  0,  is  a 
factor  of  B  (n,  t)  when 

f  =  7>ii  -h  (m,-  m,— 1)  -f  ...  +  (m„-m,  — 1)  =  ^^— (»— 1)  mj ; 

for  CiXajr*'"*'^  ...  aj"*""'"   is  of  the  form  5'"^  when  this  coefficient  of 
0,  vanishes. 

If  171,,  ...,  vir  are  equal  and  less  than  any  other  m,  then  the  determ- 
inant of  the  coefficients  of  the  highest  powers  of  ajp  a?,,  ...,  Xr  in 
(7i,  C„  ...,  (7r  is  a  factor  of  B  (n,  ^)  when 

i  =mi-|-(m,.^,— mi—l) +  ...  +  ('»«— ^^-1)  =  ^„  — (n— 1)  mi-|-(r— 1)  ; 

for  (Xia,+  ...+\.a)Cr'  "*"'•••  ^r"""*"'  ^^  be  made  of  the  form 
S^**^  when  this  determinant  vanishes. 

Let  D  (I,  ty**^  denote  the  determinant  whose  vanishing  is  the  con- 
dition that  a(*)fif^«>  +  C;*^S^'^+...  +  OJ")i8f('-'^-h5('^  can  be  made  identically 
zero  ;  so  that  D  (n,  ^)^"^  is  the  same  as  D  (n,  t).     Then  (n  >  I) 


(4) 


Thus  1)  {I,  ty^^  is  independent  of   the    coefficients    of  all   terms  in 
(7„  0„  ...,  0/  which  dohtain  any  variable  other  than  -c,,  jJj,  ...,  Xi, 

Let  B  (Z,  f)^"^  be    the  H.C.F.    of   the  II  determinants  similar  to 
D  (Z,  0^"^  for  the  / !  different  permutations  of  (7„  0„  . . . ,  CV   Then  (n  >  Z) 

(5)  i2(Z,0"^  =  B(^0'-'^(/,^-l)" 

=  ''ii'e(z,  ^-;?y->^ 

=  'n 'e(z,  i_p)»'*«-'-»'/pi»-ui! 
^.0 
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By  indnotion  we  have  (n  3  I) 

the  case  for  n  =  I  having  been  already  proved  (§  5). 
From  (6)  we  have 

(7)     D  (n,  t)=B  (n,  0  R  (/*-l,  t-fn^Y'^  i2(n-2,  ^-m„.i)  "^ ... 

...E(l,^-m,r, 

from  which  D  (n,  ^)  is  expressed  in  prime  factors  when  the  m's  are 
all  equal,  by  (5)  and  (3). 

The  number  of  different  prime  factors  involved  in  all  the  ex- 
pressions D(l,  ty*^  is  l  +  ^i  +  ^,+  ...+^„-i  when  m^,  m,,  ...,  mj,  are  in 
ascending  order  of  magnitude ;  in  other  cases  it  is  equal  to  or  less 
than  this  number. 

9.  From  identities  of  the  type  w(7i  =  wCi  of  order  t,  by  writing  6'/ 
in  full  on  the  left  hand,  and  solving  for  the  arguments,  we  obtain 

where  w,,  ...,  w^  are  the  arguments  of  order  t  reduced  in  all  the 
variables,  and  w,  (q  >  r)  is  any  non-reduced  argument.  D,p  is  a  con- 
traction for  D  (n,  t)^p,  and  may  be  regarded  as  being  obtained  from 
D  (w,  t)  by  replacing  the  column  corresponding  to  «,  by  the  column 
corresponding  to  uip  out  of  the  same  matrix,  and  then  altering  the 
sign.  Identity  (8)  is  written 
(9)  D  («,  0  ^,  ='S  I),,w,     (mod  C\,  0, Cn). 


Dividing  out  the  common  factor  D  (n,  t)IR  (n,  ^),  we  have 


(10)  E  («,  0  -.  =  2  K"'-    (niod  0„  C„  ...,  C), 

where  jK,i,  JK^,  ...,  R^r  are  integral  functions  of  the  coefficients. 
Formulae  (9),  (10)  are  unique,  since' there  is  only  one  expression  for 
Wf  of  the  kind  given. 

In  a  similai*  way  we  have 

(11)  D  (/,  0'"^<^,  ='2  l>„.a),     (mod  Cp  (7,,  ...,  0,), 

where  w,,  «„  ...,  ui^  are  aW  the  arguments  of  order  t  reduced  in 
«i,  aj^,  ...,  ajf,  and  w^  is  any  nou-reduced  argument  involving  only 
a?!, «,,...,  ;C/.     This  equation   may   be  multiplied    by    any  argument 
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involving  only  x^u  ..,,  x^^  leaving  the  E's  unchanged,  but  increasing 
the  order  of  the  arguments. 

10.  Notation. — We  proceed  to  give  some  formulae  involving  the 
roots  of  (7„  Gfi  . . . ,  C„_i.  For  this  purpose  it  is  convenient  to  take 
a;„  =  1,  and  regard  (7„  Cg,  ...,  0„_i  as  non-homogeneous  polynomials 
in  a?„  a?j,  ...,  »„_,.  We  can  reinsert  a?„  whenever  we  please.  Let  /i  be 
the  total  number  of  arguments  w„  w„  ...,  w^  of  order  <  t  (or  of 
order  t  when  «„  is  reinserted),  r  the  number  of  arguments  reduced 
(in  aJi,  J5j,  ...,  ar„_i)  of  order  ^  ^,  viz.,  ui,,  ...,  w,  in  ascending  order 
(so  that  (111  =  1),  r'  the  number  of  arguments  reduced  of  order 
<  ^— m„,  viz.,  <iij,  w„  ...,  01^,  and  p  (=  ?i^  ...  m^.i)  the  number  of 
vanishing  points  common  to  (7„  0„  ...,  C^.,.  When  ^  <  ^„_,— -1  then 
r  <  p,  and  when  f  ^  ^«-i  —  1  then  r  =  p.  Select  the  p  points  in  any 
order,  calling  them  the  1st,  2nd,  ...,  p-th  points.  Let  C^i  denote  the 
value  of  (7„,  and  w^,  the  value  of  Wp,  at  the  t-th  point  (p  =  1,  2,  ...,/*; 
i=l,2,  ...,p). 

The  matrix  corresponding  to  ^1/51+ ...  4-^»-i5„_i,  where  5^,,  ...,/S„_i 
are  complete  (or  incomplete)  polynomials  of  orders  ^— m„  t—m^^  <fec., 
is  of  ranA:  fc—r,  I.e.,  any  sub-detenninant  of  the  matrix  containing 
more  than  /i — r  rows  and  columns  is  identically  zero.  For  the 
identical  vanishing  of  C^S^^-^-  ..,-\-Cn.\Sn.\  requires  /x  equations  of 
which  only /i—r  are  independent,  since  0j8, 4- ...  4-C„_i>S«_,  can  be 
brought  to  a  form  CjiS^°^+... +  (7„.iiS'^""^^  involving  only  fi—r  para- 
meters. 

Similarly,  the  matrix  corresponding  to  C^Si-^ ...■\-C^Sn  is  of  rank 
/i— r-hr';  r— /  is  the  number  of  arguments  of  order  t  reduced  in  all 
the  variables  when  aj,,  is  reinserted. 

The  matrix  of  the  roots,  viz., 

11 »  <«>jii  ...,  <^^i 


*»»\p^  ^ip^  ...,  w^p  I 

is  of  rank  r  when  r<p,  or  /<^„.,-l ;  for  fi^^%  S^^\  ...,  /S^'-^'^  can  be  so 
chosen  that  C^S'^^  -^  ...  4-C'„_i/S'**''^-  reduces  to  a  polynomial  containing 
only  r  +  1  arguments  arbitrarily  assigned,  and  this  polynomial 
vanishes  at  any  r  -|- 1  of  the  p  points. 

Select  ^ — r  rows  of  the  matrix  corresponding  to  Cj  /S^,  +  . . .  -f-  (7„ . ,  S„  _  i 
so  as  to  form  a  matnx  of  the  coefficients  the  determinants  of  which 
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do  not  all  vanish  identically.  These  /i— r  rows  cannot  be  chosen 
arbitrarily.  Also  select  (arbitrarily)  r  rows  of  the  matrix  of  the 
roots,  viz.,  the  first  r  rows ;  for  these  correspond  to  any  r  of  the 
p  points.  The  two  resulting  matrices  are  "  corresponding,"  i.e., 
the  sum  of  the  products  of  corresponding  elements  of  any  row  in 
the  first  and  any  row  in  the  second  vanishes.  Hence  (neglecting 
sign)  the  ratio  of  any  determinant  of  the  first  to  the  corresponding 
or  complementary  determinant  of  the  second  is  constant.*  This  is 
expressed  in  the  form 


(U) 


2  ±  Wp,iW^  ...  W^  -  S  ±«,,,IU^ 


gA'" 


where  D  (w^^,  o)^,  ...,  w^  )  is  the  determinant  obtained  from  the  matrix 
of  the  coefficients  containing  /x — r  rows  by  omitting  the  columns 
corresponding  to  w^^,  ...,  ui,  . 

Notation. — Let  O  stand  for  the  determinant  S^^tfn^^ts  •••  S/»  (*^® 
t-th  row  wj,,  ...,  uf^i  corresponding  to  the  i-th  point),  where  «„  ...,  w^ 
are  all  the  arguments  reduced  (in  ar,,  a?,,  ...,  a?«_i),  and  w,  =  1, 
ia^  =  x^'~  ...  aj^^j"*"  ;  also  let  Mi  be  the  co-factor  of  w^j  in  O,  /  the 
Jacobian  of  C^,  C„  ...,  C„.j,  and  /<  the  value  of  /  at  the  t-th  of  the 

imp 

p  points.  Then  2  -^*  =  0  when  Wp  is  of  less  order  than  /,  viz., 
^„.i— 1  {JacohVs  theoremf).     Hence  it  follows  that 

(13)  If./,  = ...  =  M,/,  =  -5-  =  "^pA.J-I 

Ji     . 
omitting  a  numerical  factor  in  the  right-hand  expression. 

Dividing  each  element  of  the  i-th  row  in  O  by  Ji  (i=  1,  2,  ...,  p), 
and  multiplying  by  O,  the  product  OV^«^^^®^s  ^P  ^^  ^n-i  determ- 
inant factors  in  the  diagonal  [c/.  p.  4,  footnote  (4)].  These  can  be 
evaluated  and  the  p-th,  counting  from  either  end,  is  found  to  be 

B(n'-l,h.,''p)B  (n-1,  ^-1) 
S(n-l,/,..0 


*  Gordan-Keracheusteiner,  Vorlesungen  iiber  Jnvariantentheoi'ie,  Bd.  i.,  1885, 
pp.  95  and  110.     The  result  also  follows  by  cross-multiplication. 

t  Jacobi  proves  the  theorem  for  two  equations,  Creiie^  Jour.  /.  Math,,  Vol.  xiv., 
1835,  p.  281,  and  states  it  to  be  true  for  three  equations,  Vol.  xv.,  p.  306  ;  alw 
Werke,  1881,  &c.,  Vol.  in.,  pp.  285,  352.  Glebsch  proves  the  general  theorem, 
Crelle,  Jour/f,  Math.,  Vol.  txin.,  1864,  p.  224,  and  also  Laurent,  **L' Elimination," 
ScimUia,  Fhpt.-Math,,  No.  7,  1900,  p.  38. 
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omitting  a  numerical  factor. 

In  a  similar  way  a  more  general  result  may  be  obtained.  Let  any 
/  of  the  p  points  be  chosen,  where  /  is  the  number  of  reduced  argu- 
ments of  order  <  t\  The  number  of  the  remaining  /'  points  is 
equal  to  the  number  of  reduced  arguments  of  order  <  t'\  where 
^'+^"=  *„-i— 2.      Let   O',   O"  be   the    values   of    the   determinant 


2±i 


.  ^rr  when,  t  is  taken  equal  to  t'  and  t'\  and  the  point« 


selected  are  the  /  and  r"  points  respectively,  and  J*,  J"  the  products 
of  the  /'s  for  the  r'  and  r"  points.     Then,  omitting  a  numerical  factor. 


(15) 


E 


_        o"       /r r       1* 


This  includes  (13)  and  (14). 

If  D  (n,  t)  is  multiplied  by  S^ainiu^  ...  w^  the  product  is  found 
to  be  equal  to  D  (n— 1,  ty*^  multiplied  by  the  determinant 

«1,C„,   ...  W^lC^i        W^^ii   ...    Wrl 


««'lr  ^«r  • . .  W^r  ^»r        ^K  +  lr  •  •  •  ^^'n 


Hence 
(16) 


D(n,t)       ^ 


B{n,t) 


^         '   '^  n     ie(r*-l,  «-j?) 

__  2  rfc  <«*u  fiti  : •  •  <^rV  O^r*  W^  + 1^  ^  ,   . .  .  (Iff 

2±w„w„...w^^ 

This  may  also  be  generalized.  Let  D  be  the  matrix  formed  from 
any  /x  — r-|-/ rows  of  the  matrix  corresponding  to  C,  5>| -f- . . .  +  C'„  «9„, 
there  being  only  r  rows  containing  the  coefficients  of  C,„  viz.,  those 
obtained  by  multiplying  C^  by  w^,^,  w^,  ...,  w^, ,.  Let  D  (w^,^^,,  ...,  «^^) 
be  the  deteiminant  formed  from  D  by  omitting  the  columns  corre- 
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sponding  to  «p^,,,  ...,  Wp^,  and  If  the  matrix  formed  from  D  by 
omitting  the  /  rows  corresponding  to  (7».     Then 

with  the  sufficient  condition  that  neither  numerator  nor  denominator 
on  the  left  hand  vanishes. 

From  (16)  and  (17)  we  have,  when  t  ^  ^„,  so  that  r  =  /  =  p, 

D(n-1,  0^"^       B  (n-1,  ^,.0  "       *-» 
and  ——R ^^  =  ^^^^^"JVP   a (7„, 

1/  (Wgp   ...,  w,J  2  =fc  «5j1  ...  iaq^p      .1 

[To  express  any  integraL symmetric  function  of  the  roots  in  temis 
of  the  coefficients  the  following  method  may  be  adopted.  Let  uf^  be 
any  argument,  of  orders.  Eliminate  x^,  x^,  ...,  aj„_i  from  the  n— 1 
given  equations  and  the  additional  equation  C„  =  a  — w^  =  0,  obtain- 
ing the  determinant  form  D  (n,  t^)  =  0,  where  m„  =  ^,  a^  =  a, 
t^z=z  ^^_j-f^— 1.  The  multipliers  of  0„  in  D  (n,  t^)  are  the  reduced 
arguments  w<  (t  =  1,  2,  ...,  p).  Expand B  (n,  ^„)  in  powers  of  o  (§  5). 
The  result  to  two  terms  is 

a'D(n-l,0(*^-a-»*2  2>^+...  =  0, 

where  D^^  is  a  determinant  of  the  matHx  to  which  D  (»— 1,  tjf'*^  be- 
longs, obtained  by  replacing  the  column  corresponding  to  w^Wj  in 
D(n— 1,  ^„)^"^  by  the  column  corresponding  to  «<  and  changing  the 
sign.  Dpi  is  zero  if  there  is  no  column  w^aij  in  D  (n  — 1,  t^^*\  t.e.,  if 
ktpidi  is  a  reduced  argument.  The  roots  of  the  equation  in  a  are  the 
p  values  of  w^  ;  hence  we  have 

(19)  D(n-l,0"^2ui^  =  21>,,. 

When  the  factor  common  to  both  sides  of  (19)  is  divided  out, 
E(n— 1,  f„_i)'2wp,  is  expressed  as  an  integral  function  of  the  co- 
efficients (§5).  The  other  symmetric  functions  are  expressible  in 
terms  of  the  functions  2w|i«;  e.g.,  2<ii^ia>^  =  2w^jX2w,,— 2  (a>^«,)., 
and  fi  (n — ^ttf^^^y^mpiia^  is  integral  in  the  coefficients  if  t  is  the 
order  of  the  higher  of  the  two  arguments  w^,  <«»,. — October  Sth,  1902.] 
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On  Oroiips  in  which  every  two  Conjugate  Operations  are  Per- 
mutable.  By  W.  Buunside.  Received  and  read  May  8th, 
1902. 

In  a  paper  published  in  the  Quarterly  Journal  of  Mathematics 
(1902),  "  On  an  Unsettled  Qaestion  in  the  Theory  of  Discontinnoas 
Groups,"  I  have  determined  the  order  of  a  group  with  given 
generating  operations  when  subject  to  the  condition  that  the  order 
of  every  operation  shall  be  3.  If  P  and  Q  are  any  two  operations 
of  such  a  group,  the  relations 

p«=i,  Q»  =  i,  (PQ)»  =  i,  (pey  =  i 

lead  at  once  to  P.QPQ'K  Q^PQr^  =  1 

and  P.Q'PQ  ^QPQ-'  =  1; 

so  that  P  and  QPQ'^  are  permutable.  The  condition  that  every 
operation  is  of  order  3  involves  therefore  that  every  two  conjugate 
operations  are  permutable. 

In  the  present  paper  I  have  considered  the  general  problem  thus 
presented  ;  viz.,  the  nature  of  a  group  generated  by  a  finite  number 
of  operations  when  every  two  conjugate  operations  of  the'  group  are 
permutable.  It  will  be  seen  that  the  general  problem  is  closely  con- 
nected with  the  more  special  one  above  referred  to.  When  no 
further  limitation  is  imposed  on  the  operations,  it  is  found  that  every 
operation  of  the  group  is  given  once  and  only  once  by  a  form 

KQ" ...  i?, 

where  P,  Q,  ...,  12  are  a  finite  number  of  operations  belonging  to  the 
group ;  and  of  the  indices  ar,  y,  «,  ...  a  ceHain  number  take  all  values 
from  —  oo  to  +  oo ,  while  the  remainder  take  the  values  0,  1,  2. 

The  sufficient  and  necessary  conditions  that  the  group  shall  be  of 
finite  order  are  that  the  generating  operations  be  of  finite  order. 
When  this  is  the  case,  the  gi-oup  is  the  direct  product  of  groups 
whose  orders  are  powers  of  primes.  In  general  for  such  a  group  the 
commutator  of  any  two  operations  is  a  self -conjugate  operation; 
but  the  case  in  which  the  order  is  a  power  of  3  is,  as  might  be 
expected,  exceptional. 


1902.] 


Conjugate  Operations  are  Permutable. 


29 


1.  In  dealing  with  g^ups  in  which  every  two  conjugate  operations 
are  permutable,  the  following  notation  will  be  used. 


If 


•P«     ■**»     -P« 


are  any  operations  of  such  a  group,  the  result  of  transforming  P„  by 
P*  will  be  written  P„Pt^,  so  that 


Similarly, 


■P«ft  Pf     PabPe  ^  Pubn 


and  so  on. 

Farther,  the  notation  will  be  extended  so  that 

PabePd4  PabcPd*  =  P{abe)(de)» 

The  use  of  brackets  in  the  suffixes  will  prevent  any  ambiguity  ;  thus 
P{^Mt)0  is  the  same  as  Pabcdt ;  but  these  are  not  necessarily  the  same 
as  Pa{bed0)  or  P(rt4xaie)«     From  the  definition  of  P^,,  it  follows  that 

Pba  ^  Pb     Pa    PhPa  =  Pah  ' 

The  operation  P.*  may  be  regarded  as  the  product  of  P^^  and 
Pi  Pa^h ;  or  as  that  of  Pa  Pb  Pa  aiid  P4.  Hence,  since  every  opera- 
tion is  permutable  with  its  conjugates,  P^  is  permutable  with  both 
P.  and  P*. 

Now,  from     P^'P.P,  =  P^P.,  and  P:'P„,P,  =  P„*, 
it  follows  that  Pi'PaPl  =  PaPJ*, 

and  prii.Fi  =  p:p:3;, 

or  P^*  Pft "  P^Pi  =  P!^  . 

Since  P^  is  the  product  of  P„'*  and  P^^PaPh^  it  follows  that  P„*^, 
P«*Mi9  •••  are  products  of  powers  of  operations  which  are  conjugate 
to  Pfl.  Similarly,  Pabcd  may  be  expressed  as  products  of  powers  of 
operations  which  are  conjugate  to  P*  (or  to  P„  or  to  P^).     Hence 

Pabeda  ^  *"> 

Pahedb  =    1) 

&C. 


Again,  P^  and  P«i  can  both  be  represented  as  products  of  powera  of 
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operations  which  are  conjugate  to  P«.     They  are  therefore  permntable, 

a^d  P  - 1 

Hence,  generally,  P(-w.-)(rf...)r,*...).,  =  1, 

if  in  the  maltiple  snffix  any  simple  snffix  occurs  more  than  once. 

Since  P^  is  permntable  with  both  P^  and  P^,  every  substitution  of 
the  sub-group  generated  by  P^  and  P^  can  be  represented  in  the  form 

In  fact      KFlK^P^PtP^^  =  K^PrFlI^P:^F:*''F:r 

—  -t  a        ^ab      -t*        -Tab 

Let  Pe  be  any  operation  which  does  not  belong  to  this  sub-group. 
Then 

p,p.p,p:'pi'  =  P,P-JP'JP^, 
p:'p,f„p.pVp;'p^  =  p,p^'p:;::.p^,; 

and  therefore  PJ*  P.  P„,  =  P.P^iP^.,, 

Pe{ab)  =  PebaPeab' 


or 
Now 
hence 
or,  since 


Pc(nb)    —  Pflftr  ) 


(i) 


Peba  =  Pftcrti 
PauPbcnPcnb  =   !• 

Again,  since  P„P,  and  P;'P„P,P,  (=  P„P„^P,P^)  are  conjugate, 
they  are  permntable.     Hence 

PaPaePbPbc  =  p6  Po  (PaPaePbPbe)  Pa^b 
=^  Pft  \PaPnePbPbaPbcPbea)  Pb 
=  Prt  Pa/,  Pflj.  P.pft  Pb  Pba  Pbe  Pbcn  • 

But  P^,  P„fc,  P„„  P„H.  are  all  permntable,  as  also  are  P^,  P^^,  P^,  P^. 
Hence  P„P^P,P^  =  P„Pa.P„^P„,P^P^P,P,^, 

or  P„c6P6c«  =  1.  (ii) 

If  P,  belongs  to  the  sub-group  generated  by  P«  and  Pj,  the  relations 
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(i)  and  (ii)  become  identities.  They  are  therefore  trne  in  any  case, 
and  for  any  permutation  of  the  suffixes.     Now,  (ii)  may  be  written 

or  P^  =  P,*.. 

Hence  from  (i)  and  (ii)  together  it  follows  that 

Pfl*c  =  Phem  =  P«i6  =  P«6  =  Prt«  =  Pftw  ;  (lii) 

and  Pli^zrl.  ...  (iv) 

The  relations  (iii)  are  equivalent  to  the  statement  that  when  any 
permutation  of  the  suffixes  is  effected  in  the  symbol  P.^  the  operation 
represented  is  unaltered  or  changed  into  its  inverse,  according  as  the 
permutation  is  an  even  one  or  an  odd  one.     Since 


ah...d9f 


=  Pr 


{mh„.d)^f 


=  Pr 


f«*.-rf)A 


4Aii 


this  statement  may  clearly  be  extended  at  once  to  any  such  symbol 
aa  P^...Mf'    Again, 

p  —  p-i       —  p-»      —  p(-i)''*' 

where  r  is  the  number  of  suffixes  in  the  set  i,  j,  ...,  k.     Hence 
P  —  pt-»>'''*     . 

-'^  l...m){ii...k)  —  '^l,..mii..k  » 

and  thus  any  symbol  P(  )(  )...  can  be  replaced  by  one  in  which  there 
are  no  brackets  in  the  suffix. 

From  the  relation  (iv)  it  follows  that  any  symbol  with  three  or 
more  letters  in  its  suffix  is  an  operation  of  order  3,  or  else  is  the 
identical  operation.     Further,  siuce 


may  be  written 


J-abc  —    1 
P«6  Pe     PabPf  =    1» 


the  cube  of  every  P  with  two  letters  in  the  suffix  (t.e.,  the  cube  of 
the  commutator  of  any  two  operations)  is  a  self -conjugate  operation 
of  the  group.     Again,  .    _^ 

may  be  written  P^t,  PI'  P„hP'c  =  1. 

Hence  the  cube  of  every  operation  of  the  group  is  permnta^ble  with 
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every  operation  whose  BuflRx  contains  two  or  more  letters  ;  t.e.,  with 
every  operation  of  the  derived  group. 

2.  Let  P„P,,  ...,P, 

he  n  independent  operations  which  generate  a  group  O,  and  suppose 
that  the  only  conditions  to  which  they  are  subject  are  that  every  two 
conjugate  operations  of  O  are  permutable. 

The  product  of  any  two  operations  of  the  form 

P^Pl ...  i^PijPjj ...  2^.i,„Pj„  ...  Pi2s.. »,  (v) 

where  every  P  with  a  multiple  suffix  occurs  once,  while  the  P's  are 
written  in  a  definite  sequence,  is  another  operation  of  the  same  form. 
In  fact,  from  the  preceding  paragraph, 

p-y         T>*  pjr 

*  ajOa ...  a,.  ■*■  6»6b  ...  6«  -■^  a,a, ...  a^ 

_  p*  pC-ir^'acy 

80  that  the  multiplication  can  be  actually  carried  out,  and  in  the 
result  the  P's  can  be  re-arranged  in  the  original  sequence.  Hence 
with  suitably  chosen  indices  every  operation  of  0  can  be  represented 
in  the  form  (v.). 

To  specify  all  distinct  operations  of  the  group  it  remains  to  show 
under  what  conditions  a  symbol  of  the  form  (v)  represents  the 
identical  operation.  As  the  basis  of  an  induction  it  will  be  assumed 
that  when  there  are  n—1  generating  operations  the  conditions  are 
that  (a)  the  index  of  each  P  with  a  single  or  double  suffix  is  zero, 
and  (/3)  the  index  of  each  P  with  a  triple  or  higher  suffix  is  zero  or  a 
multiple  of  3. 

If  to  the  conditions  defining  O  we  add 

a  new  group  is  defined,  which  is  simply  isomorphic  with  0/H,  where 
H  is  the  self -con  jugate  sub-group  of  G  generated  by  P,  and  its  con- 
jugate operations.  The  latter  is  an  Abelian  group,  and  cannot  there- 
fore be  identical  with  O. 

Now  P,  =  1 

involves  P„  =  1,  Pj,  =  1,  ..., 

p.„  =  1, ... . 

Hence  0/H  is  simply  isomorphic  with  the  group  generated  by 
P^,  Pgy  ...,P»;    and  this  sub-group   of    0    can  therefore    have   no 
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operation,  except  identity,  in  common  with  H.     Suppose  now  that 
P'P'       P^  P''  P*  T^        P^       P*         P*         —  1 

By  preceding  processes  the  factors  on  the  left  may  be  rearranged  so 
that  all  the  P's  containing  1  in  the  suffix  come  at  the  end,  the  indices 
of  the  remaining  P's  being  unaltered.     Hence 

p*        p"  p*         pf         p*  —  p«  p^'  T>^         T>*' 

Xow  the  operation  on  the  riglit  belongs  to  H,  and  that  on  the  left  to 
{Pj,  P„  ...,  P^}.  Hence  each  must  be  the  identical  operation,  and 
therefore  by  the  assumption  made 

6  =  ...=c=/=  ...=g  =  0, 

%  =  ...  =0,  or  a  multiple  of  3. 

Similar  series  of  results  follow  by  considering  the  self -conjugate 
sub-groups  arising  respectively  from  the  suppositions 

P,  =  l,  or  P,  =  l,   .... 

Hence  an  opei*ation  of  the  form  (v)  can  only  represent  the  identical 
operation,  in  a  group  generated  by  n  operations,  when  the  indices  of 
aU  the  P's  with  less  than  n  symbols  in  the  suffix  satisfy  the  assumed 
conditions.  But  when  this  is  so  the  operation  i*educes  to  Pm...H' 
If  m  is  neither  zero  nor  a  multiple  of  3, 

Pi23  ..!•  =  1,     and     P123..H  =  1 

involve  Pj23...n  =  1, 

which  would  constitute  an  additional  limitation  on  the  group,  not 
contained  in  the  original  conditions.  Hence  m  must  be  zero  or  a 
multiple  of  3  ;  and  the  induction  is  completed. 

Finally,  therefore,  every  operation  of  Q  is  given  once,  and  once 
only,  by  the  form  (v),  if  the  indices  of  the  P's  with  a  single  or  double 
suffix  take  all  values  from  —  oo  to  +Q0 ,  while  the  indices  of  the  P's 
with  a  triple  or  higher  suffix  take  all  values  from  0  to  2. 

3.  So  far  it  has  been  supposed  that  the  only  limitation  on  the 
group  considered  is  that  every  two  conjugate  operations  are  per- 
mutahle. The  group  under  these  conditions  necessarily  contains 
operations  whose  order  is  not  finite.  It  will  still  have  this  property 
under  a  variety  of  further  limitations.     For  instance,  the  condition 
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implies  that  every  P  with  a  multiple  suffix  in  which  1,  2,  and  3  occur 
is  the  identical  operation.  The  generality  of  the  group  is  thus  re- 
duced ;  but  it  still  contains  operations  whose  order  is  not  finite. 

From  the  form  giving  the  operations  of  the  group  it  is  clear  that, 
if  the  order  of  every  operation  of  the  group  is  finite,  the  group  is  one 
of  finite  order.  Moreover,  the  necessary  and  sufficient  conditions  for 
this  are  that  each  one  of  the  generating  operations  should  be  of  finite 
order.  That  these  conditions  are  necessary  is  clear  from  the 
form  (v).  To  show  that  they  are  sufficient,  it  is  only  necessary  to 
notice  that,  if  P^  is  of  finite  order  m,  P„  is  of  finite  order,  equal  to  or 
a  factor  of  m. 

Suppose  now  that  G  is  of  finite  order,  and  consider  the  operation 
8'^T-^8T  of  0,  Ab  the  product  of  &-'  and  T'^ST  its  order  must  be 
equal  to  or  a  factor  of  that  of  8.  Similarly  its  order  is  equal  to  or  a 
factor  of  that  of  T.     Hence,  if  the  orders  of  8  and  T  are  relatively 

P""**'  S-^T-'ST=l, 

or  8  and  T  are  permutable.  Since  any  two  operations  of  0  whose 
orders  are  relatively  prime  are  permutable,  G  must  be  the  direct 
product  of  a  number  of  groups,  the  order  of  each  of  which  is  the 
power  of  a  prime.  In  dealing  with  groups  of  finite  order  with  the 
property  considered,  it  is  therefore  sufficient  to  suppose  the  order  to 
be  p',  where  p  is  a.  prime. 

The  case  j?  =  3  evidently  stands  by  itself.  Suppose  fii-st  that  p  is 
not  3.  Then  P,„  is  an  operation  whose  order  is  a  power  of  p.  But 
in  any  case  it  has  been  seen  that 

P*    =1 

Hence  Pjj,  =  1, 

or  the  commutator  of  any  two  operations  of  the  group  is  a  self- 
conjugate  operation. 

Every  operation  of  the  derived  group  is  therefore  a  self -con  jugate 
operation.  That  this  condition  is  sufficient  to  ensure  that  in  a  group 
of  order  p*  every  two  conjugate  operations  are  permutable  is  obvious. 

If  P     P  P 

of  orders  p'^^  p'^,    .»  P*" 

(qj  $  Oj  ^  Oj  ...  ^  a„), 

are  the  generating  operations  of  such  a  group,  and  if  the  only  condi- 
tions beyond  the  g^ven  orders  of  the  generating  operations  are  that 
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every  two  conjugate  operations  are  permutable,  the  order  of  P„  (rKs) 
is  p*\     Every  operation  of  the  group  will  then  be  given  once  by 

r  rs 

(r  =  l,  2,  ...,  n;  s  =  1,  2,  ...,n;  r<«), 

where  Xr  takes  all  values  from  0  to  p"^"—!  and  aj„  from  0  to  ^*'— 1. 
Hence  the  order  of  the  group  is 

When  p  is  equal  to  3,  the  only   condition  that  P  with  a  triple  or 
higher  suffix  is  subjected  to  is 

and  it  is  no  longer  the  case  that  the  commutator  of  any  two  opera- 
tions is  a  self -conjugate  operation.     If  the  group  is  generated  by 

Plj    Pj»     ...J    -tn» 

of  orders  3*S  3%  ...,  3*" 

(ai  ^  aj  ^  ...   ^  a„), 

every  operation  of  the  group  will  be  represented  once  in  the  form  (v), 

where  the  index  of  Pr  lies  between  0  and  3"'^— 1,  the  index  of  P„  (r  <«) 

lies  between  0  and  3*'— 1,  and  all  the  other  indices  lie  between  0 
and  2 ;  both  limits  included.     The  order  of  the  gix)up  is  therefore 

o2ra^+t5'*-l-iH(n  +  l) 

In  particular,  if  the  order  of  each  of  the  generating  operations  is  3, 
the  order  of  the  group  is  on_, 

o 

This  is  the  case  already  referred  to  in  the  introduction. 

4.  Groups  of  finite  order  p%  of  the  kind  here  considered,  possess 
two  general  properties  in  common  with  Abelian  groups.  First,  the 
totality  of  the  operations  of  the  group  whose  orders  are  equal  to  or 
are  less  than  p%  where  r  is  a  given  integer,  constitute  a  sub-group. 
If  Pj  and  Pg  are  any  two  operations  of  the  group,  of  orders  p"*  and 
p**  (ttj  ^  Oj),  the  order  of  Pj,  is  equal  to  or  is  less  than^*".  Now,  by 
a  repeated  use  of  the  formula 

p-rt  p-ft  -ptt  pfc  pfl6 

■^  1     -^8     ■'•1  ■^%  —  -^18 » 

D  2 
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it  follows  that  (PiPiY  =  PIPIP;,^^"'\ 

Hence,  if  PJ  =  1,     P;  =  1,     P^^'"'^  =  1, 

then  (P,P,)'  =  1. 

Now,  if  p>2,  the  condition 

JTj,  —    J. 

may  be  replaced  by  P*J'"'^  =  1. 

It  follows  that,  ]ip>2,  the  order  of  PiP^  is  equal  to  or  is  less  than 
the  order  of  P^.  The  sub-group  generated  by  all  the  operations 
whose  orders  are  equal  to  or  less  than  p'  consists  therefore  of  these 
operations  and  of  no  others ;  for  the  product  of  any  two  of  these 
operations  is  an  operation  whose  order  does  not  exceed  p'. 

The  case  p  =  2  clearly  forms  an  exception  to  the  general  theorem ; 
for,  if  Pj,  P,  are  two  non-permutable  operations  of  the  group  of 
order  2,  P„  is  an  operation  of  order  2.     But 

P^,  =  (P^P,y, 
and  PiP,  is  therefore  an  operation  of  order  4. 

Secondly,  the  totality  of  the  distinct  operations  which  arise,  when 
every  operation  of  the  group  is  raised  to  the  power  p"",  where  r  is  a 
given  integer,  constitute  a  sub-group.  Consider  the  case  in  which 
2?  >  3,  and  the  group  is  generated  by  two  operations  Pj  and  P,.  The 
operations  of  the  sub-group  generated  by  Pf,  I^,  and  Pf,  are  given 
by  the  form  j^r^pi- 

The  p-ih.  power  of  any  operation  PiPjPj,  is  given  by  the  relation, 
obtained  as  above. 

Now  i  (p— 1)  is  an  integer.     Hence 

I.e.,  every  operation  of  {P^,  PJ,  P^,}  is  the  p-ih  power  of  an  operation 
of  the  group,  and  the  p-th  power  of  every  operation  of  the  group  is 
cont-ained  in  {PJ,  Pj,  Pj,}.  For  more  than  two  generating  operations 
the  proof  will  proceed  on  precisely  similar  lines.  The  theorem  is 
therefore  true  when  r  =  1.  But  it  must  also  be  true  for  the  resulting 
sub-group ;  so  that  it  is  true  generally.  The  case  p  =  2  forms  again 
an  exception,  since  J  (p— 1)  is  not  then  an  integer.  In  fact,  in  this 
case  {JF^,  Pj,  PjJ  will  not  contain  Pi„  which  is  the  square  of  PiP,. 
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The  case  ^  =  3  requires  separate  treatment.  It  may  be  easily 
shown  that  in  this  case  the  cube  of  any  operation  of  the  group  when 
expressed  in  the  form  (v)  contains  no  P  with  a  triple  or  higher 
snflix  ;  and  from  this  the  truth  of  the  theorem  immediately  follows. 
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"  Mathematical  Gazette/'  Vol.  n.,  No.  33,  1902. 

Guldberg,  A. — **  Ueber  IntegnilinvHriaiiteii  und  Integralparameter  bei  Beriihr- 
ungH-TranHformationsgnippfu,  * '  1 1)02. 

**  Journal  do  TEcole  rolyteohmquc—Hommage rendu  h  M.  le  Colonel  Mannheim," 
1902. 

De  Morg-an,  A. — *•  Theory  of  Probabilities"  (extract  from  Encyelopadia  Metro- 
pohtana).     From  Mr.  R.  Tucker. 

Carvallo,  E.— •' L'Elcctricit^i  "  {Svieutia,  No.  19). 

"Mathematical  Questions  and  Solutions  from  the  Educational  TimeSf*'  New 
Series,  Vol.  i.  ;   1902. 

D.  Ocagne,  M.  — '*Sur  quelques  Travaux  recents  rolatifs  a  la  Nomographie.** 
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Academic  Roy  ale  de  Belgique : — 
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"  Bulletin  de  la  Classe  dea  Sciences,"  Nos.  1-3  ;  BruxeUes,  1901-1902. 
•*  Memoires  Couronnes,"  Bruxelles,  1901-1902. 
**Memoire8,"  Tome  liv.,  Fasc.  1-4  ;  Bruxelles,  1900-1901. 
'*  Memoires  Couronnes  et  Memoires    des   Savants  Etrangers,"    Tome  ux., 
Fasc.  1,  2  ;  Bruxelles,  1901. 
"  Proceedings  of  the  Royal  Society,"  Vol.  lxx.,  Nos.  469,  460 ;  1902. 
**  Reports  to  the  Evolution  Committee  of  the  Royal  Society  "  ;   1902. 
**Beiblatter  zu  den  Annalen  der  Physik  und  Chemie,"    Bd.  xxvi.,   No.  5; 
Leipzig,  1902. 

**  Bulletin  de  la  Societe  Mathematique  de  France,"  Tome  xxx.,  Fasc.  1  ;  Paris, 
1902. 

**  Bulletin  of  the  American  Mathematical  Society,"  Vol.  vni.,  No.  8 ; 
"  TrauHactions,"  VoL  in..  No.  2  ;  New  York,  1902. 

**  Bulletin  des  Sciences  Mathematiques,"  Tome  xxv.,  "Contents,"  1901; 
Tome  XXVI.,  Mars,  1902;  Parin. 

"  Annali  di  Matematica,"  Tomo  vn.,  Fasc.  2,  3  ;  Milano,  1902. 
"Atti    della  Reale    Accademia    dei   Lincei  — Rendiconti,"     Sem.   1,  Vol.   xi., 
Fasc.  8,  9.  10  ;  Roma.  1902. 

"Sitzung.sberichto  der  KiJnigL  Preuss.  Akademie  der  Wiflsenschaf ten  zu  Berlin," 
Nos.  1-22  ;  1902. 
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Sur  un  theorrme  fori  (lament  al  dans  la  theorie  des  equations 
diff'rentiplfps'.  Par  M.  Emflk  Picard.  Received  May  29th, 
1902.      Read  Jiiiie  l^tli,  1902. 

Je  viens  de  lire  dans  les  Proceedings  rinteressant  article  de 
M.  W.  H.  Yoang  sur  le  thooreme  fondamental  de  la  theorie  des 
equations  differentielles.     Etant  consideree  Teqaation 

ou  /  est  holomorphe  dans  le  voisinage  de  aj  =  a,  y  =  h,  il  existe  une 
iDtegrale  prenant  la  valear  b  pour  x  =  a,  et  il  n'en  existe  qu'une 
seule. 

La  premiere  partie  da  theoreme  est  due  ^  Caachj,  et  notre  savant 
coll^gae  vent  bien  rappeler  que  j'ai  donne  dans  mon  Traite  d* Analyse 
une  demonstration  tres  simple  de  la  seconde  partie  du  theoreme. 
Recemment  M.  Painleve  a  donne  une  autre  demonstration  que  com- 
mente  M.  Young.  Celui-ci  fait  ensuite  quelques  remarques  au  sujet 
d*objections  non  fondees  adress^es  k  la  seconde  partie  du  theoreme. 
Je  me  permettrai  de  rappeler  que  ces  objections  faites  pour  la 
premiere  fois  par  M.  Fuchs  m'etaient  bien  connues  d^s  1893,  date  de 
Tapparition  du  tome  ii  de  mon  Traite,  et  je  les  discute  d'une  mani^re 
explicite  dans  mon  ouvrage. 

11  suffira  de  transcrire  deux  passages.  On  lit  tout  d*abord 
(p.  314): 

Par  systeme  d'integrales  yi,  yj,  ...,  ywi  prenant  pour  z '^  Xq  lee  valeurs 
yj,  y°»  •••»  y«»  ^^^*®  entendons  un  Hyntcmc  jouissant  dc  la  propriety  suiyante.  On 
imagine  qu'autour  de  x^,  y",  ...,  yj*^  on  decrivo  des  cercles  de  rayona  tr^B  petite,  et 
Ton  6nppo5H)  que,  x  restant  k  Tint^rieur  du  premier  en  suiyant  on  arc  de  courbe  C 
aboutiasant  au  point  Xq^  les  valeurs  correspondantes  des  i/  roetent  respectivement  a 
Tinterieur  dee  autres  cercles  ;  de  plus,  quand,  z  reetant  sur  C  tend  vers  Xq,  les  y 
tendent  rettpoctivement  vers  les  ^q* 

Plus  loin  (p.  317)  on  lit  encore : 

J*ai  insistc  8ur  Texistence  imique  du  syst^e  d'integ^es  dans  le  cas  general 
od  les  equations  no  prcHontent  aucune  circonstance  sing^lidre  ;  c*est  en  effet  une 
proposition  tout  a  fait  fondamentale  et  la  base  memo  de  Temploi  des  equations 
differentieUes  dans  toutes  les  applications.  II  semble  do  plus,  k  lire  certaines 
phrases  d'lm  memoire  de  M.  Fuchs  [Sitzungsherichte  der  Berliner  Akademie,  1886) 
que  08  th^r^e  puisse  dtre  mis  en  doute.  Je  ne  puis  partager  le  scepticisme  do 
riUiistre  g^om^tre.    Sans  doute,  on  pent  faire  une  16g^re  critique  k  la  demonstration 
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de  Briot  et  Bouquet,  mais  la  proposition  elle-meme  n'en  subsiste  pas  moins,  oomme 
je  viens  de  le  montrer,  si  Ton  precise  bieo  renonc^.  Prenons,  en  le  simplifiant,  un 
exemple  dt^  par  M.  Fuchs :  Soit  I'^quation 

dx  X 

dont  I'integrale  gen^rale  est  visiblement 

^      logir  +  (7' 

C  6tant  one  constante  arbitraire.  Soit  jto  ^  0  ;  lorsqne  x  part  dn  ^voisinage  de  x^ 
et  y  revient  apr^'S  avoir  toum^  un  tr^  grand  nombre  de  fois  autour  de  l*orig^ine, 
une  intdgrale  quelconque  y  a  une  valeur  de  plus  en  plus  petite,  mais  il  est  bien 
clair  que  I'on  ne  pent  pas  dire  qu'on  a  U  une  int^g^e  8*annulant  poor  x  =  ^q?  ^^ 
sens  que  nous  avons  sp^ifie  plus  haut. 

II  semble  done  bien  que  des  1893  la  question  etait  epuisee. 
J'ajoute  senlement  une  remarqae  relative  k  la  premiere  partie  du 
tbeoreme.  La  demonstration  de  Caacby  montre,  avec  les  notations 
usuelles,  qae  Tint^grale  bolomorpbe  a  an  moins  comme  rayon  de 
convergence  Texpression 

j'ai  montre  {Bulletin  des  Sciences  MathSmatiqties,  1888,  et  Traite 
d' Analyse,  tome  ii,  p.  313)  que  ce  I'ayon  est  au  moins  la  plus  petite 
des  deux  quantites 

J'en  ai  donne  une  seconde  demonstration  dans  le  tome  iii  de  mon 
Traite  (p.  90,  en  note). 


Tlie  S'Cpetition  of  the  Sum-Factor  Operation.  Abstract  of  an 
informal  communication  made  by  Lieut. -Col.  A.  Cunningham. 
June  12th,  1902. 

Let  a-  {N)  denote  the  sum  of  the  sub-factors  of  N  (including  1,  but 
excluding  N).  It  was  found  that,  with  most  numbers,  <r"^=l, 
when  the  operation  (c)  is  repeated  often  enough.  There  is  a  small 
class  for  which  (r'*N  =  P  (a  perfect  number),  and  then  repeats ; 
another  small  class  for  which  <r"N  =  A,  <r''*^N  =  B,  where  A,  B  are 
amicable  numbers,  and  then  repeats  (J,  B  alternately) ;  another 
small  class  for  which  (even  when  N  is  small,  <  1000)  a-'*N  increases 
beyond  the  practical  power  of  calculation. 
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On  a  Oeometrieal  Proposition  connected  with  the  Continuation  of 
Power-Series.  By  M.  J.  M.  Hill,  Professor  of  Mathematics, 
University  College,  London.  Received  June  11th,  1902. 
Bead  Jane  12th,  1902. 

1.  The  following  notation  will  be  employed  in  this  paper. 

The  circle  of  convergence  of  the  power  series  P  (x—x^  ynW  be 
called  Oq  and  its  radins  R^, 

If  a  new  series  is  derived  from  P  {x^-x^  by  Taylor's  theorem,  say 
P(a;— ajjjl  a;«),  then  its  circle  of  convergence  will  be  denoted  by  0^, 
and  the  radins  of  that  circle  by  R^, 

Also  the  circle  described  with  centre  a;„  so  as  to  tonch  the  circle 
0,  internally  will  be  called  (7„,. 

2.  Suppose  that  by  means  of  Taylor's  theorem  a  new  power  series 
is  obtained  from  P  {x—x^^  say  P  {x—x^\x^.     Then 

P(x-x,)  =  P{x-^,\x,)  (I.) 

thronghont  the  circles  Co  and  G^, 

The  object  of  this  paper  is  to  draw  attention  to  a  geometrical 
proposition  arising  oat  of  the  mode  adopted  in  Harkness  and 
Morley*s  Introduction  to  the  Theory  of  Analytic  Functions  for  proving 
this  result,  which  is  perhaps  of  some  interest.  It  is  shown  in 
Art.  89  of  the  book  refen^d  to  that,  if  x^  be  a  point  in  the  region  for 
which  the  relation  (I.)  has  been  proved,  and  if  with  a?,  as  centre 
circles  be  described  so  as  to  touch  the  circles  G^  and  G^  internally 
(viz.,  the  circles  G^  and  (7„),  then  the  relation  (I.)  also  holds 
throughout  the  smaller  of  these  two  circles,  so  that  the  region  in 
which  (I.)  is  known  to  be  valid  is  extended  by  so  much  of  the 
smaller  of  the  two  circles  Ojq,  C^ji  as  may  be  external  to  that  region. 

3.  In  order  to  demonstrate  the  validity  of  the  relation  (I.)  through- 
out the  whole  of  the  space  common  to  Gq  and  Oj,  it  is  necessary  to 
prove  that  it  is  possible  to  choose  successive  positions  of  «,  so  that 
every  part  of  the  region  common  to  G^  and  (7i  shall  be  interior  to  one 
at  least  of  the  circles  O^,   G^  for  which  the  relation  (I.)  can  be 
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proved  to  hold.     This  is  the  geometrical  proposition  to  which  refer- 
ence is  made  in  the  heading  of  the  paper. 


Pio.  1. 

Let  S  (Fig.  1)  be  the  point  x^,  let  H  be  the  point  x^. 

Let  P  and  Q  be  the  intersections  of  the  circles  G^,  G^  (the  figure  is 
drawn  for  the  case  B^>Ri), 

Let  the  arc  of  the  hyperbola  whose  foci  are  8  and  H  and  which 
passes  through  P  and  Q  be  drawn. 

Let  A  be  that  vertex  of  the  hyperbola  which  lies  on  this  arc. 

Let  SH  cut  the  circle  G^  at  D,  and  let  F  be  the  middle  point 
oiAD, 

4.  Let  iTg  be  a  point  somewhere  in  the  region  common  to  Cq  and  Gi, 
It  will  be  proved  that — 

(a)  If  a\  lie  on  the  arc  PQ^  then  the  circles  G^  and  G^x  coincide. 
Let  x^  be  at  0  (Fig.  1). 

Then  SO-HO  =  8P-HP  =  B^-R, ; 

therefore  |  x^—x^  \  —  |  x^—Xx  \  =  B^—  B^ ; 

therefore  -B^—  |  x^—Xq  |  =  E,—  |  a?,— «,  | ; 

therefore  the  radius  of  (7,o  is  equal  to  the  radius  of  C^* 
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(6)  If  a*,  be  separated  by  the  hyperbolic  arc  from  Xq,  then  the  circle 
C^  is  smaller  than  the  circle  C^i. 
Take  x^  at  M. 

Let  SM  meet  the  hyperbolic  arc  PQ  at  0. 
Join  HO,  EM. 
Then  SM^HM  =  SO^-OM^HM 

^  SO-HO-\'{HO-\'OM-HM) 

>SO-HO; 
therefore  |  x^—x^  \  —  \  x^^x^  \  >  B^—Bi ; 

therefore  E^—  |  a?j— aj^  |  <  Ri—\  x^—Xi  | ; 

therefore  the  radius  of  G^  is  less  than  the  radius  of  C^- 

(c)  If  ar,  be  separated  by  the  hyperbolic  arc  from  a?i,    then  the 
circle  0„  is  smaller  than  the  circle  Ojq. 
Take  ar,  at  N, 

Let  SN  meet  the  hyperbolic  arc  PQ  at  0. 
Join  HO,  IDV. 

Then  SN-HN  =  SO-  ON^HN 

=  SO-HO-iON+HN-HO) 

<  SO-HO', 

therefore  |  x^—x^  \  —  \  x^—Xi  \  <  E^—B^ ; 

therefore  JRj  —  |  ajj— a?,  |  <  Eq—  |  ajj— «o  I  *» 

therefore  the  radius  of  C„  is  less  than  the  radius  of  0^. 

5.  It  is  necessary  to  find  out  whether  the  vertex  of  the  hyperbolic 
arc,  viz.,  the  point  A,  is  inside  the  circle  0,0- 

Let  a,  h  be  the  semi-ti'ansverse  and  semi -conjugate  axes,  and  e  the 
eccentricity  of  the  hyperbola. 

Then  AR  =  a^—a, 

SB  =^2ae. 

Also  it  is  known  that  E,  lies  between  Bf^—8H  and  B^^-^-SH, 

i,e.,  B^-  I  x^—x^  \  <  B^<  Eo-h  I  x^—x^  \ , 

and  |aji— a^ol  =  2ae. 

Let  the  points  on  the  hyperbola  be  given  by 

X  =  a  sec  6,    y  =  b  tan  0. 
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Then,  if  P  be  the  point  corresponding  to  ^  s  y,  we  have 
SP  =  Eq  =  e  (a  sec  y)  -h  a, 
HP  =  Bi  =  e(a  sec  y) —a. 
If  il  be  inside  Oi^  then  HA  <  HD ;  therefore 

ue.j  ae—a  <  B^-~2aej 

Sae-a  <  B^ ; 
but  2a  =  SP-HP  =  l?o-  ^1 ; 

therefore  «  =  i  (^o ""  ^i) » 


and 
therefore 


•<^^ 


e  < 


SB^—Bi 


(II.) 


or,  using  the  values  of  B^,  B^  above, 

3e  <  e secy +2. 
Hence,  if  y  be  large  enough,  A  will  lie  inside  0,o. 

6.  If,  however,  the  relation  (II.)  is  not  satisfied,  let  x^  be  taken 
inside  (7,o,  at  a  small  distance  c  from  its  circumference,  and  lying 
between  x^  and  x^. 

Then  B^—\x^-x^\  =  !»i-a?ol  "1^— 'ol  +f- 

If  A  be  not  inside  the  circle  G^  throughout  which  the  relation  (I.) 
holds,  take  x^  inside  C^,  at  the  same  distance  c  from  its  circum- 
ference, and  lying  between  x^  and  x^ ;  then 

and  sb  on,  until  the  relation 


is  reached. 
Then 


I  x.^xo  I  =  2»  I  a5,-aJo  |  -  (2»-l)(P^-e), 


|«-„-a^|=2'-Maa-^|-(2"-^-l)(ieo-€) 
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Hence  it  is  possible  after  &  finite  namber  of  circles  have  been  con- 
structed in  this  manner  to  find  one  Cnoj  such  that  the  relation  (I.) 
holds  throughout  it,  and  such  that 

\x,-'X,\<:^(SA^8D), 

where  F  is  the  middle  point  of  AD. 

Then  x^  is  between  8  and  F. 

Then  the  circle  0,^  contains  the  point  A  in  its  interior. 

Hence  the  point  x^  can  be  taken  at  A,  and  then  the  circles  0^  C^i 
corresponding  to  this  position  of  x^  coincide,  and  the  relation  (I.) 
holds  throughout  them. 

It  is  to  be  noticed  that  this  has  been  accomplished  by  taking  a 
finite  number  of  successive  positions  of  x^. 

7.  It  will  now  be  proved  that  it  is  unnecessary  to  consider  positions 
of  x^  which  do  not  lie  on  the  hyperbolic  arc  PQ. 

If  x^  be  anywhere  between  the  arc  PQ  of  the  hyperbola  and  the 
arc  PDQ  of  the  circle  Oo,  say  at  3f,  let  8M  meet  the  hyperbolic  arc 
at  0,  and  the  arc  PDQ  of  the  circle  Oq  at  the  point  T ;  then  the  circle 
whose  centre  is  M  and  which  touches  0©  internally  at  T  lies  wholly 
inside  the  circle  whose  centre  is  0  and  which  touches  Co  internally 
at  T.  Hence  x^  may  be  taken  at  0  on  the  hyperbolic  arc  instead  of 
at  If,  and  all  extensions  of  area  obtained  by  supposing  x^&t  M  will 
be  included  in  those  obtained  by  supposing  x^  at  0. 

A  similar  conclusion  is  obtained  when  x^  lies  between  the  hyper- 
bolic arc  PQ  and  the  arc  PEQ  of  the  circle  Oi. 

8.  It  is  necessary  to  obtain  a  sequence  of  points  on  the  hyperbolic 
arc  such  that  each  point  lies  inside  the  circle  whose  centre  is  at  the 
preceding  point  of  the  sequence,  and  which  tenches  both  0^  and  (7, 
internally. 

If  the  points  on  the  hyperbolic  arc  are  given  by  the  equations 

x=  asecO,    y  =  h  tan  0, 

it  will  be  proved  that  such  a  sequence  of  points  is  determined  by  the 
values  0,  ^i,  tf„  ...,  ^„,  ^»^i,  ...  of  the  parameter  0  which  are  such  that 

sin  (y-On*i)  _  sin(y-^i)  ,„  . 

sin(y-^J    -        siny      '  ^'^'"^ 

where  y  is  the  value  of  the  parameter  which  corresponds  to  the 
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intersection  P  (see  Fig.  2*)  of  the  circles  C©  and  C^ ;  and  Oi  is  an  acnte 
angle  which  satisfies  the  condition 

sin  1^1  <  ^  sin  y  sin  ^y.  (IV.) 

Pntting  n  =  0  in  (HI),  it  follows  that  ^^  =  0  ;  so  that  the  vertex  A 
of  the  hyperbolic  arc  is  the  first  point  of  the  sequence. 
It  follows  from  (HI.)  that 


sin 


\       siny       / 


therefore 
therefore 


L  sin(y-^„)  =0; 

N-ao 

L  e,  =  y. 


Hence  the  sequence  of  points  on  the  hyperbolic  arc  has  an  intersec- 
tion of  the  circles  Co  and  Cj  for  a  limit-point.  This  is  the  point  P  in 
the  figure. 

♦  The  deecription  and  dimenHionn  of  this  figure  are  given  in  Art.  10  bjlow. 
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The  distance  between  consecutive  points  P^Pn^i  of  the  sequence  is 
-/(a  sec^.^i— a  sec  ^0*+  (^  ^^n  6n^i—b  tan  tf„)' 


^  28in^  (^,.I-<?,)^^a'8inH(Cl-^g,)-f  &'co8H  (On.i-On) 

cos  Ou  cos  ^n-fl 

The  radius  of  the  circle  whose  centre   is  P^  and  which  touches 
both  Co  and  Ci  internally  (viz.,  the  circle  C„o)  is 


a  (e  sec  y + 1)  —  a  («  sec  tf» + 1)  =  (sec  y — sec  d„)  ^/a'  +  6*. 
It  is  obvious  that 


(V.) 


ya'sin'J  (0.+ *..,)  + 6* cos' i(0,^.-tf,)  <  v/a«+6', 
and  it  will  be  proved  that 

2«Ei(^^)<  secy-sec^., 
cos  On  cos  ^„^i 

When  this  has  been  done  it  will  follow  that  PnPn^i  is  less  than  the 
radius  of  the  circle  C^. 

The  inequality  (V.)  follows  from  a  transformation  of  equation  (III.) 
by  means  of  the  condition  (IV.)- 

Equation  (III.)  can  be  written  thus, 

co8^,co8^,^i         ^  "^       ^^^      "^  Vco8Ly-^(^,.  +  ^,..i)]/ 

^/_C08j^\r sin^^, 1     .yj. 

\co8^,.^i/Li8iny8in^(y4-^„)J'  ^      '^ 

This  is  shown  by  some  simple  trigonometrical  reductions  which  need 
not  be  given. 

Now         cosi(y— ^„)  <  1 ; 


cos  y     ^  1 
—    /     <  1,    since 
cos^„^i 


y  >tf«*i; 


co8(y--i6?0  1     ^.^^^ 

co8[y-i(^..+^,.,i)] 

1    •     ^^^1,    -r^\<^y    s^^^®    sin^^i  <4siny  sinjy 
ismysin4(y  +  ^„) 

<  j8inysinJ(y+^„). 
Hence  (V.)  follows  from  (VI.). 

Hence  each  point  P„^i  of  the  sequence  lies  inside  the  circle  whose 
centre  is  at  the  preceding  point  P^  of  the  sequence  and  which  touches 
both  C/0  and  Cy  internally. 


48       Prof.  M.  J.  M.  Hill  on  a  Oeometrical  ProposUion  [Jane  12, 

It  may  happen  that  this  circle  will  contain  not  only  P.^i,  bnt  also 
a  finite  number  of  the  following  points  of  the  sequence. 

Now,  let  QSj  start  from  the  vertex  A  (see  Fig.  2)  of  the  hyperbolic 
arc,  and  move  along  that  arc  up  to  the  last  point  (say,  PJ  of  the 
sequence  inside  the  circle  ED  whose  centre  is  A  and  which 
touches  (7«  and  (7|  both  internally.  For  each  position  of  x^  on  the 
hyperbolic  arc,  let  the  circle  be  described  whose  centre  is  at  a^ 
and  which  touches  both  Go  and  (7,  internally.  Let  the  circle 
corresponding  to  the  position  of  x^  at  P,  touch  Co  at  K  and  Gi 
at  L,  Then  the  part  of  the  envelope  of  the  circles  described  which 
is  above  8H  is  bounded  by  the  arc  EL  of  (7,,  the  arc  LK,  the  arc  KD 
of  Go,  and  the  straight  line  DE.  The  relation  (I.)  is  valid  through- 
out this  area. 

To  extend  the  area  further,  the  last  point  of  the  sequence  inside 
the  circle  KL  is  taken.  With  it  as  centre,  a  circle  (not  shown  in  the 
figure)  is  described  to  touch  the  circles  Go  and  C,  both  internally  at 
K\  L\  suppose.  Then,  reasoning  as  before,  the  relation  (I.)  is  valid 
in  the  area  bounded  by  the  arcs  KL^  LL\  L'K\  KK ;  and  so  on. 
Here  it  is  to  be  noted  that  the  inclusion  of  the  whole  of  the  space 
between  Go  and  (7,  in  the  region  for  which  (I.)  is  valid  requires  the 
consideration  of  an  infinite  number  of  positions  of  x^, 

9.  It  is  interesting  to  examine  the  limiting  values  of  the  ratios  of 
the  radius  of  the  circle  C^  to  P„P  and  to  P,P»^i  respectively  as  P„ 
approaches  P. 


Now 


radius  of  (7^0  _  ae  fsec  y— sec  ft,) 


Pn  P  v/(a  sec  y  —  a  sec  O^f  -f-  ifi  tan  y — 6  tan  ^„)* 

e 


U\   b'  /  8in(y-6>;)  Y 

V  a*  \cos^«  — cos  y/ 

__  e 

V  aMsini(y-hft.V 

When  n  becomes  infinitely  great,   6^  approaches  the  limit  y  and 
the  above  ratio  approaches  the  finite  proper  fraction 


V 


e'— e'cos  y 
e*— cos*  y 
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The  limiting  value  of 

radius  of  (7„o      '•-«  cos  On  cos  ^„+i  (sec  y— sec  0„) 


X    /VsinH  (^,.i  +  ^,.)4-fe'  cosH  (^,.1-^n) 


V- 


a'-^h 


which  is  a  finite  positive  proper  fraction,  since 

sin  ^1  <  i  sin  y  sin  ^y  <  i  sin*  y. 

10.  Description  of  Fig.  2. 

The  figure  is  drawn  to  one  half  of  the  dimensions  given  below. 
S  is  the  point  Xq. 

The  radius  of  convergence  of  the  series  P  (x—x^)  is  SD  =  6'. 
if  is  the  point  ar,,  where  SH  =  5'. 
The  radius  of  convergence  of  P  (x—x^  \  x^  is  4'. 
P  is  a  point  of  intersection  of  the  circles  Co,  Cx. 
AP  is   an  arc  of  the  hyperbola  whose  foci  are  S  and  H,  which 
passes  through  P ;  A  being  the  vertex  of  this  hyperbolic  arc. 
G  is  the  centre  of  the  hyperbola. 

CA  =  r. 

If  a  be  the  semi-transverse  axis,   h  the  semi-conjugate  axis,  and  e 
the  eccentricity  of  the  hyperbola,  then 

2ae  =  5', 
a  :=  1' ; 
therefore  e  =  25, 

b  =  ay/?^  1  =  a  ^  =  2-29'. 

The  value  of  the  parameter  belonging  to  P  is  60° ;  so  that  y  =  60®. 
The  condition  sin  ^0^  <  ^  sin  y  sinjy  is  satisfied  by  taking  0^  =  24®. 

Then  ^,  =  36°  29', 

0,  =  44°  18', 
^,  =  49°  25', 
6,=  52^50'. 
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These  five  values  of  the  parameter  correspond  to  the  points 
P„  whose  coordinates  are  1*1,  102 ; 
P.  „  „  1-24,  169; 

P,  „  „  1-4,  2-24; 

P,  .  „  1-54,  2-67 ; 

P,  „  M  1-65,  302  ; 

the  coordinates  of  P  are  2,  3*97. 


Ubfir  den  Satz  von  der  Qleichheit  der  Basiswinkel  im  gleich- 
gchenhligen  Dreieck.  Von  David  Hilbert  in  Gottingen. 
Received  August  22nd,  1902. 

Unter  der  axiomatischen  Erforschung  einer  mathematischen  Wahr- 
heit  verstehe  ich  eine  Untersuchung,  welche  nicht  dahin  zielt,  im 
Zusammenhange  mit  jener  Wahrheit  neue  oder  allgemeinere  Satze  zu 
entdecken,  sondern  die  vielmehr  die  Stellung  jenes  Satzes  innerhalb 
des  Systems  der  bekannten  Wahrheiten  und  ihren  logischen  Zu- 
sammenhang  in  der  Weise  klarzulegen  sucht,  dass  sich  sicher 
angeben  lasst,  welche  Voraussetzungen  zur  Begriindung  jener 
Wahrheit  notwendig  und  hinreichend  sind. 

So  habe  ich  beispielsweise  in  meiner  Festschrift  Grundlagen  der 
Geometrie*  die  ebenen  Schnittpunktsatze,  namlich  den  speciellen 
Pascalschen  Satz  fur  das  Geradenpaar  und  den  Desarguesschen  Satz 
von  den  perspectiv  liegenden  Dreiecken  einer  axiomatischen  Unter- 
suchung unterworfen,  und  in  gleicher  Weise  haben  auf  meine  An- 
regung  hin  M.  Behn]  den  Satz  von  der  Winkelsumme  im  Dreieck  und 
0,  HamelX  den  Satz  von  der  Geraden  als  der  kiirzesten  Verbindung 
zwischen  zwei  Punkten  behandelt. 

♦  Leipzig,  1899 ;  vgl.  auch  die  mit  Zusatzen  versehenen  Uberaetzungen  in* 
Franzosische  [Annales  de  VEcoU  Normale^  1900)  und  ins  Englische  (Chicago,  1902). 

t  MathematiBche  Annalen^  Bd.  Lin.,  1900. 

X  Inaugural-Dissertation,  Gottingen,  1901,  und  eine  demnachst  in  den  Mathe^ 
nMtischen  AnnaUn  erschoinende  Abhandlung. 
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Die  Yorliegende  Note  betri£Ft  die  Stellung  des  Satzes  von  der 
G-leichheit  der  Basis wiukel  im  gleichschenkligen  Dreieck  in  der 
ebenen  Euklidischen  Geometric.  Zur  Erleichterung  des  Verstand- 
nisses  s telle  ich — ^im  wesentlichen,  wie  in  meinen  Orundlagen  der 
Oeometrie — die  Aziome  der  ebenen  Euklidischen  Geometne  zu- 
sammen  wie  folgt : 

I.  Axiome  der  Verknnpfung. 

1.  Zwei  von  einander  verschiedene  Punkte  .-I  und  B  bestimmen 
stets  eine  Gerade. 

2.  Irgend  zwei  von  einander  verschiedene  Punkte  einer 
Geraden  bestimmen  diese  Gerade. 

3.  Auf  jeder  Geraden  giebt  es  wenigstens  zwei  Punkte.  Es 
giebt  wenigstens  drei  Punkte,  welche  nicht  in  einer  Geraden 
liegen. 

II.  Axiome  der  Anordnung. 

1.  Wenn  A,  B,  C  Punkte  einer  Geraden  sind,  und  B  zwischen 
A  und  C  liegt,  so  liegt  auch  B  zwischen  G  und  A . 

2.  Wenn  A  und  B  zwei  Punkte  einer  Geraden  sind,  so  giebt 
es  wenigstens  einen  Punkt  C,  der  zwischen  A  und  B  liegt,  und 
wenigstens  einen  Punkt  D,  so  dass  B  zwischen  A  und  D  liegt. 

3.  Unter  irgend  drei  Punkten  einer  Geraden  giebt  es  stets 
einen  und  nur  einen  Punkt,  der  zwischen  den  beiden  anderen 
liegt.* 

Definition. — Die  zwischen  zwei  Punkten  A  und  B  gelegenen  Punkte 
heissen  auch  die  Punkte  der  Strecke  AB. 

4.  Es  seien  A,  By  C  drei  nicht  in  gerader  Linie  gel egene  Punkte 
und  a  eine  Gerade,  die  keinen  der  Punkte  A,  B,  C  trifft ;  wenn 
dann  diese  Gerade  durch  einen  Punkt  der  Strecke  AB  geht,  so 
geht  sie  gewiss  auch  durch  einen  Punkt  der  Strecke  BO  oder 
der  Strecke  AC. 

III.  Axiome  dvr  Congruenz. 

1.  Wenn  A^  B  zwei  Punkte  der  Geiwien  a  sind,  und  A'  ein 
Punkt  einer  Geraden  a'  ist,  so  kann  man  auf  einer  gegebenen 


♦  Daas  da8  in  meiner  Festechrift  Gi^mdlngea  dei'  Geometrie  mit  II.  4  bezeiohnete 
Axiom  eine  Folge  der  iibrigen  Axiome  ist,  hat  neueniings  E.  H.  Moore,  Tram- 
aetiont  of  the  Amei'ican  Mathematical  Society ^  1902,  gezeigt. 
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Halfte  der  Geraden  a  you  A'  ans  stets  einen  nnd  nur  einen 
Pankt  R  finden.  so  dass  die  Strecke  AB  (oder  BA)  der  Strecke 
A'R  (oder  B'A')  congment  oder  gleieh  ist :  in  Zeichen 

AB=A'R. 
Jede  Strecke  ist  ^eh  selb^  congment, 

AB  =  AB=BA=BA. 

2.  Wenn  die  Strecke  AB  sowohl  der  Strecke  A'B  als  anch 
der  Strecke  A"B"  congruent  ist,  so  ist  anch  A'R  der  Strecke 
A''B"  congment. 

3.  Ks  seien  AB  nnd  BC  zwei  Strecken  ohne  gemeinsame 
Punkte  anf  a.  nnd  femer  A'fi'  nnd  RC  zwei  Strecken  obne 
gemeinsame  Pnnkte  anf  einer  Geraden  a  ;  wenn  dann 

AB=A'R    nnd     BC=RC, 

so  ist  anch  AC  =  A'C'. 

Definition. — Zwei  von  einem  Punkte  ausgehende  Halbstrahlen 
nennen  wir  einen  Winkel  und  bezeichnen  ihn  entweder  mit  Z  (A,  ik) 
oder  z  (A%  //). 

4.  Es  sei  ein  Winkel  (h.  k),  eine  Gerade  a\  und  eine  bestimmte 
Seite  von  a  gegeben.  Es  bedeute  A'  einen  Halbstrabl  der 
Geraden  a,  der  vom  Punkte  (X  ausgeht :  dann  giebt  es  einen, 
und  nur  einen  Halbstrabl  V,  so  dass 

ist,  unrl  zagleicb  alle  inneren  Pnnkte  des  Winkels  (h\  A')  auf  der 
ge^rebenen  Seite  von  a  liegen.  Jeder  Winkel  ist  sicb  selbst 
congruent, 

d.h.  Z  (/i,  ^)  =  z  (h,  A)  =  Z  (A-,  h). 

5.  Wenn  ein  Winkel  (h,  k)  sowohl  dem  Winkel  (h\  k')  als  auch 
dera  Winkel  (h'\  k")  congruent  ist,  so  ist  auch  der  Winkel  {h\  k') 
dem  Winkel  (V,  k")  congruent. 

6*.  Wenn  fUr  zwei  Dreiecke  ABC  und  A'BV  die  Congruenzen 
An=A'B\     AC  =  A'C    und      aBAC  =  z.B'A'C 
gelten,  so  gilt  auch  stets 

Z  ABC  =  Z  A'BV'    und     zACB=  ^  A'C'BT, 
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Es  ist  nun  fur  die  nachfolgende  Untersuchung  wesentlich,  dem 
letzten  Congmenzaxiom,  namlich  dem  Axiom  III.  6*  iiber  die 
Dreieckscongmenz  eine  engere  Fassung  zu  erteilen,  indem  wir  die 
Aussage  desselben  nur  filr  Dreiecke  mit  gleichem  Umlaufsinn  als 
gtiltig  hinstellen.  Um  diesen  einschrankenden  Zusatz  scharf  zu 
formuliren,  nehmen  wir  irgend  eine  durch  zwei  Punkte  A,  B  be- 
stimmte  Gerade  in  der  Ebene  beliebig  an,  und  bezeichnen  eine  der 
beiden  Halbebenen,  in  die  diese  Gerade  die  Ebene  teilt,  als  reclits 
von  der  Geraden  AB  in  der  Richtang  von  A  nach  B,  und  dieselbe 
Halbebene  zugleich  auch  als  links  von  BA  in  Richtung  von  B  nach 
A ;  die  andere  Halbebene  bezeichnen  wir  als  links  von  der  Geraden 
AB^  und  zugleich  als  rechts  von  der  Geraden  BA  gelegen.  Ist  nun 
C  irgend  ein  Punkt  auf  der  rechten  Halbebene  von  AB^  so  bezeichnen 
wir  diejenige  Halbebene  von  -40,  auf  welcher  der  Punkt  B  liegt  als 
die  linke  Halbebene  von  AC.  Auf  diese  Weise  k(>nnen  wir  durch 
analoge  Festsetzungen  schliesslich  in  eindeutig  bestimmter  Weise 
fur  jede  Gerade  angeben,  welche  Halbebene  rechts  oder  links  von 
dieser  Geraden  in  gegebener  Richtung  gelegen  ist.  Zugleich  wird 
von  den  Schenkeln  irgend  eines  Winkels  in  eindeutig  bestimmter 
Weise  stets  der  eine  als  der  rechte  Schenkel  und  der  andere  als  der 
linke  Schenkel  zu  bezeichnen  sein,  namlich  so,  dass  der  rechte 
Schenkel  auf  der  rechten  Halbebene  von  derjenigen  Geraden  liegt, 
die  durch  den  anderen  Schenkel  nach  Lage  und  Richtung  bestimmt 
ist,  wahrend  der  linke  Schenkel  links  voA  dei'jenigen  Geraden  liegt, 
die  durch  den  ersteren  Schenkel  nach  Lage  und  Richtung  bestimmt 
ist. 

Stellen  wir  nun  die  Aussage  des  Axioms  III.  6*  nur  dann  als 
gultig  hin,  wenn  in  den  beiden  Dreiecken  die  Seiten  AB  und  A'ff, 
bez.  A 0  und -4'C"  zugleich  die  rechten  bez.  die  linken  Schenkel  der 
Winkel  BAO  und  B^A'C  sind,  so  erhalten  wir  jenes  Axiom  in  der 
folgenden  engeren  Fassung  : — 

6.  Wenn  fiir  zwei  Dreiecke  ABC  und  A'B^C  die  Congruenzen 

AB=A'B\    AC  =  A'G'    und     ^BAC  =  ZB'A'C' 

gelten,  so  gilt  auch  stets 

/.ABC^/.A'BC    und      lACB  =  A'C'B\ 

vorausgesetzt,  dass  AB  und  AB'  die  rechten  Schenkel,  AC  und 
A'C  die  linken  Schenkel  der  Winkel  BAG  resp.  B'A'C  sind. 

Das  letzte  Axiom  in  seiner  urspriinglichen  weiteren  Fassung  III.  6* 
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hat  sofort  den  Satz  von  der  Gleicbheit  der  Basiswinkel  im  gleich- 
schenkligen  Dreieck  zur  Folge.  Auch  ist  leicht  za  erkennen,  dass 
nmgekehrt  mit  Hilfe  dieses  Satzes  vom  gleichschenkligen  Dreieck 
aus  jenem  Congraenzaziom  in  der  engeren  Fassong  III.  6  nnd  den 
vorangehenden  Axiomen  das  Axiom  III.  6*  in  der  weiteren  Fassang 
notwendig  folgt. 

Das  engere  Axiom  III.  6  zusammen  mit  alien  friiheren  Axiomen 
gestattet  den  Nachweis  des  Satzes  von  der  Gleichheit  der  Scheitel- 
winkel  and  der  MOglichkeit  der  Halbimng  einer  jeden  Strecke,  so- 
wie  den  Beweis  des  Enklidischen  Satzes,  dass  der  Anssenwinkel 
eines  Dreiecks  stets  grOsser  ist  als  jeder  der  beiden  inneren  Winkel. 

IV.  Axiom  der  Farallelen  (Eaklidiscbes  Axiom). 

Durch  einen  Ponkt  A  ansserhalb  einer  Geraden  a  Iftsst  sicb 
nur  eine  Gerade  ziehen,  welche  a  nicht  schneidet. 

Der  Satz  von  der  Gleichheit  der  Wechsel winkel,  and  mitbin  anch 
der  Satz,  dass  die  Winkelsamme  im  Dreieck  zwei  Rechte  betragt, 
folgen  aas  dem  Parallelenaxiom  mit  Hilfe  der  vorangehenden 
Axiome,  aach  wenn  wir  das  letzte  Congraenzaxiom  nar  in  der 
engeren  Fassang  III.  6  za  Grande  legen. 

V.  Axiome  der  Stetigkeit. 
1.  Axiom  den  Messens  (Archimedisches  Axiom). 

Es  sei  -.-Ij  ein  beliebiger  Pankt  aaf  einer  Geraden  zwischen  den 
beliebig  gegebenen  Pankten  A  and  B  ;  man  constraire  dann  die 
Punkte  ^„  ^„  A^,  ...,  so  dass  A^  zwischen  A  and  -4,,  femer  A^ 
zwischen  A^  and  A^,  ferner  -4,  zwischen  A^  and  A^  a.s.w.  liegt, 
and  iiberdies  die  Strecken 

AA^,  A^A^,  A^A^,   A^A^,  ... 

einander  gleich  sind :  dann  giebt  es  in  der  Reihe  der  Pankte 
A^,  A^,  A^,  ...  stets  einen  solchen  Pankt  A„,  dass  B  zwischen 
A  and  -4„  liegt. 

2.  Axiom  der  Nachharschaft. 
Ist  irgend  eine  Strecke  AB  vorgelegt,  so  giebt  es  stets  ein 
Dreieck,  in  dessen  Innerem  keine  za  AB  congraente  Strecke  sich 
finden  lasst. 

Dieses  Axiom  der  Xachbarschaft  ist  eine  notwendige  Folge  aas 
dem  Satze  von  der  Gleichheit  der  Basiswinkel  im  gleichschenkligen 
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Dreiecke,  wie  man  aus  dem  Umstande  erkennt,  dass  wegen  dieses 
Satzes  vom  gleichschenkligen  Dreieck  die  Samme  zweier  Seiten  in 
jedem  Dreiecke  gi'Osser  als  die  dritte  Seite  ausfallt. 

Ich  stelle  nun  folgende  Behauptung  auf : 

Mit  Benutzung  der  siimtlichen  Aodome  I.-V.  ist  es  moglichy  den 
Satz  von  der  Oleichheit  der  Basiswinkel  im  gleichschenkUgen  Dreieck  zu 
heweisen,  auch  wenn  wir  das  Axiom  von  der  Dreieckscongruenz  nut  in 
der  engeren  Fassung  III.  6  zu  Grunde  legen, 

Um  dies  einzusehen,  wahlen  wir  zwei  sich  schneidende  Gerade  als 
Axen  eines  schiefwinkligen  Coordinatensystems,  und  ordnen  den 
Punkten  dieser  Geraden  auf  Grund  der  lineareu  Congruenzaxiome 
III.  1-3  und  des  Archimedischen  Axioms  V.  1  reelle  Zahlen  zu ;  die 
samtlichen  Punkte  der  Ebene  sind  dann  durch  Zahlen  paare  darstellbar. 

Das  engere  Congruenzaxiom  III.  6  zusammen  mit  V.  1  gestattet 
leicht  die  Begriindung  der  Proportionenlehre,  und  aus  dieser  folgt, 
dass  die  Geraden  durch  lineare  (ileichungen  darstellbar  sind. 

Fassen  wir  nun  den  Punkt  mit  den  Coordinaten  a?  =  1  und  y  =  8 
in*8  Auge,  und  betrachten  diejenige  Congruenz  der  Ebene  mit  sich  im 
engeren  Sinne,  bei  welcher  der  Coordinatenanfang  sich  selbst  und  die 
a;-Achse  der  Verbindungsgei^de  des  Coordinatenanfanges  mit  jenem 
Punkte  I,  8  entspricht,  so  erkennen  wir  leicht,  dass  diese  Drehung 
durch  ein  Formelsystem  von  der  Gestalt 

vermittelt  wird,  worin  a„  )S„  y„  8,  Zahlen  bedeuten,  die  durch  8 
eindeutig  bestimmt  sind.  Indem  wir  nun  einer  jeden  Geraden  durch 
den  Coordinatenanfang  ihren  TrefFpunkt  (I,  t)  mit  der  Geraden 
a;  =  1  zuordnen,  erhalten  wir  zu  jeder  solchen  Drehung  der  Ebene  urn 
den  Coordinatenanfang  eine  Transformation  der  Punkte  der  Geraden 
a=l  von  der  Gestalt  ,       y,-^^,t 

Die  Coefficienten  a„  /\,  y„  I,  definiren  Punctionen  von  8,  die  sicher 
fiir  alle  rationalen  Werte  von  s  definirt  sind;  man  sieht  dann 
leicht  ein,  dass  diese  Punctionen  sich  nach  dem  Princip  der  Stetigkeit 
so  erganzen  lassen  miissen,  dass  man  aus  ihnen  stetige  und  fur  alle 
reellen  Werte  von  s,  sowie  fur  «  =  oo  eindeutig  definirte  Punctionen 
erhalt.     Wenn  das  geschehen  ist,  so  liefert  die  Formel 
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eine  Gruppe  von  linearen  Transformationen,  die  gewiss  folgende 
EigenBchaften  besitzt : — 

1.  Es  giebt  ansser  der  Identitat  keine  Transformation  der  Gruppe, 
welche  einen  Wert  der  Variabeln  t  festlajsst. 

2.  Es  giebt  stets  eine  Transformation  der  Gruppe,  welche  einen 
gegebenen  Wert  von  t  in  irgend  einen  anderen  bestimmten  Wert 
dieser  Variabeln  uberfiihrt. 

In  meiner  Abhandlung  iiber  die  Grundlagen  der  Geometrie*  (§  18) 
habe  ich  bewiesen,  dass  eine  Gruppe  mit  diesen  Eigenschaften 
notwendig  holoedrisch  isomorph  ist  mit  der  Gruppe  der  gew6hn- 
li(!hen  Drehungen  eines  Kreises  in  sich,  und  folglich  auch  mit  der- 
jenigen  Transformationsgruppe,  die  durch  die  Pormel 

dargestellt  wird,  wo  T,  T  die  Variabeln  und  S  den  Parameter 
bedeutet.  Hierans  k5nnen  wir  nun  entnehmen,  dass  t  eine  linear 
gebrochene  Punktion  von  T  ist ;  es  sei  etwa 

AT-j-B 


CT^D' 


wobei  A^  B,  C,  D  Constante  bedeut^n.     Fiihren  wir  daher  mittelst 
derFormeln  ,  =  AX^BY, 

y^CX^DY 

statt  der  Coordinaten  a?,  y  die  Coordinaten  Z,  Y  ein,  so  entspricht 
einer  bestimmten  Drehung  um  den  Coordinatenanfang  die  Formel 

X'       SX-Y' 

und  hierans  entnehmen  wir  die  Drehungsformeln 

r  =  Cs{SX^Y), 

r  =  o,(x+6'r), 

wobei  Cs  eine  von  S  abhangige  GrOsse  bezeichnet. 

Unter  Zuhiilfenahme  des  Axioms  H'^r  Xachbarschaft  V.   2  folgt, 
dass  die  Determinants  dieser  eine  Drehung   vermittelnden    Trans- 
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formHtionsformeln  notwendig  =  1  sein  muss  ;  mithin  ist 

1 


Cs  = 


^/l■^S'' 


und  die  Gmppe  der  Drehungen  stellt  sich  daher  in  den  Coordinaten 
X,  Yj  wie  folgt,  dar : 

X  =  —^ —  X-    ,  ^  ■    Y, 

r=   -  ^_   x+  -  ^  -r. 

Aus  diesen  Formein  entnehmen  wir  die  Gilltigkeit  aller  Thatsachen 
der  gew5hnlichen  Euklidischen  Greometrie  und  insbesondere  den  Satz 
von  der  Gleichheit  der  Basis winkel  im  gleichschenkligen  Dreieck. 

Wir  haben  im  Vorstehenden  knrz  den  Beweis  dafiir  angedeutet, 
dass  das  Axiom  von  der  Dreieckscongruenz  im  weiteren  Sinne  III.  6* 
eine  Folge  dieses  Axioms  im  engeren  Sinne  III.  6  ist,  wenn  man 
die  Stetigkeitsaxiome  V.  1  und  V.  2,  zu  Hiilfe  nimmt. 

Nunmehr  entsteht  die  Frage,  ob  auch  ohiie  die  Axiome  der  Stetig- 
keit  V.  1  und  V,  2  dte  weitere  Fassung  des  Axioms  von  der  Dreiecks- 
congruenz sich  als  eine  notwendige  Folge  der  engeren  Fassung  desselben 
ergiebt.  Die  nachfolgende  Unfersuchung  wird  zeigen,  dass  dies  nicht  der 
Fall  ist,  selhat  dann  nicht,  tcenn  man  noch  die  Proportionenlehre  als 
giiltig  voraussetzt.  Die  Geometrie,  welche  ich  zu  diesew,  Zwecke  im 
Folgenden  construire,  beantwortet  nicht  nur  die  eben  aufgeworfene  Frag^, 
tondem  verbreitet  iiberhaupt,  icie  ich  glaube,  iiber  den  logischen  Zu- 
sarmnenhang  des  Satzes  vom  gleichschenkligen  Dreieck  mit  den  anderen 
in  Betracht  kommendeyi  elementaren  Sotzen  der  ebenen  Geometric  7ieues 
Licht. 

Es  sei  t  ein  Parameter  und  a  irgend  ein  Ausdruck  mit  einer  end- 
lichen  oder  unendlichen  Gliederzahl  von  der  Gestalt 

darin  m5gen  Oq  (^  0),  Oj,  a^,  ...   beliebige  reelle  Zahlen  bedeuten  und 

n  sei  eine  beliebige  ganze  rationale  Zahl    ( =  0  j .     Die  Gesammtheit 

aller  Ausdriicke  von  dieser  Gestalt  a  sehen  wir  als  ein  complexes 
Zahlensystem  T  an,  indem  -" Ir  folgende  Festsetzungen  treffen.  Man 
addire,  subtrahire,  multiplicire,  dividire  irgend  welche  Zahlen  des 
Systems  T,  als  waren  sie  gewtthnliche  Poteuzreihen,  die  nach 
steigenden     Potenzen    der    Variabeln    f    fortschreiten.      Die    ent- 
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stehenden  Summen,  DifEei^enzen,  Prodakte  and  Qaotienten  sind  dann 
wiederura  Ausdrilcke  von  der  Gestalt  a,  und  mithin  Zahlen  des  com- 
plexen  Zahlensjstemfl  T.  Eine  Zahl  a  in  T  heisse  <  oder  >  0,  je 
nachdem  in  dem  betreffenden  Ausdrucke  a  der  erste  Coefficient 
(if^  <  oder  >  als  0  ausf&llt.  Sind  irgend  zwei  Zahlen  a,  /3  des  com- 
plexen  Systems  T  vorgelegt,  so  heisse  a  <  (3  bez.  a  >  /3,  je  nachdem 
a— /3  <  0  oder  >  0  ansfallt.  Es  leuchtet  ein,  dass  bei  diesen  Fest- 
setznngen  alle  formalen  Regeln  nnd  Qesetze,  wie  bei  den  gew5hn- 
lichen  reellen  Zahlen,  giltig  sind  ;  dagegen  gilt  fur  unser  System  T 
das  Archimedische  Axiom  nicht,  da  ja  wie  gross  auch  die  positive 
reelle  Zahl  A  gewahlt  sei,  stets  ^^  <  1  bleibt;  unser  complexes 
Zahlensystem  T  ist  ein  Nicht- Archimedisches  System. 

Sind  a,  ft  ii^end  zwei  Zahlen  des  Systems  T,  und  bedeutet  t  die 
imaginare  Einheit  ^—1,  so  heisse 

eine  imaginnre  Zahl  zum  comphxen  System  T. 
Ist  femer  r  ein  Ausdruck  von  der  Gestalt 

wo  ao  {^  0),  a,,  a,,  ...  reelle  Zahlen  bedeuten  und  der  Exponent  n  der 
niedrigsten  Potenz  von  t  positiv  ausfallt,  so  heisse  r  eine  unendlich 
kleine  Zahl  des  complexen  Systems  T. 

OfEenbar  lasst  sich  stets  die  unendliche  Reihe 

1+-^!— +  --2]— +  — 3!        +••• 

nach  steigenden  Potenzen  von  t  ordnen,  und  stellt  dann  eine 
imaginare  Zahl  zum  complexen  System  T  dar  ;  wir  bezeichnen  diese 
imaginire  Zahl  mit  e^^"*"*^ ''.  Ist  dann  noch  ^  irgend  eine  gewohnliche 
reelle  Zahl,  so  setzen  wir 

Nunmehr  construiren  wir  mit  Hiilfe  des  complexen  Zahlensystems 
T  eine  ebene  Geometric,  wie  folgt : 

Wir  denken  uns  ein  Paar  von  Zahlen  (.r,  y)  des  Systems  T  als 
einen  Punkt  und  die  Verhaltnisse  von  irgend  drei  Zahlen  {u  \  v  \  to) 
aus  r,  falls  n,  v  nicht  beide  0  sind,  als  eine  Gei'ade ;  femer  moge  das 
Bestehen  der  Gleichung 

iix  -h  vy  -h  <i?  =5  0 

ausdriicken,  dass  der  Punkt  («,  y)  auf  der  Geraden  {n  \  v  \  w)  liegt. 
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Beriicksichtigen  wir  die  obige  Festsetznng,  derzufolge  die  Zahlen 
in  T  sich  iHrer  GrOsse  nach  anordnen  lassen,  so  kOnnen  wir  leicht 
solche  Festsetzongen  fiir  unsere  Pnnkte  und  Geraden  treft'en,  dass 
anch  die  Axiome  II.  der  Anordnung  sammtlich  erfiillt  sind.  In  der 
That,  stellen  (ac,,  y,),  («„  y^),  (afj, y,), ...  irgend  welche  Punkte  auf  einer 
Geraden  dar,  bo  mOge  dies  ihre  Reihenfolge  auf  der  Greraden  sein, 
wenn  die  Zahlen  x^,  o^,  x^,  ...  oder  y^,  y^^  y„  ...  in  dieser  Reihenfolge 
entweder  bestandig  abnehmen  oder  wachsen ;  um  femer  die  Forder- 
nng  des  letzten  Axioms  der  Anordnung  II.  4  zu  erfiillen,  haben  wir 
nur  n5tig  festzusetzen,  dass  alle  Punkte  («,  y),  fiir  die  ux-\-%^-\-w 
kleiner  oder  grosser  als  0  ausfallt,  auf  der  einen  bez.  auf  der  anderen 
Seite  der  Geraden  (u:  v  \w)  gelegen  sein  sollen. 

Wenn  zwei  Punkte  A^  B  beide  ziigleich  entweder  auf  der  a?- Axe 
oder  auf  der  y-Axe  liegen,  so  nennen  wir  die  absolute  DifFerenz  der 
Abzissen  bez.  der  Ordinaten  dieser  beiden  Punkte  ihre  Entfemung 
oder  anch  die  Lange  der  durch  sie  bestimmten  Strecke.  Nunmehr 
definiren  wir  das  Abtragen  von  Strecken  und  Winkeln  durch  die 
Parallel verschiebungen  und  Drehungen  der  Ebene  in  sich,  wie  folgt. 
Die  Parallel vei*8chieb ling  wird  durch  ein  Transformation  von  der 
Gestalt 

oder  X  +  iy  =  aj  +  ty  -h  a  +  ij^ 

vermittelt,  woiin  a,  /?  Zahlen  in  T,  namlich  die  Projektionen  der 
Parallel verschie bung  in  Richtnng  der  Axen  sind.  Die  Drehung  der 
Ebene  um  den  Coordinatenanfangspunkt  (0,  0)    werde    dui*ch    die 

vermittelt,  worin  ^  irgend  eine  reelle  Zahl  bedeutet,  und  r  irgend 
eine  unendlich  kleine  Zahl  im  complexen  System  T  bedeutet;  ^  +  t 
heisse  der  Drehungswinkel  dieser  Drehung. 

Zunachst  ist  klar,  dass  bei  alien  Verschiebungen  und  Drehungen 
der  Ebene  jede  Gerade  wiederum  in  eine  Gerade  iibergeht,  und 
zngleich  die  Anordnung  der  Punkte  auf  einer  Geraden  sowie  ihre 
Lage  zu  den  Geraden  ebenfalls  unverandert  bleibt. 

Es  seien  nun  {x^  y)  und  {x\  y)  irgend  zwei  vom  Coordinaten- 
anfangspunkt verschiedene  Punkte.  Die  Punkte  der  Verbindungs- 
geraden  von  {x\  y)  mit  dem  Coordinatenanfangspunkt  werden  durch 
die  Coordinaten  /laj',  ^Ay'  dargestellt,  worin  /a  irgend  eine  Zahl  des 
complexen  Systems  T  bedeutet.     Wir  wollen  nun  zeigen,  dass  es 
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stets  eine  Drehnng  mn  den  CoordinateiuinfaiigBponkt  gMbt,  durch 
welch e  der  Pankt  (jr.  y)  in  einen  Punkt  jener  YerbindmigBgeniden 
ubergeht.     Zu  dem  Zwecke  nntersuchen  wir  die  Gleichnng 

^***^'*^^"(z-h»»  =  /*(''  +  »>'). 
Durch  Division  mit  der  conjngirt  imaginaren  Gleichnng  lolgt 

ar— ly       ar'—iy" 
Oder  tf-^^*-^'>  =  f-hiV 

wonn  f+»»i  = :^  -^     :\ 

jr  +  iy  jr— ly 

gesetzt  ist.     Wegen  ^+1;^  =  1 

folgt,  dass  $,  9  solche  Zahlen  in  T  sind,  bei  deren  Darstellnng  dorch 
t  die  niedrigsten  Exponenten  der  Potenzen  von  t  gewiss  >.  0  sind,  nnd 
mindestens  einer  derselben  =  0  aosfallt.     Wir  kOnnen  mithin  setzen 

worin  a,  b  gewdhnliche  reelle  Zahlen  mit  der  Quadrat sxunme  1  nnd 
i\  If'  unendlich  kleine  Zahlen  in  T  bedenten. 
Die  reelle  Zahl  ^  ist  durch  die  Gleichnng 

bis  auf  ganze  Vielfache  von  v,  und  femer  r  als  unendlich  kleine 
Zahl  in  T  durch  die  Gleichnng 

a-^ib 

vOllig  eindeutig  bestimmt.  Xach  Einsetzung  von  J^  nnd  r  in  die 
urspriingliche  Gleichung  folgt  /i  eindeutig  als  eine  Zahl  in  T.  Wir 
sehen  daraus,  dass  es  stets  eine  Drehung  von  der  gewiinschten 
Beschaffenheit  giebt,  und  dass  diese  Drehung  bis  auf  Drehungen  nm 
den  Winkel  x  eindeutig  bestimmt  ist. 

Nunmehr  nennen  i^-ir  irgend  welche  Strecken  und  Winkel  einander 
congruent  oder  gleich,  sobald  es  gelingt,  dieselben  durch  Verschie- 
bvingen  und  Drehungen  der  Ebene  miteinander  zur  Deckung  zu 
hnngen.  Unsere  obige  Entwickelung  zeigt  dann,  dass  die  sammt- 
Hoken  Axiome  III.  erfullt  sind,  wobei  das  letzte  Congruenzaxiom  im 
Sinne  III.  6  zu  verstehen  ist.  Auch  gilt  wie  man  sieht  das 
ienaxiom  IV.,  und  aus  der  Formel    fiir  die    Drehung  kann 


Iringen. 
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femerleicht  ersehen  werden,  dass  auch  das  Axiom  V.  2  der  Nachbar- 
schaft  in  unserer  Geometrie  gultig  ist. 
Wir  fassen  dies  wie  folgt  znsammen  : 

In  unserer  Geometrie  gelten  die  sammtlichen  oben  aufgestellten 
Axiome  der  gewOhnlichen  ebenen  Geometrie  mit  Ausnahme  des 
Archimedischen  Axioms  V.  1,  so  jedoch,  dass  das  Axiom  iiber  die 
Dreieckscongruenz  dabei  in  der  engeren  Fassung  III.  6  zu  verstehen 
ist. 

Wir  leiten  noch  einige  weitere  Satze  ab,  die  in  unserer  Geometrie 
giiltig  sind : 

In  unserer  Geometrie  giebt  es  einen  rechten  Winkel,  und  jeder 
beliebige  Winkel  ist  halbirbar. 

In  der  That,  -^  ist  gewiss  ein  rechter  Winkel,  weil  dei'selbe  bei 
einer  Drehung  um  -  in  seinen  Xebenwinkel  iibergeht.  Ebenso 
leuchtet  ein,  dass,  wenn  ^-f"  einen  beliebigen  Winkel  bedeutet, 
-^-  -h    ^    die  Halfte  desselben  ist. 

Wir  fiihren  nun  den  Beginff  der  Spiegel ung  an  einer  Geraden  a 
wie  folgt  ein.  Fallen  wir  von  irgend  einem  Punkte  A  auf  irgend 
eine  Gerade  a  das  Loth  und  verljingem  dieses  um  sich  selbst  iiber 
den  Fusspunkt  B  hinaus  bis  ^1',  so  heisse  A*  der  Spiegelpunkt  von  A, 
Wir  wahlen  zunachst  zur  Geraden  a  die  j;-Axe  und  fiir  A  einen 
Pnnkt  im  positiven  Quadranten  mit  den  Coordinaten  a,  p.  Der 
Winkel  AOB  zwisohen  dem  Halbsti^ahl  OA  und  der  positiven  ic-Axe 
8ei  ^-hr,    und   zwar   moge    der 

Pnnkt  X  ■=  y  auf  der  x-Xxq  bei  ^ 

der  Drehung  um  den  Winkel 
^+T  in  den  Punkt  A  iiber- 
gehen,  so  dass 

wird.  Der  Spiegelpunkt  ^4'  des 
Punktes  A  in  Bezug  auf  die 
or- Axe  hat  die  Coordinaten  a, 
— /3.  Fiihren  wir  mithin  die 
Drehung  um  den  Winkel  ^-{-t 
aus,  so  entsteht  aus  dem  Punkte 


Fig.  1. 
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A  ein  Punkt  der  durch  die  imaginare  Zahl 

y  y 

dargestellt  wird,  d.  li.  der  entstehende  Punkt  Kept  auf  der  a;- Axe ; 
folglich  ist  der  Winkel  A' OB  ebenfalls  gleich  d-*-r,  und  stimmt 
mi  thin  mit  dem  Winkel  AOB  iiberein.  Wir  sprechen  dies  Resaltat 
wie  folgt  aus : 

Wenn  in  zwei  symmetrisch  liegenden  rechtwinkligen  Dreiecken 
die  beiden  Katheten  ubereinstimmen,so  sindaach  die  entspi-echenden 
Winkel  an  der  Hypotenuse  einander  gleich. 

Wir  folgern  hierans  zugleich  den  allgemeineren  Satz : 
Im  Spiegel bilde  einer  Figur  stimmen  die  Winkel  stets  mit   den 
entspreehenden  Winkeln  der  urspriinglichen  Figui-  iiberein. 

Es  sei  a  irgend  eine  Gerade  durch  den  Anfangs punkt  0,  und  ^  +  'r 
sei  der  Winkel  zwischen  a  und  der  a;- Axe  :  dann  erhalt  man  zu  dem 
beliebigen  Punkt  (a?,  y)  den  Spiegelpunkt  in  Bezug  auf  die  Gerade  a, 
indem  man  die  Ebene  zunachst  um  den  Winkel  — ^-r  dreht,  so- 
dann  an  der  aj-Axe  spiegelt,  und  schliesslich  die  Ebene  um  den 
Winkel  ^-^-r  dreht.  Die  Ausfiihrung  dieser  Operationen  liefert  der 
Reihe  nach  aus  der  imaginaren  Zahl  x-^ty  die  Zahlen 

mithin  wircl  die  Spiegelung  an  der  Geraden  a  durch  die  Formel 

vermitteh. 

Nun  mogen  r/„  a^  ebenfalls  zwei  Gerade  durch  den  Anfangspunkt 
0  und  ^i  +  "i  bez.  J&,-f  Tj  die  Winkel  bedeuten,  die  diese  Gerade  mit 
der  a^Axe  einschliessen.  Fiihren  wir  der  Reihe  nach  die  Spiegel- 
ungen  an  den  Geraden  a,  a^,  a,  aus,  so  wird  die  entsprecheude 
Transformation  des  Punktes  (a;,  y)  durch  die  Formel 

vermittelt,  und  hieraus  entnehmen  wir  das  folgende  Res ul tat : 

Wenn  man  an  irgend  drei  durch  einen  Punkt  gehenden  Geraden 
eine  Spiegelung  ausf  iihrt,  so  ist  die  dann  entstehende  Ti^ansformation 
der  Ebene  wiederum  eine  Spiegelung. 
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Au8  diesem  Satze  beweisen  wir  leicht  die  weiteren  Satze : 

Die  Mittelsenkrecbten  auf  den  drei  Seiten  eines  Dreieckes  treffeii 

sich  in  einem  Punkt. 

Wenn    in    einem  Vierecke  ABCD  ohne  einspringende   Ecken  die 

Winkel  A  CB  und  ADB  iiber  einstimmen,  so  sind  aucb  die  Winkel 

BAC  und  BDG  einander  gleich. 

Die  genannten  Satze  geniigen,  um  die  Proportionenlebre  ohne 
HUlfe  des  Satzes  vom  gleich schenkligen  Dreiecke  za  begriinden  : 
man  bat  nur  nOtig,  den  in  meiner  Festschrift  Oruiidlagen  der 
Geomeirie  (§§  14-16)  dargelegten  Beweis  in  geeigneter  Weise 
abzuandern,  was  leicht  geschehen  kann.  Wir  erkennen  hieraus,  dass 
es  zur  Begriindung  der  Proportionenlebre  in  der  ebenen  Euklidischen 
Geometrie  nicht  des  vollstandigen  Axioms  von  der  Dreieckscongruenz 
im  weiteren  Sinne  III.  6*  bedarf,  sondem  dass  dazu  diejenigen 
Bestandteile  dieses  Axioms  hinreichen,  die  in  den  eben  genannten 
Satzen  enthalten  sind. 

Der  Fundamentalsatz  der  Proportionenlebre  lautet : 

Schneiden  zwei  Parallele  auf  den  Schenkeln  eines  beliebigen 
Winkels  die  Strecken  a.  h  bez.  a\  h\  ah,  so  gilt  die  Proportion 

a  \h  ^  a  :  b'. 

Umgekehrt,  wenn  vier  Strecken  a,  6,  n\  h'  diese  Proportion  erfiillen, 
und  a,  a  und  6,  h'  je  auf  einem  Schenkel  eines  beliebigen  Winkels 
abgetragen  werden,  so  sind  die  Verbindungsgeraden  der  Endpunkte 
von  a.  h  bez.  von  a\  h'  einander  parallel. 

Dieser  Satz  konnte  auch  direkt  aus  dem  Umstande  abgeleitet 
werden,  dass  in  unserer  Geometrie  die  Geraden  durch  lineare 
Gleichungen  definirt  sind,  und  zugleich  erkennen  wir  hieraus  diese 
Thatsachen : 

In  unserer  Geometrie  gelten  die  Schnittpunktsatze  von  Pascal 
und  Desargues,  und  daher  iiberhaupt  alle  Satze  der  projektiven 
Geometrie. 

Wir  kommen  nun  zu  der  wesentlichsten  Frage,  oh  in  uTiserer  Cieo- 
metrie  der  Satz  von  der  Gleichheit  der  Basisunnkel  des  gleich schenkluf en 
Dreieckes  gilt. 

Zum  Zweeke  dieser  Untersuchung  sei  a  eine  Gerade  dui*ch  den 
Coordinatenanfang  0,  die  mit  der  a;- Axe  den  Winkel  ^•\-t  ein- 
schliesst;  femer  sei  A  ein  Punkt  anf  a  so,  dass  die  Strecke  OA  =  1 
ausfUllt,   und   A'   sei   der   Spiegelpunkt    vi)u   A  in   Bezug   auf   die 


J 
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X'Axe  (vgl.  FijBrar  2).  Um  die 
CoordinateD  (x,  y)  des  Pnnktes 
A  zu  bei-ecbnen,  bedenken  wir, 
dtLHH  die  Drehnng  um  den 
Winkel  —  ^— t  den  Pnnkt  A  in 
den  Punkt  mit  den  Coordinaten 
1,  0  uberfuhren  muss;  wir 
haben  mithin 

und  folglich 


Fig.  2. 


d.h.  X-  OB=e^cos(^+r), 

y  =  AB  =  A'B  =  e"  sin  (^  +  r). 

Um  die  Lange  der  Strecke  OA'  zu  berechnen,  bedenken  wir,  dass 
A'  die  Coordinaten  x,  —y  besitzt;  die  Drebung  um  den  Winkel  ^-^-t 
liefert  mitbin 

(i.b.  die  Strecke  OA'  fallt  gleicb  e-^  aus,  und  sie  unterscbeidet  sich 
mitbin  von  der  Strecke  1  um  eine  unendlicb  kleine  von  0  verscbiedene 
complexe  Zabl. 

Wir  ei-seben  bieraas,  dass  im  allgemeinen  in  zwei  symmetriscb 
liegenden  recbtwinkligen  Dreiecken  mit  ubereinstimmenden  Katbeten 
die  Hypotenusen  von  einander  verscbieden  ausfallen,  und  mitbin  bei 
der  Spiegel un^  an  einer  Geraden  die  Strecken  im  Spiegelbilde  den- 
jenigeii  in  der  urspriinglicben  Figur  7ucht  notwendig  gleicb  sind. 

hi  unsrrer  Genmetrle  gilt  nichf  der  Safz  vom  gleichschenkltgen 
Lh'('ioch\  und  nho  auch  ni'cht  das  Axiom  von  der  Go^igruenz  der  Dretecke 
iiri  wvitcren  Simie. 

Wir  erOrtern  nocb  in  uuserer  Geometric  die  Euklidiscbe  Lebre 
vom  Flacbeninbalt  der  Poly  gone  und  den  Satz  von  der  Geraden  als 
der  kiirzesten  Verbindnng  von  zwei  Punkten. 

Was  die  erstere  Frage  betrifft,  so  mOgen  zwei  Polygone  fldcheiigleich 
beissen,  wenn  sie  in  eine  eudlicbe  Anzabl  von  Dreiecken  zerlegt 
wei*den  kOnnen,  die  i)aarweise  einander  congruent  sind,  und  zwei 
Polygone  mOgen  inhaltsgleich  beissen,  wenn  es  mOglicb  ist,  zu  den- 
selben  flacbengleicbe  Polygone  znzufiigen,  so  dass  die  beiden  zu- 
sammengesetzten  Polygone  einander  flacbengleicb  sind. 
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AuB  diesen  Definitionen  wird  leicHt  die  iDhaltsgleichheit  zweier 
Dreiecke  mit  gleicher  Gmndlinie  und  gleicher  HOhe  bewiesen. 

Auch  gilt  in  unserer  Geometrie  der  Pythagoraische  Lehrsatz, 
demzufolge  die  beiden  Quadi*ate  iiber  den  Katheten  irgend  eines 
rechtwinkligen  Dreieckes  zusammen  inhaltsgleich  dem  Quadrate 
uber  der  Hypotenuse  sind.  Denn  wir  erkennen,  dass  in  dem  Eukli- 
dischen  Beweise  des  Pythagoraischen  Lehrsatzes  durchweg  nur  die 
Congruenz  von  gleichliegenden  Dreiecken,  und  mithin  nur  das  Axiom 
iiber  die  Dreieckscongruenz  im  engeren  Sinne  benutzt  wird. 

Wenden  wir  den  Pythagoraischen  Lehrsatz  auf  die  beiden  vorhin 
construirten  symmetrisch  liegenden  rechtwinkligen  Dreiecke  OAB 
and  OA'B  (Figur  2)  an,  so  folgt,  dass  die  Quadrate  iiber  den  beiden 
Hypotenusen  OA  =  1  und  OA'  =  e^"^  einander  inhaltsgleich  sind,  d.h. 
68  giebt  in  unserer  Geometrie  Quadrate,  deren  Seiten  sich  um  un- 
endlich  kleine  von  0  verschiedene  Zahlen  unterscheiden  und  die 
dennoch  einander  inhaltsgleich  sind. 

Infolge  dieses  Umstandes  hat  in  unserer  Geometrie  der  funda- 
mentale  Satz  Euklids,  wonach  zwei  inhaltsgleiche  Dreiecke  mit 
gleicher  Grundlinie  stets  von  gleicher  HOhe  sind,  ebenfalls  keine 
Giiltigkeit. 

Unsere  Geometrie  f  iihrt  uns  mithin  zn  folgender  Erkenntnis : 

Es  ist  unmi')gUch  auf  das  Axiom  der  Dreieckscongruenz  im  engeren 
Sinne  die  Euklidische  Lehre  vom  Fliicheninhalt  zu  begrilnden,  selbsf 
wenn  man  die  OulHgkeit  der  Proportionenlehre  hinzunimmt. 

In  meiner  Festschrift  Qruiidlagen  der  Qeametrie  habe  ich  den  Satz 
Euklids  von  der  Gleichheit  der  H5hen  in  inhaltsgleichen  Dreiecken 
auf  gleicher  Grundlinie  dadurch  bewiesen,  dass  ich  den  Begriff  des 
Flachenmasses  einfiihrte.  Dieses  FlachenmMS  habe  ich  als  das 
halbe  Produkt  aus  Grundlinie  und  H5he  definirt.  Der  Nachweis, 
dass  diese  GrOsse  davon  unabhangig  ist,  welche  Seite  des  Di^iecks 
man  als  Grundlinie  wahlt,  erfordert  in  der  That  die  Benutzung 
symmetrisch  gelegener  ahnlicher  Dreiecke,  und  mithin  das  Axiom 
iiber  die  Dreieckscongi'uenz  im  weiteren  Sinne. 

Da  in  unserer  Geometrie  die  bekannte  Beziehung  zwischen  der 
Hypotenuse  und  den  Katheten  eines  rechtwinkligen  Dreiecks,  welche 
in  der  gewtthnlichen  Geometne  aus  den  Pythagoraischen  Lehrsatz 
geschlossen  wird,  nicht  gilt,  so  mOchte  ich  unsere  Geometrie  eine 
nicht'Pythagordische  Geometrie  nennen. 

Eine  weitere  Folgerung,  die  Euklid  aus  dem  Satze  von  der  Gleich- 
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heit  der  Basiswinkel  im  gleichsclienkligen  Dreiecke  zieht,  ist  der 
Satz,  da8R  in  jedem  Dreiecke  die  Snmme  zweier  Seiten  grOeser  als 
die  dritte  ansf&llt.  Um  die  Gilltigkeit  dieses  Satzes  in  unaerer 
Geometric  zn  priifen,  nehmen  wir  in  dem  rechtwinkligen  Dreiecke 
OA'B  (Figur  2),  ^  =  0,  so  dass  die  Hypotenuse  OA'  mit  der  Kathete 
OB  den  unendlich  kleinen  von  0  verschiedenen  Winkel  r  einschliesst. 
Wir  erhalten  dann  die  Samme  der  beiden  Katheten  darch  die 
complexe  Zahl 

e^(cosr  +  RinT)=  (l-fr+  ^2"  "^"•••){^"  2  +-+^-^+-) 
=  l  +  2r  +  r'+... 
auRgedruckt,  und  diese  Zahl  ist  offenbar  um  eine  unendlich  kleine 
von  0  verschiedene  Zahl  kleiner  als  die  Hypotenuse 

0^'  =  e*'=l-h2r+2T'+.... 

Der  Satz,  wonach  die  Summe  zweier  Seiten  in  jedem  Dreieck 
grosser  als  die  dritte  ist,  gilt  also  nicht  in  unserer  Geometrie. 

Wir'erkennen  hieraus  die  weseyitliche  Abhiingigkeit  dieses  Satzes  von 
devi  Axiom  uber  die  Th'eieckscofigruenz  im  weiteren  Sinne. 

Wir  fassen  die  hauptsachlichsten  aus  unserer  nicht-Pythagoraischen 
Geometrie  entspringenden  Resultate  zusammen  wie  folgt : 

Verstehen  wir  das  Axiom  iiber  die  Dreieckscongnienz  im  engeren  Sinne 
und  fiehmen  wir  vow  den  Stetigkeitsajximnen  ntir  das  Axiom  der  Nach- 
hm-schaft  als  gultig  an^  dann  ist  der  Satz  von  der  Gleichheit  der  BasiS' 
winkel  im  gleichschenkligen  Dreieck  nicht  beweisbar,  selbst  dann  nicht^ 
weym  unr  die  Lehre  von  den  Proportionen  als  giiltig  voraussetzen.  Ebenso 
wenig  folgt  die  Euklidisclie  Lehre  von  den  Fldcheninhalten ;  nuch  der 
Satz,  wonach  die  Sumine  zweier  Seiten  im  Dreieck  grosser  als  die  dritte 
ausfdllty  ist  keine  notwendige  Folge  der  gemaxahten  AnnaJimen. 

Wir  wollen  noch  eine  andere  nicht- Pythagorftische  Geometrie 
construiren,  die  sich  von  der  eben  behandelten  Geometiie  dadurch 
unterscheidet,  dass  in  ihr  das  Archimedische  Axiom,  dagegen  nicht 
das  Axiom  von  der  Nachbarschaft  gultig  ist. 

Man  betrachte  den  Bereich  O  aller  derjenigen  algebraischen 
Zahlen,  welche  hervorgehen,  indeni  man  von  der  Zahl  1  ausgeht  und 
eine  endliche  Anzahl  von  Malen  die  vier  Rechnungsoperationen : 
Addition,  Subtraction,  Multiplikation,  Division  nnd  die  ftinfte 
Operation  \/l-fw*  anwendet,  wobei  to  jedesmal  eine  Zahl  bedenten 
kann,  die  vermOge  jener  fiinf  Openitionen  bereits  entstanden  ist. 

Wir  denken  uns  ein  Paar  von  Zahlen  x,  y  aus  O  als  einen  Punkt 
und  die  Verhaltnisse  von  irgend  drei  Zahlen  {u  :  v  :  %v)  aus  O,  falls 
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w,  V  nicht  beide  0  sind,  als  eine  Gerade  ;  femer  m5ge  das  Bestehen 
derGleichung  rcx-i-t^+w=0 

aasdrucken,  dass  der  Punkt  (a;,  y)  auf  der  Geraden  (u  :  v  :  w)  lieji^. 

Die  Anordnung  der  Punkte  and  Geraden,  sowie  die  Festsetzung 
liber  die  Parallelverschiebung  treffen  wir  genau  wie  vorhin,  dagegen 
weichen  wir  von  der  friiheren  Festsetzung  hinsichtlich  der  Drehung 
nm  einen  Punkt  in  folgender  Weise  ab : 

Wir  fassen  die  Pnnkte  der  Geraden  a;  =  1  ins  Auge  ;  da  dieselben 
ein  abzahlbares  System  bilden,  so  kOnnen  wir  sie  in  diese  Reihe 
bringen :  Pj,  P,,  P„  ....  Es  sei  dann  allgemein  3^  der  Winkel  unter 
welchem  die  Verbindungslinie  des  Pnnktes  P*  mit  dem  Coordinaten- 
anfang  die  x-Axe  scbneidet.  Wir  wahlen  nun  aus  der  Beibe 
^v  ^v  '^8>  •••  ®i^®  solcbe  Reibe  ^Aj,  ^fcg,  ^fc,,  ...  aus,  dass  fiir  keinen 
Wert  von  n  eine  Gleicbung  von  der  Gestalt 

K  =  rir  4-  r,  \  +  r,&k,  +  . . .  +  rn-i  ^a-,._, 

bestebt,  wo  r, r^,  n,  ...,  r„. ,  rationale  Zablen  sind,  wabrend  andrerseits 
fur  jedes  ^J*  sicb  ein  Wert  von  n  bestimmen  lasst,  so  dass 

bestebt,  wobei  r,  r^  rj,  ...,  r„  rationale  Zablen  sind. 

Die  Drebung  unserer  Ebene  um  den  Winkel  3^  werde  dann  durcb 
dieFormel  x'+iy' =  e**^^'^  (x+iy) 

vermittelt. 

Es  stellt  sicb  beraus,  dass  in  dieser  Geometrie  sfimtlicbe 
Axiome  I.  bis  IV.  erfullt  sind,  wenn  das  Axiom  iiber  die  Dreiecks- 
oongruenz  im  engeren  Sinne  III.  6  verstanden  wird.  Ausseixiem 
gilt  das  Arcbimediscbe  Axiom  V.  1,  dagegen  nicbt  das  Axiom 
der  Nacbbarscbaft  V.  2.  Aucb  die  oben  genannten  Satze  und  die 
ans  diesen  zu  ziebenden  Folgerungen,  insbesondere  die  Proportionen- 
lebre  ist  gultig.  Dagegen  gilt  nicht  der  Satz  von  der  Gleicbheit  der 
Basiswinkel  im  gleicbscbenkligen  Dreieck,  und  folglicb  aucb  nicbt 
die  Euklidiscbe  Lehi^e  vom  Flacbeninhalt.  Der  Satz,  dass  die 
Summe  zweier  Sei  ten  grosser  als  die  dritte  ist,  gilt  in  unserer  Geo- 
metrie ebenfalls  nicbt,  da  ja  aus  diesem  Satze  das  Axiom  der 
Nacbbarscbaft  V.  2  notwendig  folgen  wiirde. 

Zur  GuUigkeit  des  Satzes  von  der  GletchJieit  der  Bdsisudukel  tmgleich' 
schenkltgen  Dreieck  sind  mithin  hetde  Stctigkeitsaxiome  V,  1,  F.  2 
erforderUch ;  in  der  That  haben  wir  in  dem  friiheren  Beweise  am 
Anfange  dieser  Untersuchung  jedes  dieser  beiden  Axiome  benutzt. 
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Mit  Hiilfe  der  beiden  Stetigkeitsaxiome  V.  1  und  V.  2  ist  es  nocb 
nicht  mCglich,  die  ebene  Geometrie  als  identiscb  mit  der  gewobnlicben 
analytischen  "  Cartesiscben  "  Geometrie  nacbznweisen,  in  der  jedem 
Zablenpaar  ein  Punkt  der  Ebene  entspricbt.  Zu  diesem  Nacbweise 
ist  aber  weder  das  Axiom  vom  Dedekindschen  Scbnitte,  nocb  das 
Axiom  von  der  Existeuz  der  Grenzpunkte  notwendig  ;  vielmebr 
geniigt  dasjenige  Axiom  allgemein  pbilosopbiscben  Cbarakters, 
welcbes  icb  bereits  in  der  franzCsiscben  Uebersetznng  meiner  Orund- 
lagen  der  Geometrie*  aufgestellt  babe,  und  welcbes  wie  folgt  lantet : 

V.  3.  Axiom  der  VollstHndigkeit, 

Zn  dem  System  der  Piinkte  und  Gei'aden  ist  es  nicbt  m5glicb  ein 
anderes  System  von  Dingen  binzuzufiigen,  so  dass  in  dem  darch 
Zusammensetzung  entstebenden  System  samtlicbe  aufgefubrten 
Axiome  I.-IV.,  V.  1,  2  ei*fullt  sind;  oder  kurz  : 

Die  Elemente  der  Qeometrie  bilden  ein  System  vo7i  Dingen,  welches  bet 
Aufrechterhaltung  siimtlicher  Axiome  keiner  Erweiterwig  Ttiehrfdhig  ist. 
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pp.  35-51  (separate  preprintii,  pp.  1-17,  Oct.  1,  1902). 


1902.] 


Groups  in  an  Arbitrary  Field, 


69 


not  ti'eated  in  the  paper  just  cited  is  that  of  a  field  having  a  modulus 
which  divides  the  order  of  the  given  finite  gi'oup.  As  this  exceptional 
ease  appeal's  to  offer  special  difficulties,  it  seems  desirable  to  have  a 
detailed  ti-eatment  of  a  number  of  examples  both  for  the  general  case 
and  for  the  various  exceptional  causes.  Such  are  the  contents  of 
§§  1-7 ;  the  methods  employed  are  veiy  elementary  and  entii'ely 
independent  of  the  genei-al  theory.  The  next  step  in  the  extension 
of  the  general  theory  is  very  natui*ally  a  detailed  study  of  the 
explicit  developments  in  the  earlier  investigations  which  cease  to 
hold  true  for  the  above  exceptional  cases.  The  contents  of  §§  8-12 
are  of  this  nature. 


Canonical  Forms  of  the  Oronp- Matrix  for  the  Symmetric  Group  gfg 
on  Three  Letters, 

1.  The  body  of  a  left-hand  multiplication  table  for  </„  is* 


(1) 


/3 

a 
I 


y 


c 

y 

a 
I 

^ 


Let  r,  be  a  linear  transformation  on  ^j,  ...,  fg,  the  matrix  of  whose 
coefficients  is  of  the  form  (1)  with  J,  a,  ...,  c  in  a  given  field  F. 

Employing  the  standard  notation,  let  jB„;,x  denote  the  linear  trans- 
formation which  altei-s  only  the  vai'iable  f„  replacing  it  by  ^,4- X^j. 

The   inverse  of    i^,,>,x   is  evidently  i?,,^. -x-      Transforming   !Z'„  of 


matrix  (1),  by 

W     i^2,i..,£ 

3,1,-1  ^4 

1,-1-^5,1,-1^6,1 

-i> 

we  obtain  a  transfoimation  T,  with  the  matrix  of  coefficients 

P 

a 

fl 

y            S 

€ 

0 

I-a 

a-,i 

^—y      c— 5 

y-€ 

(2)    . 

0 

li-a 

I-P 

C-y        y—a 

a-€ 

0 

S-a 

«-/i 

I-y      a-5 

/3-c 

"  » 

0 

f — a 

y-ft 

l^-y      I-h 

a — € 

.0 

y—a 

5-/3 

a-y     /3-a 

i-r 

*  Webor,  Ahjcbra,  second  edition,  Vol.  ii.,  p.  12  4. 
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whei'e  p  and  pj,  used  below,  have  the  values 

p  =  H-a-f /J+yH-a-f  «,     p,  =  J+a-f /3- 
Transforming  T„  of  matrix  (2),  by  the  product 

we  obtain  a  transformation  T,  with  the  matrix 

/3— a  y  +  a  ^4-a 

0  0  0 


•y — ^ — c. 


(3) 


Pi 


e  +  a 
0 


0  /3-a    I-2/3  +  0      /3  +  €-o-y  P  +  y—a—i  fl  +  i-a-t 


(4) 


f 

a 

0 

Pi 

0 

0-S 

0 

X-a 

0 

t — a 

0   a-a    a-/3— a  +  e    J— a-y-f^  0  /?  +  a_a— c 

0   c— a    a-/3  +  y— c  /3  +  c— a-y    /— a-a-f€  0 

0  y— a   a— /5— y  +  ^  0  /3+y— a— 5  /— a-f-y  — c^ 

Transforming  Tj,  of  matrix  (3),  by  the  product 

(^)        -S.%4,-l'S«,  3,-11 

we  obtain  a  ti'ansformation  T^  with  the  matrix 

/3  +  c  /5-hy  a  +  a  c-fa 

0  0  0  0 

J— f3  +  ^-c  0  /3-|.y-a— A  0 

0  I+c— /3— y  0  /5  +  ^— a-c 

a  +  y— /3  — c  0  !-[■€— a— i  0 

0  y4-^— a— /3  0  a-h^— /3— y  0  J+y—a— €^ 

If  F  does  not  have  modulus  2  or  3,  we  ti^ansform  T^  by 

(O-  ^;  =  ix+ii.+i  (is+i*+i.+Q,  il  =  ii  (»■  >  1). 

and  obtain  a  transformation  T^  whose  matrix  differs  fix>m  (4)  only 
in  the  first  row,  that  beiner  now  p  0  0  0  0  0.  Ti-ansfonning  ^5  by 
^6=  Bi^s,  -i»  we  obt«,in  a  transformation  Tg  whose  matrix  differs  from 
that  of  Tg  only  in  the  fourth  and  sixth  rows,  those  being  now 

0  fl-y  0     J-a— a-e       0     /3+c— a-y, 

0     y  +  o-a-P     0      o+a-/5-y     0      /-fc— )3— c. 

Transforming  T^  by 

we  obtain  a  transformation  1\  whose  matrix  diffei-s  from  that  of  1\ 
only  ill  the  second  coluniu,  that  now  having  all  zei*os  except  p,  in  the 
second  n)w.     Transforming  T-  by 
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we  obtain  a  transformatioD  witli  the  matrix  M 
>    0     0     0    0    0^ 


M  = 


0  pi  0  0  0  0 

0  0  a  Z>  0  0 

0  0  c  d  0  0 

0  0  0  0  a  6 

0  0  0  0  c  d 


The  pi-odnct  ^  =  t^t^t^t^t^t^tj  is  found  to  be 

^3  =  -*(^i-2f,  +  f,-.f,+2f,-^«),  re=-i(^,  +  ^,-2^,_^.-f,+  2^«). 

This  transfoniiation*  ^  therefore  transfoiinH  T^,  of  matrix  (1),  into 
a  transformation  of  the  canonical  form  3/,  the  cases  of  moduli  2  and  8 
being  excluded.  The  six  functions  p,  p„  a,  6,  c,  d  ai*e  readily  seen  to 
be  linearly  independent.  The  gi*oup  of  transformations  of  matrix  (1) 
is  therefoi'e  simply  isomorphic  with  the  product  of  two  genei-al  unary 
linear  groups  and  the  general  binary  linear  g^oup,  all  with  coefficients 
in  the  given  field  F,  and  afEecting  difEerent  variables. 

2.  Let  next  F  have  modulus  2.     Transforming  2\,  of  matrix  (2),  by 

we  obtain  a  transformation  of  matrix 

(p  y  +  8+€  0  0  0  0 

0        p  0  0  0  0 

0     a-f/3  i  +  a  a-f/3  +  yfc  a-f/3  +  y  +  8  a  +  ZHS-he 

0     a-l-8       a  +  /9  +  8+e  J-fa  +  y  +  8  0  a  +  /3  +  8  +  e 

0     a-ff       a  +  /3  +  yH-e  a  +  jS  +  y  +  <  J+o+S+e  0 

0    a  +  y     a  +  /3  +  y  +  8  0  a  +  /3  +  y  +  8  I+a  +  y  +  €^ 

Transforming  it  by  the  product  Bs^i^iBo^^i^^Bi^^i,  we  obtain  a  trans- 


♦  The  product  of  t  on  the  right  by 

^'-6|„     |;  =  ^,,     |J=-3|3,     ^^=-3^4*     eJ=-3|6,     {6=-3|fi, 

which  trniiKfonaH  M  into  itnelf,  givos  a  tninnfonnatiou  with  integral  coefficients  of 
detenuinant  —2.3*  which  otteots  tlie  i*o<liu'tiou  of  Ti  to  Jf.  It  is  given,  without 
proof,  in  the  Trwui.  Amer,  Math.  Soc,  V<»1.  iii..  1902,  p.  21)0  (viz.,  matrix  T). 
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(5) 


0 

0 

0 

0' 

0 

0 

0 

0 

a 

0 

h 

0 

0 

d 

0 

c 

c 

0 

d 

0 

0 

b 

0 

a 

0  P 

0  fl  +  B 

0  /3-fy 

0  a  +  e 

1,0    a+/3-4-y+S 
Transfonning  it  by  fj,  which  for  modulus  2  becomes 

we  obtain  a  transformation  whose  matrix  diffei's  from  (5)  only  in  the 
second  column,  that  being  now  y-h34  «,  p,  0,  0,  0,  0.  Finally,  trans- 
forming by  iii(i)(iii6(fi),  we  obtain  a  transformation  with  the 
canonical  matrix 


jtf,= 


p 

0 

0 

0 

0 

U' 

+  8+e 

p 

0 

0 

0 

0 

0 

0 

a 

b 

0 

0 

0 

0 

c 

d 

0 

0 

0 

0 

0 

0 

a 

/. 

0 

0 

0 

0 

c 

d 

y. 


The  six  fanctious  f»,  y+8+€,  a,  h,  c,  d  of  i,  a,  /?,  y,  c,  c  are  seen  to  be 
linearly  independent  modulo  2.  The  gi-oup  is  therefoi-e  simply 
isomorphic  with  the  pix)dnct  of  the  binary  group  of  transformations 

l^     J  and  the  general  binary  linear  group,  the  two  affecting  different 

variables. 

4.  Let,  finally,  IP  have  modulus  3.     For  any  modulus,  the  ti-ans- 
formed  of  T,,  with  matrix  (1),  by 

^(  =  ^,+^,  +  ^3  +  ^4  +  ^5  +  ^.,        ^2  =  ^4+^5  +  ^6,        f 3  =  ^„        H  =  $,. 
V4  ^^  V61        V6   ^  V«i 

lias  the  matrix  of  coefficients 

p             0  0  0           0 

y  +  8-fe      p,  0  0          0 

a  € — a  I — a  )3 — a  y — c 

P  h-P  a-P  I^P  €-8 

8  ^-8  y-8  €-8 


0 
0 

8~€ 

y-8 
I^P     a^P 


a  — €      8— €      y— €      P—a      I— a 
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Transforming  it  in  snccession  by  the  three  transformations  (mod  3) 
farther  simplifications  aiise,  the  final  matrix  being 


M,= 


ir 

Pi 

0 

0 

0 

0 

K 

— «r 

p 

0 

0 

0 

0 

0 

0 

Pi 

0 

0 

0 

0 

0 

T 

p 

0 

0 

0 

0 

V 

a- 

Pi. 

'       P  0  0  0  0  0^ 

y  +  5-fc       Pi  0  0  0  0 

T  T  p  0  0  0 

^4.^4.^     a-€    a—fi^-y-t  p,  0  0 

a-c         —r         y-fS  +  c  0  p,  0 

€  a-€  8 — €  y  +  S  +  e     /3  — a  — y-hS  p 

where  r  =  a— /34-8— e.      Subsequent  simplifications  arise  by   ti'ans- 
formation  by  52,i,i»  B^^^i,  -B^,!,.,,  J54,5,,,  (^jfafjfc^t),  i?3,2,i,  ^6,5.1,  in 
succession,  the  final  matrix  having  the  canonical  form* 
>      0     0     0    0     0^ 
c 

K 

0 

0 

.0 

where  <r  =  a— /5— 8+c,  K  =  a-f/3  +  8+c,  v=— a-/3  +  S  +  €.  The  six 
functions  p,  p„  o-,  r,  k,  f  are  I'eadily  seen  to  be  lineai-ly  independent 
modulo  S.  For  the  Galois  field  of  oi*der  3",  the  group  is  evidently  of 
order3*»(3'•-l)^ 

The  transformations  [p,  p,,  o-,  t,  #c,  v],  of  matrix  A/,,  form  a  solvable 
group.  Indeed,  the  ti'ansformations  [1, 1,  a-.r,  k,  v]  form  an  invariant 
siib-gi^oup,  the  quotient-group  being  a  commutative  group  [of  order 
(3"— 1)'  for  the  6ri^[j:/*]].  The  sub-gi*oup  itself  has  an  invaiiant 
sub-group  formed  by  the  commutative  transformations  [1, 1, 0,  r,  k,  v]. 
In  fact, 

[1,  1,  0,  r,  K,  y]  [1,  1,  0,  r\  k\  /]  =  [1,  1,  0,  r-f  r',  k-\-k\  y-^y'], 
'I     0    Ox  /      1         0    Ov 

while  [  o-     1     0  j,    whose   inverse   is    |      —  o-       10),  transfonns  a 

Vic    -r   1/  \-ic-ro-  T     !>' 

teraaiy  transformation,  leaving  fixed  the  first  two  vaiiables,  into  a 

transfoimation  leaving  them  fixed;    likewise  (  r     1     0  ),  whose  in- 

/       1  0      Ov  \v     cr     1/ 

verse    is     f      — t  1      0  j,     tmnsforms     (f [  =  f^,      fj  =  f:,+^4» 

\  — f-roT    —a-    1/ 
^  =  fft+f^i)  into  a  similar  transformation. 

*  Am  a  check,  note  that  the  tramifurmatioiiH  of  matrix  iTg  form  a  group. 


74 


Prof.  L.  E.  Dickson  on 


[April  10, 


Cmionical  Matrices  for  the  GycUc  (r,. 
4.  The  body  of  a  left-hand  maltiplicatiou  table  for  G,  is 


/     a      /8x 
i8     /      a    . 
a     p      1/ 


(6) 


Let  01  be  an  imaginaiy  cabe  i-oot  of  unity  and  set 

8,  =  I+a  +  A        8,  =  I+wa  +  ci'ig,        8,  =  /+««a  +  «i8, 
^i=fi  +  ^,  +  ^„     i7,  =  ^i  +  <.''f,  +  «^„     i?,  =  f,4-«f,  +  «'&. 

If  J?'  does  not  have  modulus  3,  d„  ^„  ^,  are  linearly  independent  with 
i-espect  to  jP,  and  likewise  iji,  Vi»  ^a-  Kxpressed  in  terms  of  the  latter, 
the  transformation  on  f^,  fj,  ^„  with  matrix  (6),  t>akes  the  form 

Hence,  if  w  belongs  to  F^  the  group  of  transfoi-matious  of  matrix  (6) 
is  simply  isomorphic  with  the  direct  product  of  three  gi'oups  each  a 
genei*al  unary  linear  gix)up.  If  co  is  not  in  F^  it  serves  to  extend*  F 
to  a  field  F^.  Then  the  conjugate  of  «  with  respect  to  JP  is  «  =  «' ; 
so  that  77,  =  T/j,  8j  =  83.  The  group  is  therefore  simply  isomorphic 
with  the  direct  product  of  the  general  unar}*  group  in  F  and  the 
general  unary  gix)up  in  jPj.  Thus,  if  jP  is  the  GF  [p**],  so  that  JP,  is 
the  6rF[p'^'*],  the  orders  of  the  two  factor  gi-oups  ai-ep'*— 1  and  p'^**— 1 
i-espectively. 

If  j9  =  3,  a  ti*ansformation  of  matrix  (6)  is  transformed  by 

VI  ^ — vi — ii~i»t     &  =  Ca — iif     V3  =      Cs) 

of  period  2,  into  a  ti'ansfonnation  of  canonical  matrix 

/    c  0       0^ 

(8)     fa-)8      a       0 
\     a        a — )8 

The  ti-ansfoiinations  of  matiix  (8)  form  a  commutative  group.  Since 
a,  a— /3,  8  =l4-a4-)S  ai*e  lineai'ly  independent  modulo  3,  the  order 
of  the  gix)up  for  the  C;F[3"]  is  3^'  (3"-l). 


*  To  avoid  iutrodueing'  w,  note  that  a  transformatiou  of  matrix  (6)  ib  trans- 

/«         (>  0     \  /      1     4L 

formed  into  one  of  matrix   (0     /  — o     o  — /3  1    by   I    —  1     1     <) 
\0     3-a     /-/3/  \-l     0     ly 
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Canonical  Matric^^  for  the  Cyclic  G^, 
5.  The  body  of  a  left-hand  multiplication  table  for  G^  is 


(9) 


05 


a, 


CI]      04 

do      «| 
«6       Ooj 


Let  p  be  a  primitive  sixth  root  of  unity  and  set 

The  determinant  of  the  coefficients  of  a^,  ...,  a^  in  8^,  ...,  85  equals  the 
product  of  the  differences  p''—p%  and  is  zero  if,  and  only  if ,  a^  =  1  has 
a  double  root  in  the  field  F,  i.e.,  if  F  has  as  modulus  either  2  or  3.* 
Excluding  these  cases,  80,  ..,85  are  linearly  independent  functions  of 
oo,  ...,05;  likewise,  t/o,  ...,^5  are  linearly  independent  functions  of 
(<h  •••9  ^6-  ^  transformation  on  f,H  ...,  &  with  coefficients  of  matiix  (9) 
gives  rise  to  the  canonical  transformation  on  rfo,  ,.,,  ri^: 

(10)  v:  =  Kii  (»•  =  0, 1, ...,  5). 

The  structure  of  the  gix>up  is  now  quite  evident.f  When  F  is  the 
GF[^-],  the  order  of  the  gi-oup  is  (jo"-!)*  or  (|)"-1)- (^>'"-l)- 
according  as  p  does  or  does  not  belong  to  the  GF^p**],  viz.,  according 
as  ;>"  =  6fc  +  l  or  p"  =  6A;  +  5. 

6.  Next,  let  F  have  modulus  2.     Introduce  the  vaiiablesj 

Yo  =  &  +  ^l  +  ^,+  fs+f4+f5,  ^1  =   fo+f«  +  ^4, 

Y,   =  fo+«^fl+«'f>  +  f»  +  <  +  *^'f5,  Y,  =  fo  +  *^'fa+<, 

»  being  a  i-oot  of  «'  +  «  -hi  =  0,  and  therefore  a  cube  root  of  unity. 
Then  the  transformation  on  ^q,  ...,  ^5  with  matrix  (9)  becomes 


(11)  r-='-^" 


*  Compare  DickBon,  **  Linear  Groups,"  Coix>llary  of  §  74,  p.  . 04. 

t   University  of  Chicago  Deeetmial  JhtblicafionSf  Vol.  ix.,  p.  38  (preprints,  p.  4). 

^  The  deteiuiinant  of  their  coefficientn  is  congruent  to  unity  modulo  2. 
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whei-e    A  ^  a,  -f  a,  -f  ttj,     ^  =  w^a,  +  a,  +  wa,,     v  =  taa^  +  a, + w'oj. 

Here  \,  /*,  v  are  linearly  independent  functions  of  a„  aj,  05,  since  the 
detenninaut  of  their  coefficients  is  ^  1  (mod  2).  Then  ^,  ^^  ^4, 
A,  fjL,  V  are  seen  to  be  linearly  independent  modulo  2.  If  w  belongs 
to  JP,  the  group  of  transformations  (11)  is  the  direct  product  of  three 
binary  linear  groups  in  F,  each  a  commutative  gi*oup  of  transforma- 
tions  0=  [^    ?)  ;  for  the  <7i^[2"]  its  order  is  2*»(2"-l)«.      If  « 

extends  jP  to  a  larger  field  JPj,  the  gi*oup  is  the  direct  product*  of  a 
binary  group  in  F  and  a  binary  group  in  F^^  each  formed  of  trans- 
formations of  type  C  ;  for  the  QF  [2'*]  its  order  is 
2"(2"-l)22'*(2^-l). 

7.  Finally,  let  F  have  modulus  3.     Inti'oduce  the  variables 
The  tiunsformation  on  fy,  ...,  fj  with  matrix  (9)  becomes 

(12)        ■    Z;  =  gZo+^0^1.  ^i  =  ^^8+^,^4. 

.Z^  =  ,-Zy  +  (/Z,  +  c\Z,,    /^  =  /Z,+*?Z,+  ^3Z,, 

where  5'  =  ~"i  +  "2"~"4  +  "5»     /•  =  — a,— a.^— o^  — ci^, 

if  =  Oi  +  ctj—  04 — a-,  /  =  a,  —  a^  -  a^  -|-  <i.,. 

To  show  that  q,  r,  5,  ^  are  linearly  independent  functions  modulo  2, 
we  note  tliat 

7  +  ^  =  04— «5,    r/— <  =  ai-- a^,    / -f  *' =  014  +  05,    r— <j  =  ai4-a2  (mod  3)  ; 

so  that  a„  04,  04,  a^  may  be  expressed  in  terms  of  g,  r,  **,  f .     It  follows 

tlia^'       ^  _  ^  _ 

«>o  =  «o  +  <»i  +  «a  + 01  +  014 +  «5»    58  =  o«— «i  +  «4-o«  +  <»4— 06> 

and  7,  r,  ^•,  t  are  six    linearly   independent  functions   of  o^,  ...,  o^, 

modulo  3.     Hence  the  group  of  transformations   (12)   is  the  direct 

product  of  two  gix>ups,  affecting  different  variables,  each  a  (xymmuta- 

five  gix)up  of  the  type 

'     0     0\ 

X     8     0  j     [8,  A,  K  arbitrary  in  J?';  8  :^  0]. 

If    A     8/ 


♦  Given  5„  luid  A  arbitiurily  in  F,  8j  and  n  arbitrarily  in  F^,  the  values  of 
a,,,  ...,  05  follow  uniquely. 
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Remarks  on  the  General  Theory. 

8.  In  the  writer's  treatment*  of  a  g^up  matrix  of  order  n  for  an 
arbitrary  field  F^  the  case  in  which  F  has  a  modulus  which  divides  n 
was  excluded.  The  question  of  the  first  invanant  factor  of  the 
characteristic  determinantf  of  the  special  gi*oup-determinant  I) 
depends  upon  the  nature  of  the  greatest  common  divisor  of  all  its 
first  minors.     The  adjoint  minor  of  an  element  c*  in  the  determinant 

J)  equals     —  ^— ,  where  ui,  is  the  number  of  operators  in  the  /r-th  set 

of  conjugates  in  the  given  group  of  order  n.  The  necessity  of  a 
variation  in  the  treatment  will  be  evident  from  the  following 
examples. 

9.  For  the  symmetric  group  g^  on  three  letters,  the  special  gi*oup- 
determinant  D  is  the  determinant  of  matrix  (1)  when  a  = /3, 
y  =  ^  =  e.     From  the  form  of  matrix  Jf  of  §  1,  we  conclude  that 

i)  =  (I+2a  +  3y)(J-}-2a-3y)(/-a)*. 

Let  /„  a„  7,  denote  the  adjoint  minors  of  J,  a,  y,  respectively  (by  a 
theorem  the  same  wherever  /,  a,  y  occur  in  D).     Then  J 

cl 

dtt 

dy 

For  J,  a,  y  arbitrary  in  F^  the  greatest  common  divisor  of  f,,  a,,  -y,  is 
therefore  (J— a)',  if  7<'does  not  have  modulus  3;  but  is  (/— a)\  if  /' 
has  modulus  3. 

10.  For  the  quaternion  group  (Weber,  Algebra^  2nd  ed.,  pp.  216-218), 

0-,  ^  .r ,  f  3^3  +  2.r J  +  2a?6  +  2^^,     o-^  =  jr^  -f  ir^  +  ^2^^ — 2xr^  -  2.r7, 
0-8  =  ^1  +.ri—2.P, +  2.1-5— 2.r.,     (T^  =  Xy+x^—'Zj^—'Zxr^  +  'Zorj. 


•  Tram.  Atner,  Math.  Soe.,  Vol.  iii.,  1902,  pp.  285-301.     See  p.  293. 

t  It  in  derived  from  7)  by  replnring  the  identity  eUjment  I  by  I— p. 

X  The  values  of  Ii  and  71  were  also  computed  direct  as  determinants  of  order  o. 
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Denote  the  adjoint  minor  of  Xi  by  X,.     Then 

X,  =  (x,^x,y  {x,  (x,-\-x,y-2  (x,-hx,)(Sx,-{^x,)(xl-hxl-\^ai) 

S2xlxl'{'24atX^7^Xj'^4Dx^x^Xj,x^-hS(xl-^xl'-x]y}, 
^i  =  C^i-a-j)*  {4>xl'-4,r.^xl^4xj,XT-\-4a'^Xy  (a?,  +  ^,)-.r,  (ar,  +a-,)*}. 

Since  Xj  =  ^         is  derived  from  X,  =  ^  -~    by  interchanging  ar, 

with  «5,  D  being  thereby  nnaltered,  the  expression  for  X^  may  be 
written  down  by  inspection.  Similarly  for  Xj  and  X*.  It  follows 
readily  that  the  greatest  common  divisor  of  X„  X„  X„  X^,  Xy  is 
(a*,— ar^)*,  if  F  does  not  have  modnlus  2  ;  bnt  is  (x^—x^Y  if  F  has 
modnlos  2.  The  special  character  of  modnlns  2  is  also  shown  by  the 
fact  that  it  is  the  only  case  m  which  the  factors  o-j,  o-„  <r„  o-^,  ajj— ar, 
are  all  equal. 

11.  For  the  alternating  gronp  (?„  on  four  letters,  we  have* 
D=(/+3e  +  4a+4i8)(/+3e  +  4pa+ViS)(/+3€-fVa+4pi8)(/-€)», 
where  p  =  ^  (— 1-f  v^— 3)  is  a  cnbe  root  of  unity.     Hence 

D=  {(J+3e)»-l-64«»  +  64)8»-48o)8(H-3€)}  (I-e/. 
For  the  adjoint  minors  J„  a,,  fi^,  Cj,  we  get 

J,  =  ^  ^^  =  (/-c)»  [  (1+ 3c)H  J+ 2c)  +  48a»+48^-4^)8I-104<x)8c] , 

«,  =  ^^/?=  (/-€)»  (4<.»-7^-3^e), 
da 

A  =  /s  ?^  =  (!-€)» (^/J'-Ja^Sac), 

e,  =  ^?^^=(I-c)«{-€(r+3e)^-16a»-16)8»  +  8a)8/  +  40a)8e}. 

The  gi*eatest  common  divisor  of  J„  aj,  /^i,  c,  is  therefore  (/— c)'  if  J^ 
does  not  have  modiihis  2  ;  but  is  (/'— f)'"  if  F  has  modulus  2,  since 
then 

r,  =  I(f-r)'",     a,  =  ^  (/-.)>«,     /3,  =  a(7-e)'",     e,  =  c  (I-c)-. 

The  exceptional  character  of  the  case  of  modulus  2  is  also  shown  by 


*  Using  table  of  characters,  Weber,  Algebra,  2nd  ed.,  ii.,  p.  206. 
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two  further  facts.  The  linear  factors  of  D  are  then  all  equal.  Again, 
the  general  group-determinant  then  decomposes  entirely  into  three 
linear  factors  each  to  the  fourth  power.  For  any  field,  the  theory  of 
Probenius  gives*  for  the  general  gix>up-determinant  of  (?,„ 

/,=  Z+«  +  r,  +  f,+p(a  +  a,  +  a,  +  o,)+p»()8+A  +  A+A). 

/5  =  /+«+«,  +  c,+p«(a+o,  +  o,  +  a,)  +  p()3+A  +  j8.  +  /8,), 

*  =  I'  +  «»+.;+<  +  a'+aJ+a;  +  a;  +  ^+i8^+i3^+;8J 

-re-  J'e,  -  I'e,- Jt'-ZfJ-  /«j-,',,-e»c,  -  eje-tjc, 
-J'^*-^^*-a\-a\-a*a^-a\a-a\a^-a]a^-d\a-a\a^ 

+  2€«,«,+  2/«,  +  2Zcf,+ 2Jf,  c,  +  2oa,o,+  2aaja,-{-  2aa,a, 
+2«,a,a,+2i8AA+2)8/8,A+2i8AA+2AA/8, 

+  o,/3 + o,  ^,  +  a,/3,) 
+  (e+e,  +  e,-37)(aj8+a,A  +  «h/3,  +  a,A) 

-3e(a^,  +  a,^+a,)8,  +  a,A) 

-3e,  (a^,  +  a,ft+a,/8+Q./3,) 

-3€,(a/8,+  a,A  +  «./8i  +  «.^) 

+  e,(oj8,4aj8,  +  a,)8  +  a,/8,  +  a,A  +  o,^,  +  o,/3+a,/3j) 
+  e,(ai8,  +  oi8,+a,j8+a,)8,+a,;3+a,/3,  +  a,/3,  +  o,ft). 

For  the  case  of  modulus  2,  we  find  that 

*  =//,/,  (mod  2),         A  =frX  (n»«d  *) • 


♦  The  oompatation  of  ♦  was  checked  &»  follows.  For  §  ^  t^  =  t^t  **•  =  o^i  '^  ^  ^  «3» 
3  ■•  /3i  —  iB]  -  d,,  ♦  =  (/-«)',  thereby  agreeing  with  the  above  result  for  the 
special  groap-determinant  D.  Again,  the  coefficients  of  /',  /2«„  /2a„  /'jS,  in  « 
agree  with  mose  given  by  using  the  characters  for  the  factor  «. 
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12.  For  the  symmetric  jri'oup  (T^^  on  four  letters,* 
D  =  a€(?y^S\ 
a  =  a-|-.S/>-|-()r-f8f/  +  <>^     €=  n +  :Wi-6c+8J— 6e, 
/5  =  a—b-\-2r—''2r,     y=  a  -6— 2r  +  2^     8  =  a+Sh—4d. 
By  direct  computation  (see  §  S),  we  find  for  the  adjoint  minors 

r,  =  /5«y«8*  {4e?r-t4.'a?i-r  (a^4.2a6  +  5?>*)  +  (r«-e*)(20r  +  16«) 

+  (a-/00'  +  O'  (3a  +  336-36rf) 
-(c-c)^  («+3/i  +  8(i)(rt+36+4d)}, 
<f ,  =  /y^y^S"  {  (a  - h) (a  -h  3?>  +  Sd)  (a«  +  Srr/.  +  4<id  +  6^«  +  8fe(«-24d*) 

-0:-t>)«(«  +  3/>  +  8(i)(a  +  3ft  +  4(0+24(r«-e>)» 

+  (a-/,)(r  +  c)- (~33a-7.5/>  +  108(Z)]. 

Since  D   is  unaltet*ed    by  the  inteixiliange  of  r  with  e,  we  derive 

L\  =  yi^         from  r,  =  J  J^  ^     by  intci-chanpfing  c  with  e. 
Cr  cr 

If  1*^  does  not  have  modulus  2  or  3,  the  gi*eatest  common  divisor  y 

of  a,,  //„  r,,  f/p  t',  is  /?"y*3',  in  accord  with  the  general  theory.     If  P  has 

modulus  2,  so  that  a=:P  =  y  =  c  =  €  =  a-{-h  (mod  2),  then 

d,  =  a'»  ((r  +  er  +  (Z  (a  +  ^)},       c,  =  a**  (ra«  +  c6*), 
6,  =  a}'  {h  (a-\-hY},  a,  =  a}'  [a  (a  +  6)*}. 

Hence  the  greatest  common  divisor  fj  is  (a4-^)"^     For  modulus  3, 
J,=/3«y"a^;-,/(a-./)j, 

/>j  =/5Vc»(r/-(/)  |(a-6)(-a^-W-(/-)-(r-c)«(«4-tO], 

and  a  =  c  =  r  =  ^/— (/.  Since  a  —  d  is  not  a  factor  of  the  expression 
in  bi*ackets  in  r,,  the  greatest  conimcm  divisor  tj  is  /3*y'*c*.  Hence  the 
cases  of  moduli  2  and  3  ai*e  both  special. 

♦  Fn)b(.»niuH,  Bnliner  Sitzungsberichte^  189G,  p.  1012. 
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The  Theory  of  OaiLchy^s  Principal  Values,  (Third  Paper: 
Differentiation  and  Integration  of  Prineipnl  Values,)  By 
G.  H.  Hardy.  Received  February  15th,  1902.  Read 
March  13th,  1902.     Revised  November,  1902. 

1.  In  my  Recond  paper*  I  stated  the  general  conditions  nnder  which 

P^*f{x,u)dx  (1) 

is  a  oontinuouB  fanction  of  a.  In  this  paper  I  shall  deal  with  two  of 
the  most  important  special  cases  of  this  general  problem,  which  load 
to  theorems  corresponding  to  the  oi*dinary  rules  for  differentiation 
and  integration  under  the  integral  sign.  That  (1)  is  convergent  for 
all  values  of  a  in  question  will  be  presupposed  in  all  that  follows. 

Differentiation  niid^r  the  Sign  of  the  Principal  Value. 

2.  The  first  question   which    will    engage  us  is  that  of   finding 
safficient  conditions  for  the  truth  of  the  equation 

;LprV(.,«),ir=P|''^/(''-).i,S  (1) 

which  is  a  generalization  of  Leibniz's  theorem.  This  equation 
asserts  that,  if 

MC^a)=    J    (/(,.,  „  +  ;^)-/(.r,n)}, 

lim  P  r*  A,/  (.r,  a)  dr  =  p\'  lim  A,/(a  a)  r/^-, 

that  is  to  say  that 

pj^A,/(.r,a)rfaj  (2) 

is  a  oontinuouK  function  of  h  for  h  =  0.  Hence  sufficient  conditions 
for  (1)  are  (II.,  §  25)  (i.)  that /(a*,  a)  is  continuous  except  on  certain 
curves,  and  (ii.)  that  (2)  is  uniformly  convergent  in  an  interval 
i-M,  H). 

This  general  criterion  is,  however,  not  very  easy  to  apply. 

•  In  thifl  paper  the  first  and  second  papers  {ProcecdiugH,  Vol.  xxxiv.,  pp,  16,  55) 
will  be  refeiTea  to  as  I.,  II. 
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3.  I   shall  assume  at  present  that  A  is  finite,    and   that  we  can 
find   a   positive  value  of  H  such    that   /  (a?,  o)    and  its   derivates 

;^- ,  -^  are  continuous  functions  of  both  variables  in  the  rectangle 
ex    da 

except  on  a  finite  number  of  curves  a;=  X<(a).     We  may  without 
loss  of  generality  suppose  that  there  is  only  one  such  curve.     It  is 
also  convenient  to  take  a-\-A>2X  for  a  =  a^  ;  we  can  then  choose  H 
so  small  that  this  condition  is  satisfied  thix>ughout  (o^,— If,  a^,H-JH^. 
Finally,  we  suppose  ettJier  that 

lim  {/(X-c,  «)-/(X+«,  a)}  =  0 

uniformly  for  all  values  of  a  in  question  ;    or  that  —-  is  identically 

da 

zeix),    i.e.,  X  independent   of  a.      As  X  is  independent  of  c,  both 

alternatives  are  included  in  the  single  condition  that 

lim  g  {f(X-e,  .)-/(X  +  c,  a)}  =  0 
uniformly  for  all  values  of  a  in  question.     Then 

(A  C^ma  CA 

fdx  =  P\       fdx-\-P\        fdx, 

Pp"/(ir==limr"'{/(X-fi/,a)  +  (X-y,a)}% 


and 


if 


4>(y.  a)  =/  (X^y,  a)+/(X-t/,  a). 

Xow  ff>  is  continuous  and  has  continuous  first  derivates  except  for 
y  =  0.     And 

J«     da  J.      CL      do  d^        dt     Jt'X.9 

+  'g{/(2X-«)-/(X4«)+/(X-.)-/(a)}. 
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The  right-hand  side  tends  uniformly  to  the  limit 

'when  e  tends  to  zero.     Hence 

00 
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is  uniformly  convergent ;  and  therefore 

by  the  ordinary  theorem  of  differentiation  under  the  integral  sign. 
Therefore 

J.      do  «o 

+  r      5^rf*-2^/(2X-a) 
jix-a  da  »o 

Theorem  1. — i/"  /  (a;,  a),   -"^ ,  ;^  are  continuous  iri 
VJC     Oa 

(a,  A,  a,-H,  a,+  H), 

except  along  a  finite  number  of  curves  x  =  Xi  (a),  which  do  not  meet 
ar  =  a,  or  a*  =  -4,  or  one  anotlier^  and  have  at  every  point  a  definite 
direction  never  parallel  to  x  ;  if^  moreover^ 

lim  ''f  {/(Zi-c,  «)-/(X<+.,  a)}  =  0 

e-0    oa  "^ 

unif(yrmly  for  all  values  of  a  in  (a^—H,  Of^-k-H),  and 


i 


da 


in  Hniformly  convergent  in  (o,— if,  a,+  7f)  ;  then 


e  2 
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We  have  supposed  A  finite.  But  no  new  difficulty  arises  from 
supposing  the  upper  limit  infinite,  if  there  are  only  a  finite  number 
of  curves  across  which  the  integrals  are  not  unconditionally  con- 
vergent.    For  then  we  can  choose  A  so  that 

Xi{a)<A,     n,-fr<a<a,+-ff; 


and 


The  first  term  is 

by  Theorem  1 ;  and  the  second  is 


da      J.j  da     ]„       dajA 


a  da 


i 


'dl 


dor, 


if  tliis  inteprral  is  uniformly  convergent ;  so  that 


d 
da 


Case  1  (X,  independent  of  a). 
4.  The  simplest  way  to  satisfy  the  conditions  of  the  theorem  is  to 
suppose  that*  f(^x,  a)  =  Q,  (x-X)  6  (x,  a), 

e  being  a  function  which  has  continuous  derivat^s  _  —  ,  -  ,  and  X 
independent  of  a.  Ca     Ox 

T).  (i.)  If  /(«)  =  PJ^log  (l  +  l)  -^^    (0</<p.  0<«), 

rf/^pP'        ^u.    "     _     1    I    fp-t   _a    \ 
da  Jo{^  +  aM-n       a  +  f         \     '       P  +  aJ 

Integrating  from  a—  0  to  a  »  q  and  putting  q  ^  p,  we  find 

(ii.)  It  is  easy  to  prove  by  differentiation  that 

i'f iog(i  +  -«;)    *L_,  =  _':t«.-.-«. 

(Hi.)  If  0<o<l, 

J„       \—x  da      Jo      1— X  \Hinoir/ 

In  the  latter  case  the  Hvmbol  of  the  principal  value  Ik  unueoe«8ary  in  the  derived 
integrral.  In  general,  however,  when  A'  is  independent  of  a,  both  integfrals  are 
only  principal  values 

(iv.)  pf^'"'-^"'  /-^  =iog(r-). 

^      ^  Jo         l-ar         loga:  *  \Binj8ir/ 


•  The  functiona  Cl^  ^^  are  defined  m  T .  C^^  8,  9) . 
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Case  2  (X,  dependent  on  a). 

6.  The  moi*e  intei-esting  case  of  the  theorem  is,  however,  that  in 
which  Xi  depends  upon  a. 

Theorem  2. — Jff{x,  a),  ^ ,  ^  are  continuous  except  upon  the  curves 
ox     da 

X  =^  Xi  (a),  afid  f  (aj,  a)  can^  near  any  of  these  curves,  he  expressed  in  the 

^"^^  >/.,{aj— Z,(a)}e(a;,a), 

where  ^^  is  a  product  of  logarithmic  factors  only,  and  9,     -,  art 

continuous  without  exception,  then  ^ 


d 
da 


{x,a)dx  =  p['^f  da. 


For 


" J»    ^      '  J»  8o 

^.{x-X)=n\l*{x-X)\''; 


i 


in  this  product  some  or  all  of  the  signs  of  the  absolute  value  may 
possibly  be  omitted.     And 

lim{/(Z-€)-/(X+€)]  =lim ,/.,(€)  [e(X-€)-e(X  +  e)j  =0 

€•0  '^  CO  ^ 

uniformly  for  all  values  of  a. 
Moreover 

|-  =  ^.(*-X)'^®  +  -®^  2*,n  |z«(x-x)|'.-'  n  \ir{x-X)\\ 

rio  da       * — ■*  •"'     «"■  •►' 

The  first  term  is  unconditionally  integrable.     The  rest  consists  of  a 
finite  number  of  terms  of  the  form 


Hence  (II.,  §  15) 


aAx-X)e(j;,a). 


il' 


is  uniformly  convei*gent,  and  so  the  conditions  of  Theorem  1  are 
satisfied.  In  this  case  it  is  always  an  oi^dinary  integral  whose 
derivate  is  expressed  as  a  principal  value. 

7.  (i.)  It  iM  ca**ily  verified  that 

i*  l{x^a)tiX''  il^lug(x-a)aeir  =  {A-a)  I  (A- a)-{a-a)  l{a^a)-{A-n) 

{0<a<A);* 
and  -^  f"*  /(2:  -o)  rfj:  =  /  (a-a)  -  /(.^  -a)  =  -  /^  f '  -^. 


*  By  U  I  denote  log  |  x  1  (I..  §  ^V 
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(ii.)  It  is  easy  to  prove  that,  if  »  is  int^^  and  0  <  a  <  t, 

{'/  (oosj;— cosa)  oob  nxdx  «  — —  oosiia, 
or  =  0,  aooording  as  »  >  or  »  — irlog  2.     Henoe 


pf*     0O8« 

Jooosa:- 


eosa         sina 


or    0. 


Similarly,  from 

I   /  (oo8  x—cos  o)  /  (cos  2;— cos  3)  dc  =  T  (log  2)*^  +  4»  (o-  +  0^)"  »'o  +  -i** 

(0  <  /8  <  a  <  »), 

wededuce  p f  L(«^ ^ " ««». «U  -  '(f^)  or  -^  , 

Jq   cosx— cosjB  sina  sina 

according  as  j3  <  or  >  a.  The  integpral  is  discontinuous  for  fi  ^  a  (II.,  §  36),  and 
its  value  f or  /3  =  o  is  the  mean  of  its  values  for  fi  =  o±0.* 

(iii.)  We  find  [<?/.  §  5  (i.)]  that 

(iv.)     J'r^°«i^*'^^Z^y'dx J-  {«alog(««)'+(l-<i«)log(l-««)»}, 

Jo  l*"**/  '^*' 

unless  aa  *=  0  or  1 .  This  example  is  instructive,  as  (aooording  to  the  values  of  a 
and  o)  it  may  be  an  example  of  the  use  of  Leibniz^s  theorem,  or  of  either  or  both  of 
Theorems  1,  2. 

(v. )  The  following  formulae  afford  further  illustrations ;  in  all  a,  /3,  7  are  positive : 
riog(l-^yiog(l-^)'rf2:=2ir2a(a<i3),  2T-)8(o>i3): 

-ji'(S-)-'('*:)i-:-i'(:-)"'(-i)i' 

>?■,(,♦«.),  if,"-»  J!!,(,»l\    fitly, 

according  as  a<)8<7,  o<7<i8,  i8<o<7,  /8<7<o,  7<a<i8,  or7<j8<o; 

£u.(,-sy,..(,-5)',<.(,-^)v, 

^  4ir"  {  o  log  (  r.  -.  1  j  +  ^  log  r  1^  +  2a  log  (  1  +  -|-  )  +  2)8  log  (  1  +  -|-  )  I 

(«<i3<7). 


*  Id  11.  f  §  36,  the  discontinuity  is  assigned  only  half  its  true  value. 
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8.  Theorem  3.—//   f{x,  a)  =  O^  (a— a)  e  (aj,  a), 

0  &ein^  a  function  whose  derivates  of  the  first  two  orders  are  continuous 
in  (a,  il,  a^^H,  a^  +  ff),  where  a<a^—H<af^-^U<Ay  then 

/(a)  =  pjV(^,a)ei. 
will  have  a  c-ontinuoics  derivate  equal  to 

p£' a, ix-«)  If^  +  ll}  'i-'+f  («'. ") -/ (-1.  «)• 

It  is  assumed  diat/and  its  derivates  are  oontinaous  except  for  x  ^  a.  A  product 
of  logarithmic  factors  such  as  occurs  in  Ct^{u)  may  become  infinite  for  values  of  u 
other  than  0,  such  as  1,  <?,... .  We  suppose  that  such  a  oontingpency  is  avoided  by 
a  suitable  choice  of  the  range  (<i,  A)  and  the  exponents  «,-. 

Suppose  2a  — a<^  ;  then,  by  the  transformation  used  in  §  3, 

/(a)  =  r  %  (//,  a)  dy-^  \       fdx, 
Jo  J'^-" 

whei-e  0(y»a)  =  f(a  + y,  a)-\-f  (a  —  y,  a). 

Now,  for  values  of  y  other  than  zero, 

Oa        L      da  Ct      J'=->y      L^a       oM'---* 

This  is  only  logarithmically  infinite  for  y  =  0,  and 

i-h. 


Jo      Oa 


is  uniformly  convergent.     Hence 

•a.i 


f    f'^rfy  =  ['"^*rfy+{/(2a-r,,a)+/(«,a)}. 
''"Jo  Jo     da 


J..,,  La„ 


+ 


'in 


-/y-|7(J,a)+/(2a-«,«U. 
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^"-'-r\i'^ *^r'[M] ^» 

and,  as  the  left  hand  tends  uniformly  to  its  limit  for  c  =  0,  the  right 
hand  tends  uniformly  to  its  limit 

-f:(M)- 

This  principal  value  is  therefore  uniformly  convergent  and  continnonB, 
and  the  theorem  follows.     If  we  had  taken  /  in  the  more  general  form 

the  derivate  would  have  been 

9.  (i.)  If  /  (a)  =  Pf^   -^  =  log:^^=^     (fl  <  a  <  A), 

J«  x—a  a— a 

dl  ^  _[ 1_ 

da      a  — a     A—a- 
which  is  evidently  correct. 

(ii.)  From  pf — -0    (0<o<ir) 

JqCohj;— coBa 

we  deduce  hy  successive  differentiation 

p  f*    sin  j; — sin  a      . . 2_       pC*  (sin  jr— sin  «)' .jy  _  ^o<*« 

J 0  (coH  X  —  cos  o)-  sin'  a         Jo  (cos  x  —  cos  o)'  sin'  a  * 

(iii.)  From  pC  J!£-.'Lo     (a>0) 

Jo  ^-  — a' 

wedednce       pf -'^ -= L.  (  1  ^  '^^  |. +...  +  ?:i\ 

Jo  (or -a)(r +  «/'*'  2V  V         2       3  ft   / 

//».;  Jf  ^  =  J'C    ''-^-dj^     (P,  a>0), 
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we  find  -—  +p^I  =r  0,    /  =  »  cos  pa, 

do? 

and«o  pC '-^dz~  i^ cos ap,      P f  5?5£f  <te  =  _»«„, .^. 

Jo    *»-o'  '  "         Jo  a»-a»  2a 
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Infinite  Limits ;  the  general  case. 

10.  None  of  the  preceding  theorems  cover  the  case  in  which  the 
number  of  singular  curves  is  infinite.* 

Theorem  4. — If  f{x,  a),  ^,  ^  are  continuom  throughout  any  finite 
ox     da 


part  of 


(o,  QO,  a^—H,  o^  +  H), 


except  upon  a  finite  number  of  curves  x  =  X,  (a),  which  satisfy  the  same 
conditions  cw  tn  1,  and 

Urn  ^{/(J,_.,  „)_/(Z.+.,  „)}  =  0 
c-0     aa 

uniformly  for  all  values  of  a  in  (a<j— If,  a^+ff),  and 

Ja  c)a 
is  uniformly  convergent,  then  will 


-ip 


For    let    0-1,  a-,,  ...,  0-^,  ...     be    any  series    of  descending   positive 
quantities  whose  limit  is  0.     We  can  choose  a  value  of  a,  such  that 


J  a  On 


dx 


*  For  the  purposes  of  these  theorems  I  shall  alter  slightly  the  meaning  of  the 
expressions  unifoi^nly  convergent,  reguUfrly  ^nverfferU,  defined  in  my  last  paper  for 
principal  values  whose  upper  limit  if 

In  the  definition  of  imiform  con  ,Tgence  (II. ,  §19)  condition  (ii.)  iH  to  read 
**  however  small  be  the  positive  quantity  a,  and  however  great  be  B,  we  can  find  u* 
value  oi  A>  H,  such  that   ..." 

In  the  definition  of  regular  convergence  (II.,  §21)  condition  (iii.)  is  to  read 
•*  however  small  be  the  positive  quantity  <r,  and  however  great  be  H,  we  can  find 
(1)  avalueof  ^>jy,  (2).... 

The  definitions,  in  their  originiil  form,  suffice  for  the  deductions  drawn  from 
them  iD  my  former  paper.  But  we  have  not  been  and  shall  not  be  concerned  with 
any  principal  values  which  «itii<fy  the  original  and  not  the  mo^o&^loTm  \A^^\cv. 
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K 


for  all  values  of  a  in  (a^—H,  a^-^H)  ;  a  value  of  Uj,  such  that 
P  I     is  uniformly  convergent,  and     P  I       <  tr,;  and  so  on.     We  can 

suppose  a|<a2<...,  lima„  =  x.  Then  none  of  the  curves  a?  =  X, 
can  meet  any  of  the  lines  x  =:  a^,  a^  ...  ;  and  the  conditions  of  I.  ai« 
satisfied  in  each  of  the  regions 


and 


Moreover  the  seiies 


2-f  p 

0    da 


(Uq  =  a)   is  uniformly  convei-gent.     Therefoi*e 


da 


in  da    0       J^,  0  da      J„ 

«      Ja        C/a  Jri   da 


11.  (i.)  Thiw,  if 


/  (o)  =  P I    Hin  Gtr  tan  ^ 


rfa; 


dx 


co8cu'taii.r —  =  4ir. 


.tVud,  as  /  (a)  is  contiuuous  for  o  =  0, 

/(o)-4ira. 

Similarly  pp  coBo^-cos^i^tan^cei^  =  iir(a^-i8«). 

Jo  •'^ 

Similarly  we  can  establish  the  follo>**ing  results :— (ii.)  If  a  >  0, 
pC  \ogll  +  ^]  —  =  2irtan-»tanh^a, 

Jo  \  ^^   /      <^OST 

according  as  (2»-  * )  ir  <  a  <  (2w  +  \)  »,  o  =  («  +  J)  ir,  or  (2«  +  J)  w  <  a  <  (2fi  +  j) ». 
Ill  the  latter  case  wo  prove  first  that  tho  integral  is  constant  where  continuous, 
/iud  ovaluatv  its  dhcontinmticfi  by  11.,  \  36. 
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(iii.)  If  0<(m  +  J)ir</3<o<(m  +  |)ir, 

'X^  OOBX 


(iv.) 


Jo  /i'-j;'  ooBx  [2/3  008/8     0   j8»-{(ir  +  i)irpj 

pP  I dx     ^  » 

Jo  coBX-ooHa  a'-l-x^      *ia  (ooeh  a— oos  a)* 


12.  TuEOBEM  5. — If  the  conditions  of  4  are  satisfiedy  except  that 

,a  da 
is  only  regularly  convergent^ 

For  let  (T,,  «7„  ...  be  a  series  of  descending  positive  quantities  whose 
limit  is  0.  We  can  choose  a  value  of  a^  a  set  of  positive  quantities 
px^iy  each  less  than  some  fixed  quantity  poi  "-^^  ^  division  of  {a^—U, 
a^-^H)  into  two  sets  of  paHial  intervals  ^,,„  lyi,^,  such  that 

J  a  da 
is  uniformly  convergent  in  ^j,,  and 

Ja  da 

in  j|,,< ;  and,  moreover,    P  I       <  <r,  in  ^,,„  and  Lf  I  <  <r  in  i/i,,. 

If  then  we  define  a{  (a)  as  being  =  a,  in  6,  and  a,— ji^j^  in  i/i,,, 
P  I      is  uniformly  convergent,  and 

for  all  values  of  a  in  (a^—H,  ao+fl").  We  next  choose  a„  p^^  ,i  ^j,i,  n?,  •» 
similarly  corresponding  to  o-*,  and  define  a^  (a)  in  the  same  way ;  and 
so  on.  And  we  can  suppose  that  the  least  value  of  a,' ^,  (a)  is  gi*eater 
than  the  greatest  of  ai  (a),  and  that  lim  a^  (a)  =  oo  unifoiinly  for  all 

values  of  a.     Then,  if  a^  =  a, 

J.  0       J„;  J.,  C«  ••        J^; 
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and  the   Becond  series   is    unifonnly  convergent.     So  the  theorem 
follows  as  before.* 


13.  If,..y.,  /(a).r^«^^'*^rf.r    («>0), 

Jo  ^' 


da 

I  (a)  =-aw. 
Again,  It  in  eaHy  to  prove  that 


dJ  .  „  f  *  tan  ax  , 

ia  ]^      X 


)*                                dx 
cos  ax  log  cos'  ax :,  =  ir  cosh  a  log  (1  +  f-**)  —  irtf-  "  log  2, 
0                                 1  +  .r- 

)«                                                            jy 
co«  rtx  log  cos'  ax =s  ira  cos  a— ir  sin  a  log  2, 

if  0  <  a  <  2a,  and  in  the  second  formula  2a  <  t.     Differentiating, 
Pf  cona^tano:.^^-^,^?, 

P  I    cos  fl/:  tan  ax      — ;  =  —  iir  cos  a. 
Jo  1-^:2  « 

If  /  (a)  -  j*  log  (  1  -  ^  )'log  oos«  arite, 

Jo     a2-.j;3  \  »  2rt/ 


da  da 


Hence  ^  =  2a2ir,     /  =-  2a^ait. 

da 

14.  A  good  deal  of  the  subntance  of  §§  2-13  appeared  in  a  paper  "  On  Differentia- 
tion and  Integration  under  the  Integral  Sign**  {Quarterly  Jotwnal  of  Mathematieit, 
No.  125,  1900,  p.  66). 


*  There  is  a  difficulty  here  which  Hhould  be  expressly  mentioned.     If 

J"«  J*'.i 

_i*  =  «'„  for  a  ^  a,i,  and  indeed  throughout  an  interval  (an—JI„,  aQ+Hu),  which 
da 

may,  however,  decrease  indefinitely  as  n  increases.     Since  «„  is  not  continuous 

thn)ughout  [oq—H^  ao  +  H),  neither  /^,  nor  m„  is  as  a  rule  continuous  throughout 

that  interval  for  all  values  of  u  ;  and  for  cc»rtain  values  of  a,  which  may  approach 

ind(?finitoly  near  to  oq  as  n  increases,       "   ceases  to  be  determinate  at  all.   The  scries 

da 
"Xun  may  none  the  lcs«  bo  differentiated  for  a  —  o,,.     I  omit  the  formal  proof  of  this 
ntutomeuty  tut  it  in  detailed  and  perhaps  tedious. 
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Integration  wnder  the  sign  of  the  Vriiicipal  Value. 

15.  If  /  («,  y)  is  a  continuous  function  of  both  variables  in  the 
rectangle  (a,  A^  6,  B)^ 

^^y\   i  (^.  y)  <^  =       dx\   f  (x,  y)  dy. 

Jb  Ja  Ja  Jb 

But  this  equation  is  true  under  much  more  general  conditions,  which 
have  been  studied  by  many  writers,  among  whom  I  may  particularly 
mention  M.  Ch.  de  la  Vallee-Poussin.  It  is  sufficient,  for  instance, 
(when  the  limits  are  finite),  that  /(ar,  y)  be  finite  throughout  any 
part  of  (a.  A,  6,  B)  which  does  not  contain  any  point  situated  on  a 
set  of  curves  satisfying  certain  conditions,  and 


f(iP^y)dx,     I    f(x,  y)dy 


be  uniformly  convergent. 

I  shall  not,  however,  enter  into  any  discussion  of  these  genei*al 
conditions  in  this  paper.  The  question  which  concerns  us  now  is : 
Under  whai  circnm8tan<:€8  is  (1)  true  wfien  some  or  all  of  tJie  integrals 
contained  in  it  are  only  principal  values  ?  And  I  have  already  pointed 
out  that  it  is  not  worth  while  to  attempt  to  state  theorems  connected 
with  the  principal  value  with  all  the  generality  we  can  give  them. 
What  is  woi*th  doing  is  to  distinguish  and  examine  the  various  simple 
cases  which  occur  when  we  are  dealing  with  functions  which  present 
themselves  naturally  in  analysis. 

We  shall  suppose  then  that  /(.u,  y)  behaves  in  a  normal  manner 
throughout  (a,  -4,  &,  B)^  except  in  the  immediate  neighbourhood  of  a 
finite  number  of  simple  curves,  along  which  it  becomes  infinite  in 
such  a  way  that  its  integi'al  with  inspect  to  x  or  y  is  not  uncon- 
ditionally convergent  across  them. 

16.  The  simplest  case  is  that  in  which  these  curves  are  straight 
lines  parallel  to  the  axes. 

Let  us  suppose,  in  the  first  place,  that  /  (a*,  y)  is  continuous  except 
for  a;  =  a.     Then,  however  small  bo  the  positive  quantity  c, 

Further,  let  us  suppose  that 


■f>* 
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is  aniformly  convergent.    Then,  however  small  be  v,  we  can  choose  c 
80  that 

throughout  (h,  B).     Thus  the  limit  of  the  right  hand  is 

and  so  the  left  hand  also  tends  to  a  limit  which  is,  by  definition, 

Theorem  6. — If  f  (x,  y)  is  a  continuous  function  of  both  variables 
throughout  any  part  of  (a.  A,  by  B)  which  does  not  include  any  point  of 
the  line  a;  =  a,  and  /•  | 

P\   fdx 

is  uniformly  convergent^  then 


P  J"  (to  I'/dy  =\'dyP  f"  fdx. 


n.  U  »  -  h  =  0,  A  =  B  •.  e,  aoi 

/(*,y)- 

we  find  on  integration  that 


(a?-a){a?  +  y  +  j8) 
Jo         \        a?  +  j8/\T-o     x  +  a  +  fi/  a  o  +  /3 


(0<i3,  0<a<<?), 
0 


/3 


18.  Let  us    suppose    now    that  B  is  infinite,  and  that,  for  any 
finite  value  of  R  >  b, 

Pi^dxi"  fdy=  ^dyPi^fdx; 

Ja  Jb  Jh  Ja 

then,  if      fdy  is  convergent,  except  for  x  =  a,  and 

lim  P|    ia;      /dy  =  0, 
this  equation  passes  over  in  the  limit  into 

Pf'dxi^  fdy=  \'  dyp['fdx. 

J  a  Jh  Jh  Jn 
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Suppose,  for  instance,  that 

«— a 

iff    beinpr  a  function    whose  derivata    J^   is  continuouR  throughout 

d.r 
(tt,  A  J  h,  00  ),  and  that 

aro  uniformly  convergent  in  (a,  A)  ;  then 

^(.r)=  I    ipdy 
is  continuous,  and  has  a  continuous  derivate  represented  by 

Jb'  ox 
Also  pi'dxT/dy 

is  determinate,  and  equal  to 

for  any  small  positive  value  of  e.     The  last  term 

=  2€^'(a  +  ^e)      (-1  <  ^<  1); 

and  this  is  numerically  <  cK,  where  TT  is  a  quantity  independent  of 
c  and  of  B\  We  can  therefore  make  it  less  than  any  assigned  positive 
quantity  ^  by  choice  of  a  value  of  t  independent  of  R.  We  can 
then  choose  B*  so  that 


for  all  values  of  x  in  (a,  a— c)  'and  (a +6,  A),  and  all  values   of 
^1  >  F  ;  and  therefore 

Hence  \P\    d<c  \    fdy\  <  <r; 

80  that  lim  P  |    rfa?       fdy-0. 


96 


Mr.  G.  H.  Hardy  on  the 


[March  18, 


This  is  equally  true  if  for 
factor  Q^  («— a). 


we  substitute   the  more  general 


19.  The  extension  of  §§  16,  18  to  the  case  in  which  A  =  oo  does 
not  present  any  fresh  difficulty  which  is  particularly  interesting  to 
us  now.     For  we  have  only  to  combine  the  equations 


and 


Pi^dxi^'fdy^^  {'dyp\^fdx 

J  a  Jb  Jb  ja 

J  A  Jb  Jb  J  A 


and  the  difficulties  which  may  meet  us  when  we  try  to  prove  this 
last  are  not  those  with  which  this  paper  is  concerned. 

20.  We  can  prove ,  for  instanoe,  without  much  diffioulty,  that  the  theorem  holcU 
ifas^sO,  A  ^  B  '^  CO  ,  and 

Wededucx.  p  ema.y  ^y  ^  _2a  |-  ,dy        r  f^^ 

Jo      1+y-  »  Jo.  l+y'     Jo  ar2-o' 

»      Jo  ^-a'Mo    l+y* 
a  result  proved  otherwise  by  Schlomilch  and  Kronecker. 

21.  It  is  to  be  obKoi-ved  that  we  need  not  insist  on  the  condition 
laid  down  in  §  18,  that 


Jb  dx 


should  be  uniformly  convergent,  if  we  can  assure  ourselves  that 

J  If 

has  a  continuous  derivate  always  numerically  less  than  some  quantity 
independent  of  x  and  B\ 

ThiB  case  occurs,  e.g. ,  if 


^^"^-i^^y^  ^-''^^^^ 


when  wc  deduce 


Jo    1-^ 


■■  T  cot  yir     (0  <  y  <  1). 
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22.  Let  us  sappose  next  that  the  limits  are  finite,  and  /  eontinnous 
except  along  x  =:  a  and  y  =  fi,  where  u<a<Ay  b<p<  D  ;  and  that 


'I/"" 


are  uniformly  convergent,  except  for  y  =  ft  and  x  =  a  I'espectively. 
Then 

however  small  be  $.     This  equation  will  pass  over  in  the  limit  into 
(1)     pi''  dxp{''fdy  =  P\'  dyp['f.U, 

Jo  J  6  Jb  Jn 

dxP         fdx 

be  determinate,  and  tend  to  zero  for  ^  =  0.  And  it  is  clear  that  this 
will  be  the  case  if  the  same  is  true  of 

P\        P\        =P\      d$P\      fia  +  l  fi+n)  dr,. 

Ja-c      Jfi-e  J -e  J— » 

Now  let  ns  sappose  that 

where  i/r  is  a  function  which  has  continuous  first  derivates  throughout 
(a,  A,b,  B).  To  save  unnecessary  discussion  we  shall  assume  that 
iff  (ar,  y)  is  capable  of  expansion  in  a  Taylor's  series  in  the  neighbour- 
hood of  (a, /J).     Then 

,^(a  +  f,  /3  +  I?)  =  iff  (a,  /3)+f,/r^  (^,  !;)  +  #,  «,  v). 

where  i/^j,  ^,  are  functions  which  also  behave  regularly  near  (a,  n). 
We  consider  the  integi^als  arising  fi-om  these  three  terms  separately. 

(i.)  Since  PJ"    ^^=0, 

the  first  term  contributes  nothing, 
(ii.)  The  second  contributes 

which  is  determinate  and  tends  to  zero  for  $  =^  0. 
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I 


is  a  function  of  $  which  possesses  a  continuous  derivat« 


f. 


and 


'r.fi>.^-[Li-'].v 


where 
Henoe  in  this  case 


-e<^<c. 


pf'dirpjyiy  =  P^yyP^'^fdx. 


And  it  is  dasy  to  see  that  the  same  conclusion  holds  in  the  more 
j2feneral  case  in  which 

/  (a-,  y)  =  n,  (*-a)  a  (y-^)  t^  (^,  y). 

23.  So  long  as  there  is  but  a  finite  number  of  singular  lines  pai'allel 
to  either  axis,  the  extension  of  (I)  of  §  22  to  the  case  in  which  A  or 
B  or  both  are  infinite  does  not  present  any  fresh  difficulty,  as  the 
i*ectangle  (a,  oo ,  6,  oo  )  can  be  divided  up  into  a  finite  number  of 
partial  rectangles  each  of  which  satisfies  the  conditions  of  one  or 
other  of  the  preceding  sections. 


24.  If 
and 


fl  «  A  =  0,    A  >»  B  ^  oo      (o,  i8>0)» 


(a;  +  y)(ir-a)(y-)8)' 
we  obtaiu,  after  some  reduction, 

25.  It  sometimes  happens  that  the  formula 
{''  dA'fdy  =  {''dy{'f<1x 

.'.I  .'6  Jfc  Jrt 

is  only  true  if  we  introduce  the  sign  of  the  principal  value  before 
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one  of  the  outer  integml  signs.     We  may  have 

and  I   «  I    I    convergent,  while  is  not  so.     If,  however, 

equation  (1)  will  pasn  over  in  the  limit  into 

pi''dx{'fdy=  ['dyi^fdx. 

J  a  Jb  Jb  J  a 

This  case  is  not  of  the  same  type  as  those  which  we  have  been 
discussing. 

26.  Suppose  6-0,     ^  «  oo  , 

and  f{x,  y)  =  <.-»'^ >+<=«')  8in(a;-y  %\nx)^(x), 

^  (x)  being  a  function  of  x  which  possesRes  a  continuous  derivate.     Then,  so  long 

as  ;r  is  not  an  odd  multiple  of  ir, 

C^j        sinrfl +C0SJ?)  — oosa;  sina:^  y  \       t  a      i       /  ^ 

Hence,  if  ^  is  not  an  odd  iotegper, 

r[   J  tan  Jar  ^  (jr)  rfj;  -  [    e^y  dy  i   *-»'«"'8in(2r-y  sinx)  ^(a?)  rfx  ; 
J  a  Jo  J  a 

proYided  the  condition  of  the  preceding  section  is  satisfied. 

X        «   1  v**  sin  HX 
Now  *-»'«»*  sin  (x-y  sin  a:)  -  2  (-)""'  • ^ — , 

and  so         p[^  \tfin\x^  {x)  rfa:  =  f  e-v dy  f*  <^  (x)  2  (-)"-^  ^ ^^^^~dx 

Jrt  Jo  J«  1  ^' 

«  f    e-y  dy\{-'Y'^  ^   \    8iuwa:^(j:)rfa- 
Jo  «>  w!  J„ 

=  2(-)— ^-,  (    e-yy^^dy^ fSLT^nx^{x)dx 

0  '*•  Jo  Ja 

=  2  (-)"'*[    sin  MJ?  ^  (x)  rfj, 

0  Jrt 

provided  this  series  be  convergent.  As  this  result  has  already  been  obtained  by 
another  method  in  II.  (§  28),  I  shall  not  delay  over  the  proof  that  the  inversion  of 
the  order  of  integration  is  as  a  matter  of  fact  legitimate. 

27.  So  far  I  have  supposed  that  the  singular  lines  are  all  straight 
lines  parallel  to  an  axis.  I  shall  now  consider  the  case  in  which 
they   are   continuous   curves   never  paitiUel   to    either    axis.       The 

H  2 
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simplest  such  curve  is  the  line 

and  I  shall  hegin  hy  supposing  that  this  is  the  only  singular  curve. 
It  will  not  be  difficult  to  generalize  the  results. 

28.  Suppose,  then,    that  /  (a?,  y)  is  a   function  whose  derivates 

-- ,  ^•-  are  continuous  throughout  any  part  of  the  square 
ox     uy 

(o,  A,  a,  A) 

which  does  not  include  any  point  of  the  line  .r  =  y ;  and  that,  near 
X  ^  y,  f  (x,  y)  may  be  expressed  in  the  form 

av(aJ-y)e(Ay), 

0  being  a  function  whose  derivates   z-  ,    -—  are  continuous  without 
exception.  ^^     ^^ 

Then  P  I   fdy  is  uniformly  convergent  in  a;  =  (a,  A),  except  for 

aj  =  a,  -4  ;    and  P\   fdx  in  y  =  (a,  A)^  except  for    y  =  a,  -4.     And 
the  function  * " 


4^0r.y)  =  p(\fdy 


is  a  continuous  function  of  both  variables  except  along  the  line  a*  =  y, 
and  as  y  approaches  x  becomes  infinite  (if  at  all)  in  such  a  way  that 

lim  if  ^  (a?,  ;r— 7)  =  0 
,-0 

for  any  positive  value  of  /i.     And 

^  (a*,  y)  dx 
is  uniformly  convergent  in  (/i,  A). 

Similarly,  if  i/r  (a»,  y)  =  P  i  fdx, 

I    ^  (•'S  y)  ^y  is  uniformly  convei^gent  in  (a,  A).     We  exclude  x  =  y 

from  the  field  of  integration  by  the  two  lines  x—y  =  dr  e.  Applying 
the  ordinary  theorem,  that  the  oixier  of  integration  is  indifferent,  to 
that  part  of  the  remainder  of  the  field  which  lies  between 

V  =  a-l-e,     y  =  A  —  €, 
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we  find  (Fig.  1) 


dy{\      +        )/rf«=  M      fdy+\       dx\      fdy. 


(V+0 


(a,  a.) 


Now,  if 


whei*e 


Pio.  1. 

rae- 


■1<^<1. 


We  can  therefore  choose  c^  so  that  P  I       is  numerically  less  than 

Jif-« 

any   assigned  positive  quantity  ^y  j-? — r    for  all  values  of   €<€q. 
Then  the  left-hand  side  of  (1)  differa  from 

dyP\   fdx 
by  less  than  ^o-.     But  we  can  also  suppose  Cq  so  small  that 

are  also  numerically  less  than  ^.     Then  the  left-hand  side  of  (1) 
differs  from  f  <  'a 
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by  less  than  <r.     And  the  right-hand  side  of  (1)  is 

r«+««      rA-t  ca  Cx-t 

And  an  argument  simihir  to  that  used  above  shows  that  Cq  can  be 
chosen  so  small  that  this  differs  from 

[*  dxP\^fdy 

J  a  J  a 

by  less  than  a-.     Hence 

28.  Now,  let  y  =  X(u),  X  (u)   being  a  function  which  has  con- 

tinuous  derivates     -;-,  — -^,    the   first  of   which   does   not  vanish 
du     du 

between  y  =  a,  A.     And  suppose 

X  (h)  =  a,     X  (B)  =  A. 
Then  F(x,u)  =f{x,X(u)] 

may  be  expressed  in  the  form 

where  -P  is  a  function  which  is  continuous  throughout 

except  on  a;  =  X  (u),  and  possesses  an  unconditionally  and  uniformly 
convergent  integi-al  aci*os8  it ;   and  ^^  is  a  function  whose  derivates 

-—-^    - -"  are  continuous  without  exceptiou. 
vx      vu 

Also  P  r  fdx  =  P  I    F{x,  u)  dx, 

and,  by  I.,  §  21,       P\'  fdy  =  ^  f^C*,  ^)^f '^^J 
and  so  j    duP  I  *  Gdx  =  T (iaiP  l  *(? du, 
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where  G  =  F(x,  u)  4^ 

du 

is  a  function  of  the  form 

We  may  suppose,  moreover,  that  G  is  any  expression  of  this  kind ; 
for  any  such  expression,  when  expressed  in  teims  of  y,  becomes  a 
sum  of  terms  to  each  of  which  the  argument  of  the  pi-eceding  pages 
may  be  applied.  And  the  conditions  satisfied  by  X  (u)  amount  to 
this,  that  X  =:  X  (w)  is  a  curve  of  continuous  curvature  which  is 
never  parallel  to  x  or  u,  and  passes  through  two  comers  of  the 
i-ectangle  (a,  A,  6,  B). 

29.  Theorem     7.  —  If    f  («,  y)     is    a  function    whose    derivcUes 

^ »   t/-  are  continuous  throughout 
Ox     Oy 

(tt,  A,  ft,  B), 

except  on  a  finite  number  of  curves  of  continuous  curvature 

x  =  X,(y),     y=Ydxh 

which  do  not  intersect  and  are  nowhere  parallel  to  the  axes,  and  if 
f  (*»  y)»  ***  ^^^  immediate  neighbourhood  of  any  one  of  these  curves,  can 
he  expressed  in  the  form 

f(x,  y)+SO,.  {x-X,iy)\  e.  (x,  y), 

M 

or  in  the  form     g  (x,  //)  +  2  O^^  { y  —  Y^  (x)  j  9^  (x,  //), 

where  f  (jj,  y)  is  a  function  which  becomes  at  most  logarithmically  infinite 

along  x  =  X.  (y),  and  Ok  a  f  miction  whose  derivates  -  — ,  ^  are  con- 
tinuous without  exception,  then  will  '^        y 

j;..(/>|>/,)=);..(pjy^). 

For  (see  Fig.  2)  we  can  divide  the  reotanff^e  (a,  A,  b,  B)  into  a 
finite  number  of  rectangles,  to  each  of  which  we  may  apply  either 
the  equation  pi-ovcd  in  the  last  pamgraph  or  the  oi-dinaiy  theorem 
as  to  the  interchange  of  two  integrations. 
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30.  If 
and 


t  =  *  =-l,  ^  =  5=  1,  a,  i8  >  1, 

f(x,v)^   ^ , 


we  deduce,  after  some  reduction,* 


__ _ 


Pic;.  2. 

31.  A  considei'able  variety  of  different  oases  may  occur  when  we 
suppose  A  or  B  infinite,  but  the  singular  curves  still  finite  in  number. 
If,  for  instance,  a;  =  y  is  the  only  singular  curve,  no  new  difficulty 
arises  when  one  of  A,  B  is  infinite ;  but  when  they  are  both  infinite 
further  discussion  is  necessary. 

32.  Let  a  =  0,    ^  =  00  ,    *  =  0,    jB  =  ir  >  1, 

and  '('.^)  =  i^,^U' 

0  {.1/)  being  a  function  whose  dcrivate  irt  continuous.  The  singular  curve  is  the 
hyperbola  ^^—i/-^l  =»  0  (Fig.  3),  and  satisfies  the  conditions  of  7,  except  at  (0,  1), 
where  it  becomes  parallel  to  r.     Hence,  if  €  >  0, 

Je  Jo   :r2-y2+l       Jo  ^^^'    ^      J.  x^-y'+l 

But  it  is  not  difficult  to  prove  that 

f^'  C*       dx 

lim|^  fp{y)dyP}^  ^,_^3^^  =0. 

Hence      ^dxpC    fi^Y^^i  T^M  Jpf    ,   ^^,        ^j.C  ^  ^^) '\ 
from  which  we  cun  derive  various  integrals. 

*  This  example  is  worked  out  in  detail  in  the  paper  in  the  Quarterly  Journal 
already  referred  to,  p.  131. 
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Fici.  3. 

33.  When  A  and  B  are  both  infinite  there  is  another  condition  to 
be  attended  to.  Let  us  suppose  that  there  is  one  singular  curve 
(such  as  x—y  =  0  or  «'— y'+ 1  =  0)  which  extends  to  infinity  in  the 
positive  quadrant  in  a  definite  direction  not  parallel  to  «  or  y.  Then 
for  any  finite  values  of  A  and  B 

Jn  Jh  Ja         Jo 

and  we  may  suppose  one  of  the  upper  limits,  say  A,  replaced  by  oo , 
as  in  the  example  of  §  32.  We  need  not  stop  to  discuss  the  condi- 
tions under  which  this  is  legitimate ;  for,  if  the  singular  curve  meets 
y  ^  B  in  {A\  B),  we  have  only  to  combine  the  two  equations 

r«.    c«     c»     r*.       p  p     p  r* 

Jrt     jb     jb     J«        j.tjb     jb  J.I, 

(-4,  >  A';  see  Fig.  4).     Let  us  suppose,  therefore,  that 


Then,  if 


j>m>j: 


is  determinate,  and  tends  to  the  limit  0  for  i?  =  oo ,  this  equation 
ultimately  passes  over  into 


J«  J*  Jh  Ja 


34.  Let 
and 


a  —  — oo  ,    ^  =  0, 
/(:r.,/)  =  '^*W     {p>0), 
where  ^  (y)  Ib  a  function  whose  derivafe  ir  continnoun.     Then,  if  the  condition  of 
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the  previoufl  flection  (or  that  which  results  by  interchanging  x  and  y)  \»  satisfied, 

J  -•  Jo     *-y  Jo 

It   can    be    shown    (I    omit  the  proof)  that  this    equation    certainly    holds  if 

I    ^  (y)  dy  is  absolutely  convergent.     If,  e,g.y 

1 


0(y)  = 


i  +  y2» 


5 

t 

"y^W" 

' y-B 

' "r* 

0 

05  = 

•A         ^ 

Pig.  4. 


gives 


Jo        1  ■*'•*' 
But  (1)  alw)  may  bo  true  if  |    ^  (y)  rfy  is  not  absolutely  convergent.     If,  e.t/., 

<!>{!/)==--     (a>0), 
y  +  a 

it  gives    I    log  f  "^  \  ^—j^jrfjJ  "^  ""  r   M  ^~'^*''")  <»« /'a- ^»>o sin jtfa  | . 
3,>.  MoruovtT  (I)  in  only  a  particular  I'Aum  of  the  more  gouoral  formula 

whi(5h  holdn  when  0  (//)  satisfieft  certain  couditiouH. 

If,  ''..'7., 
(2)  becomes,  after  u  little  reduction. 


/;=-»,     <;)(y)=^^^,.     e{y)=ay^--     (a,b>% 


/>^(''^-7)iTyi"^' 
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36.  There  are  two  more  questions  which  we  must  discuss  in  order 
to  complete  this  series  of  investigations.  In  the  first  place,  when  two 
singular  curves  intersect  within  the  field  of  integration,  the  formula 

generally  ceases  to  be  true.     If,  for  instance, 

^  (^»  y)  M  («,  y) 
where  i/r  is  a  function  with  continuous  derivates,  and  X  =  0,  fi  =  0 
are  two  curves  which  satisfy  the  conditions  of  7,  except  that  they  in- 
tersect simply  at  the  one  point  (a,  P),  the  difference  between  the  two 
sides  of  (1)  will  be 

We  shall  have  to  discuss  this  case,  and  some  other  similar  cases  in 
which  the  corresponding  "  correction  *'  or  "  residue  "  can  be  found. 

In  the  second  place,  we  must  attempt  to  extend  the  theorems  of 
the  latter  part  of  this  paper  to  the  case  in  which  not  only  are  the 
limits  infinite,  but  the  singular  curves  infinite  in  number. 


Types  of  Perpetuam>ts.     By  J.  H.  Grace. 
Received  and  read  June  12th,  1902. 

1.  I  propose  to  apply  the  symbolical  method  of  Arouhold  directly 
to  the  discovery  of  the  irreducible  system  of  covariants  of  an  in- 
definite number  of  binary  forms  of  infinite  order. 

Suppose  the  forms  are       aj,  6;,  cj,   ...  , 

when  n  is  indefinitely  large  ;  then  the  problem  is  to  evolve  a  system 
of  forms  of  the  type 

in  terms  o^  which  all  otheis  can  be  expressed. 
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Since  a  covariant  snch  as  that  written  above  is  completely  deter- 
mined by  its  determinantal  factors,  we  need  specify  these  alone, 
and  remark  that  the  redaction  of  forms  is  simplified  because  the 
presence  of  the  indefinitely  large  number  of  factoi*s  a^  renders  possible 
the  free  application  of  the  fundamental  identities 

(6c)  a,+ (ca)  6,+ (a6)  c,  =  0 ; 

or,  as  they  stand  for  our  purpose, 

(6c)  +  (ca)-f  (a6)  =  0. 

2.  £very  covariant  may  be  expressed  in  teions  of  those  of  the  type 

(aby(acy(ady...* 

because  factors  of  the  type  (6c)  in  which  a  does  not  occur  may  be 
eliminated  by  the  use  of  the  identity 

(6c)  tt,  =  (6a)  Cr—ica)  6,. 

The  original  results  of  Cayley  on  the  enumeration  of  these  covariants 
follow  at  once,  as  is  i*emarked  in  a  similar  way  by  Sti*oh. 

3.  Consider  next  the  covariants  of  degree  3,  namely, 

(tf6)^  (6c)'-  (cay. 
In  virtue  of  the  above  we  need  only  consider  the  type 

(ahy  (oc)-, 
and  of  these  (ab)(ac)  is  reducible,  because 

2(a6)(ac)  =  (a6)-4-(ac)*-(6c)^ 
Thus  |)erpetuaut8  of  degi'ee  3  of  three  diffei'ent  quautics  are  com- 
pletely  given  by  (abbacy, 

in  which  /i  ^  1,  X  ^  2. 

We  shall  next  show  that  the  pei^petuants  of  degree  4  of  four 
different  quautics  are  given  by 

(aby  (acy  (ady, 

when  X^4,  ^^2,  y  ^  1;  but  to  establish  this  we  need  to  recall 
certain  insults  fr-om  the  great  memoii'S  of  Jordan  (Ltom-ille's  Jotimaly 
1876  and  1879). 

*  J  *ivj videtl,  i>f  course,  that  the  !*yiiibol  <*  occurs  in  the  (!0 variant :  we  tthallhence- 
forth  c</Ufiider  those  coutainiug  '/  aud,  in  fact,  a  definite  ^t  of  symbolfi. 
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4.  If  {,  17,  ([  be  three  quantities  such  that 

then  all  homogeneous  products 

where  p-^q-^r  :=n, 

can  be  expressed  as  linear  combinations  of 

ev%     rfi%     {"f-, 

where  p,  <r  take  all  values  subject  to  the  condition  that   <r  :|>   ^-  . 

I  do  not  stop  to  reproduce  the  proof  of  this  fundamental  lemma  of 
Jordan :  it  will  suffice  to  refer  to  his  papers  cited  above,  and  to 
remark  that  a  different  proof  can  be  given  depending  on  the  theory 
of  apolar  forms. 

5.  Consider  now  the  covariants  of  degree  4.     As  already  observed, 
we  need  only  take  into  account 

(aby  (acY  (ady. 

If  now  either  X  or  /li  be  less  than  2 — say,  fjL  <  2 — then,  by  transforming 
the  expression  ,    .^,    ,. 

we  can  express  it  in  terms  of  such  as  contain  (acY  at  least  and 
reducible  forms.     Hence 

(aby  (acY  (ady 

can  be  expressed  in  terms  of  covariants  containing  more  factors  in 
a,  6,  c  and  reducible  forms.     Again, 

(aby  (acy 

can  be  expressed  linearly  in  terms  of  similar  forms,  each  containing 

{ah)  or  (ac)  to  a  power  equal  to  or  less  than  -^-- .  Supposing  this 
done,  we  see  that,  if 

X+Ai  <  6, 

tlie  form  can  be  expressed  in  terms  of  others  for  which  the  sum  of 
the  exponents  of  (ab)  and  (ac)  is  greater  and  reducible  forms  ;  thus 
we  may  assume  that  X  +  /Lt  ^  6. 
Let  us  now  take  X-f/x  =  ^  >  6  and  consider  the  various  products 

{aby(ac)\ 
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They  may  be  divided  into  four  classes  : 

(i.)   (ah)\  {aby-'(ac); 

(ii.)   (arr,  (a<^r-'{ab); 

(iii.)   (ahy(acy\  (ahy(acy-*; 

(iv.)  all  the  remaining  products  for  which  \+fi  =  w. 

Now,  by  means  of  the  identities  expressing  (fer)"  and  (6c)"~*  (ah)  in 
terms  of  (ab)  and  (ar),  we  can  express 

(«?>)«  (fl^)"-^     (aby(acr-\ 
as  linear  combinations  of 

(aby,     (afe)->(ar)' 

(acy,     (a4:r-'(ab)   ■  (A) 

(bc)\     (bey  (ah)  ^ 

and  products  contained  in  (iv.),  in  all  of  which  the  exponent  of  (a^) 
is  4  at  least. 

But,  if  any  of  the  products  (A)  occur,  the  covariant  is  either 
reducible,  or  the  number  of  factors  involving  a,  6,  c  can  be  increased, 
and  hence  we  need  only  consider  the  others,  t.e.,  every  covariant  of 
degree  4  can  be  expressed  in  terms  of  such  as  contain  (ah)  to  the 
power  4  at  least. 

This  establishes  the  result  for  forms  of  degree  4,  for  it  manifestly 
follows  that  all  covanants  can  be  expressed  in  teinns  of  covanants 

(ab)^  (ac)"  (ad)\ 

in  which  X  ^  4,  /i  ^^  2,  v  ^  1. 

().  Tlie  extonsioii  of  this  to  foi'ms  of  degree  n  belonging  to  u 
(lifFerent  (jmintics  is  immediately  evident,  both  as  to  enunciation  and 
pi*oof.  In  fact,  if  we  have  n  quantics  «,  ^,  c,  ri,  ...,  the  perpetuants 
of  degree  n  are  of  the  type 

(aby  (acy  (ady  ,,., 
where  X  ^  2" -^     /i  ^  2-',     v  5  2"-*,  ... . 

To  put  the  proof  of  this  by  induction  into  a  neater  form,  let  us 
assume  the  result  for  7i-\-l  letters  and  pi*ove  it  for  (n-|-2)  letters. 

Suppose  the  form  is  (ab)^  (^)'*  ^^ 

when  7^  is  a  type  belonging  to  ii  letters,  and  for  brevity  write 

2"-^  =  N, 
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then,  just  as  before,  {ahy  {ivcY  can  be  replaced  by  a  number  of  pro- 
ducts, each   containing  either  {ah)  or  {iic)   to  a  power  not  greater 

o 

But  {acYB  is  a  covariant  for  (w-fl)  letters,  and  can  therefore  be 
expressed  in  terms  of  reducible  forms,  and  such  as  contain  {ac)  to  the 

power  2""'  at  least ;    accordingly,   unless     ~  ^  N,  the  number  of 
factors  containing  a,  fc,  c  can  be  increased. 

If,  then,  X+/i  =  itf  ^  3i^, 

we  have  to  consider  the  following  expressions,  viz., 

(afe)^  {ahr-'{ac),  ...,  {ahY'''^' {ac^'^  (A) 

{a^r,  (oc)^-'  {ah),   ...,  {acr-^^^  (a&)^'-\  (B) 

(ab)^(ac)^-^^  ...,  {ahr-^{acY\  (C) 

(a6)'^'(ac)^-^  ...,  (aft)^^-^(ar)^-''^'*».  (D) 

3j  means  of  the  identical  equations  expressing 

(6r)^  (?>r)^->  (aft),  ...,  (br)^-'^*»  (ar)^'* 
in  terms  of  {ah)  and  (or),  we  can  on  solution  express  the  A""  products 

(a6)^(ac)''-^  ...,  (afef ^->  (oo)^-*'^^^ 
linearly  in  terms  of  the  sets  yl,  B,  C  and  the  subsidiary  set 
(ftc)^  (6r)«-»(a?>),   ...,  (fer)'^-^^'*>(ac)^-».» 

Now,  in  il,  J?  and  the  last  system  of  products  each  term  contains 
either  {ah)  or  {a^)  to  a  power  equal  to  or  less  thau  N  =  2""\  and 
accordingly,  if  one  of  these  products  occurs,  the  number  of  factors  con- 
taining a,  ft,  c  can  be  inci'eased.  Eventually,  then,  we  can  express  all 
the  covariants  in  terms  of  reducible  forms,  and  such  as  contain  {ah) 
to  the  power  2N  at  least.  The  general  result  follows  at  once,  and 
corroborates  the  result  of  Stroh  relating  to  the  perpetuant  of  lowest 
weight  and  given  degree,  and  also  the  recent  results  of  MacMahon  in 
the  Camb.  Phil.  Trans, 


*  The  possibility  of  this  depends  on  the  equations  in  question  being  linearly  in- 
dependent. With  the  notation  of  §  4  we  can  express  all  products  of  (,  n,  (  of 
deg^ree  n  linearly  in  terms  of  three  sets,  viz., 

where  ffi,  ^j,  ^3  are  any  three  integers,  such  that  j?i  +/75+^3  =  w  +  1.  The  result 
required  in  the  text  is  a  particular  case  of  this  which  was  first  explicitly  stated  by 
Stroh,  Math.  Ann.,  Vol.  xxxm.  [Xovember  30M,  1902]. 
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Abbe,  C— "Physical  Basis  of  Long  Range  Weather  Forecasts,"  Dec.,  1901. 
Bjerknes,    V. — "Dynamic    Principle     of    Circulatory    Movements    in     the 

Atmosphere,"  Oct.,  1901. 
McAdie,  A.  G.— "  Fog  Studies  on  Mount  Tamalpais,"  Nov.,  1900. 
Pockels,  F. — "  Theory  of  the  Formation  of  Precipitation  on  Mountain  Slopes," 
April,  1901. 
''  Memoirs  of  the  National  Academy  of  Sciences,"  Vol.  vni.  ;  Washing^n,  1902. 
"Annals  of  Mathematics,"  Series  2,  Vol.  m.,  No.  4  ;  1902. 
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esnazic  dei  vertebra ti." 
Oehl,  E. — "  Sul  diverse  e  variante  grado  di  attivittli  della  saliva  umana." 
Veratti,  E.  — "  Ricerche  sulla  fine  struttura  della  fibra  muscolare  Ktriata.*' 
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"  Publications  of  the  U.S.  Naval  Observatory,"  Ser.  2,  Vol.  n. ;  Washington, 
1902. 

Cape  of  Grood  Hope. — **  Geodetic  Survey  of  South  Africa,*'  Vol.  n. 

India. — '^Trigonometrical  Survey,'*  Vol.  xxvi.,  1901;  **  Details  of  the  Tidal 
Obeervations." 
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Leipzig,  1902. 
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Vol.  IX.,  No.  1,  1902;  "Transactions,"  Vol  n.,  Nos.  2,  3,  and  Vol.  in.,  No.  3, 
1901-2;  New  York. 

'*  Monatshefte  fur  Mathematik  und  Physik,"  Jahrgang  xni.,  Hefte  3,  4 ;  Wien, 
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*' Revue  Semestrielle  des  Publications  Mathematiques,"  Tomex.,  Pt.  2,  Oct., 
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**  Proceedings  of  the  Cambridge  Philosophical  Society,"  Vol.  xi.,  Pt.  6  ; 
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*<Jahrbuch  Uber  die  Fortscliritte  der  Mathematik/*  Bd.  zzxi.,  Hefte  1,  2; 
Berlin,  1902. 

**Acta  Mathematica,"  Vol.  xiv.,  Pt.  4,  1891;  Vol.  xvn.,  Pts.  1,  2,  1893; 
Vol.  XXIV.,  1901 ;  Vol.  xxv.,  Pts.  1,  2,  1901 ;  Stockholm. 


THIRTY-NINTH  SESSION,  1902-1903 
(since  the  Formation  of  the  Society,  January  16th,  1865). 

November  ISth,  1902. 

Thr  Ninth  Annual  Genkral  Mbbtinq  op  The  London  Mathe- 
matical SociBTT,  as  incorporated  under  the  Companies  Act, 
1867,  on  October  23rd,  1894,  held  at  22  Albemarle  Street,  W. 

Dr.  E.  W.  HOBSON,  F.R.S.,  President,  in  the  Chair. 

Twenty-five  members  and  a  visitor  present. 

Mrs.  Alicia  Stott  was  elected  a  member. 

The  Treasurer  read  his  report.  The  reception  of  the  Treasurer's 
report  was  moved  by  Mr.  Kempe,  seconded  by  Prof.  Hudson,  and 
carried  nem.  con. 

The  President  nominated  Mr.  J.  H.  Grace  to  act  as  Auditor. 

The  Secretary  reported  that  the  number  of  members  of  the  Society 
at  the  beginning  of  the  previous  session  was  257.  Of  these  3  had 
resigned,  and  the  names  of  2  had  been  omitted  from  the  list.  The 
number  of  new  members  elected  during  the  session  was  8,  bringing 
the  number  at  the  beginning  of  the  present  session  to  260. 

The  President  stated  to  the  meeting  the  grounds  on  which  the 
De  Morgan  Medal  had  been  awarded  by  the  Council  to  Prof.  A.  G. 
Greenhill,  and  presented  the  medal.  Prof.  Greenhill  expressed  his 
thanks  to  the  Council  and  to  the  President. 

The  President  spoke  on  the  retirement  of  Mr.  Tucker  from  the 

office  of  Honorary  Secretary,  and  moved  the  following  resolution : — 

"  That  the  thanks  of  the  London  Mathematical  Society  be  offered  to 

Mr.  Bohert  Tnckev  for  the  eminent  servicea  \vViVih  be  has  rendered 
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to  the  Society  during  the  thirty-five  years  in  which  he  has  held  the 
office  of  Honorary  Secretary.**  This  resolution  was  seconded  by 
Dr.  Glaisher  and  carried  unanimously. 

At  the  President's  request  Prof.  A.  Lodge  and  Mr.  R.  J.  Dallas 
acted  as  Scrutineers  of  the  ballot  for  the  election  of  a  Coancil  and 
Officers  for  the  new  session.  The  following  gentlemen  were  declar-ed 
by  them  to  be  elected  to  serve  on  the  Council : — President :  Prof. 
Lamb ;  Vice-Presidents :  Mr.  Tucker,  Dr.  Hobson,  Dr.  Baker ; 
Treasurer :  Dr.  Larmor ;  Hon.  Sees. :  Prof.  Love  and  Prof.  Bumside ; 
other  members:  Mr.  Campbell,  Lieut.-Col.  Cunningham,  Dr.  Glaisher, 
Prof.  Greenhill,  Mr.  Macdonald,  Major  MacMahon,  Mr.  Western, 
Mr.  Whittaker,  Mr.  A.  Young. 

Prof.  Lamb  took  the  Chair  as  President. 

Dr.  Hobson  read  his  address  "  On  the  Infinite  and  the  Infinitesimal 
in  Mathematical  Analysis." 

The  President  moved  that  Dr.  Hobson's  Address  be  printed  in  the 
Proceedings.  The  motion  was  seconded  by  Dr.  Baker  and  carried 
unanimously. 

The  following  papers  were  communicated  from  the  Chair  : — 

Prof.  W:  Burnside :  On  Linear  Homogeneous  Groups. 

Prof.  D.  Hilbert :  Ueber  den  Satz  von  der  Gleichheit  der  Basis- 

winkel  im  gleichschenkligen  Dreieck.* 
Prof.  H.  Lamb :  Wave  Propagation  in  Two  Dimensions. 
Prof.  A.  C.  Dixon :    (1)  The   Summation  of  a   certain   Series  ; 

(2)  Expansion  by  means  of  Lame^s  Functions. 
Mr.  W.  H.  Young :  (1)  On  Sets  of  Intervals  ;    (2)  Note  on  Un- 
closed Sets  of  Points  defined  as  the  Limit  of  a  Sequence  of 

Closed  Sets  of  Points 
Prof.  M.  J.  M.  Hill :    The  Continuation  of  certain  Fundamental 

Power  Series. 
Prof.  L.  Crawford  :  A  Geodesic  on  a  Spheroid  and  an  Associated 

Ellipse. 
Prof.  A.  W.  Conway  :  The  Propagation   of  Light  in  a  Uniaxal 

Crystal. 
Mr.    E.    T.   Whittaker:    A  new  Connexion  between   Legendre 

Functions  and  Bessel  Functions. 
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The  following  presents  were  made  to  the  Library  : — 

*«  Educational  Times,"  Vol.  LV.,  No.  499  ;  1902. 

"Indian  Engineering,"  Vol.  xxxn.,  Nos.  11-16  ;    1902. 

**  Mathematical  Gazette,"  Vol.  n.,  No.  35 ;  1902. 

Gegenbauer,  L. — "  Ueber  eine  Relation  des  Herm  Hobson,"  8vo  ;  Wien,  1902. 

<<  Mathematical  Questions  and  Solutions  from  the  Sdueatumal  Times,**  New 
Series,  Vol.  n.,  edited  by  Constance  I.  Marks,  8yo ;  London,  1902. 

<*  Hollandsche  Maatschappij  der  Wetenschappen  Herdenking  van  het  Hondeid- 
vijftigjarig  Bestaan,"  8vo ;  s'Gravenhage,  1902. 

Academic  Royale  de  Belgique.— "  Bulletin  de  la  Classe  des  Sciences,"  No.  8  ; 
Bruxelles,  1902. 

*'  Annals  of  Mathematics,"  Vol.  iv.,  No.  1 ;  1902. 

**  American  Journal  of  Mathematics,"  VoL  xziv..  No.  4 ;  1902. 

4 to  pamphlets  : — 
Rouquet,  V. — **  Etude  g^m6trique  des  surfaces  dont  les  lignes  de  oourbure 

d'un  syst^me  sont  planes  et  egales." 
Jamet,  V. — **  Sur  les  6quations  anharmoniques." 
Laurent,   L. — **  Contribution    a    I'dtude  de  la  vegetation  du  Sod  Est  de 

la  France." 
Stephan,  P. — **  De  Thermaphrodisme  chez  les  vertebras." 
Clerc,  M.,  et  M.  le  Dr.  Fallot.—**  Grotte  s^pulcrale  ndolithique." 

The  following  exchanges  were  received : — 

**  Proceedings  of  the  Royal  Society,"  Vol.  lxxi.,  Nos.  467,  468  ;  1902. 

**  Bulletin  of  the  American  Mathematical  Society,"  Vol.  ix..  No.  2 ; 
**  Transactions,"  VoL  m..  No.  4  ;  New  York,  1902. 

**  Archives  N6erlandaise8,"  Tome  vn.,  Liv.  2-6 ;  La  Haye,  1902. 

*<Atti  della  Reale  Accademia  dei  Lincei — ^Rendiconti,"  Sem.  2,  Vol.  xi., 
Fasc.  6-8  ;  Roma,  1902. 

**  Memorie  della  Regia  Accademia  in  Modena,"  Serie  2,  Vol.  xn.,  Pt.  2 ; 
Serie  3,  Vol.  ra. 

*  *  Vierteljahrsschrif  t  der  Naturforschenden  Gesellschaft  in  Ziirich,"  Jahrgang 
XLvn.,  Heftel,  2;  1902. 

**  Nachrichten  von  der  Konigl.  Gesellschaft  der  Wissenschaften  zu  Gottingen," 
Math.-phys.  Klasse,  Heft  5;  1902. 

•*  Sagaku-Butsurigaku  Kwai  Kiji,"  Maki  ix.,  Dai  1  ;  Tokyo,  1902. 
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On  the  Infinite  and  the  Infinltei^lmal  in  Mathematical  Analysis,* 
Presidential  Address,  by  B.  W.  Hobson,  Sc.D.,  F.R.S., 
November  13th,  1902. 

Mb.  President, 

In  tbe  days  of  our  forefathers,  when  an  unsaccessful  politician 
had  reached  the  end  of  his  career,  it  was  customary  to  grant  him  one 
last  privilege,  that  of  delivering  an  address  upon  topics  chosen  by 
himself  to  the  assembled  multitude  on  Tower  Hill.  Although  my 
conscience  acquits  me  of  having  been  guilty  during  my  period  of  office 
of  conduct  traitorous  to  the  interests  of  our  Society,  I  avail  myself  of 
the  corresponding  privilege  accorded  by  our  custom  to  a  retiring 
President. 

The  remark  that  the  nineteenth  century-  has  been  an  age  of  un- 
exampled progress  in  all  branches  of  science  has  been  so  often  made 
as  to  have  become  a  commonplace.  The  remark  is  true  in  a  pre- 
eminent degree  of  our  own  department  of  science.  As  is  known  to  you 
all,  at  no  earlier  time  has  a  more  rapid  development  taken  place  in 
all  parts  of  mathematical  science,  involving  the  creation  of  entii-ely 
new  bi-anches  and  of  new  and  powerful  general  methods.  However, 
it  is  not  in  the  main  of  these  new  developments  and  of  the  extensions 
made  in  our  science  in  the  outward  direction  that  I  propose  to  speak 
this  evening.  In  the  past  century,  and  perhaps  especially  during  the 
second  half  of  it,  the  attention  of  mathematicians  has  been  devoted  in 
an  unusual  degree  to  a  ciitical  examination  of  the  foundations  of  the 
various  branches  of  mathematical  thought.  In  analysis,  geometry, 
and  mechanics  a  close  scrutiny  has  been  made  of  the  fundamental 
assumptions  and  concepts.  This  scrutiny  has  resulted  not  only  in  a 
large  measure  of  i*estatement  of  the  base  principles  of  these  depart- 
ments of  science,  but  has  also  powei-fully  reacted  on  the  methods  of 
procedure  within  these  departments,  and  has  suggested  new  and 
fruitful  lines  of  research.     Although  outside  cnticism  of  the  founda- 


*  Ordered  by  the  Council  to  be  printed  tm  a  puinphlct  and  dihtnbutcd  to  Members, 
to  avoid  tbe  delay  that  would  bo  occa^ioncd  by  waiting  for  the  appropriate  iHHUfi  oi 
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tions  of  mathematics  has  at  all  times  been  abundant,  the  work  of 
underpinning  the  edifice  of  our  science  has  been  for  the  most  part 
carried  out  by  the  same  workmen  who  have  been  engaged  in  the 
general  work  of  the  structure,  and  especially  in  building  new  wings. 
There  are  times  when  it  is  appropriate  to  draw  attention  in  general 
terms  to  the  critical  side  of  some  part  of  our  science,  and  I  think  it 
will  be  admitted  that  a  Presidential  address  is  such  an  occasion.  1 
have  accordingly  chosen  as  the  subject  of  my  discourse  this  evening 
"  The  Infinite  and  the  Infinitesimal  in  Mathematical  Analysis."  It 
will  be  found  that  my  intention  to  speak  of  critical  rather  than  con- 
structional results  admits  of  some  considerable  exceptions.  These 
exceptions  will,  however,  illustrate  the  fact  that  pertinent  criticism  of 
fundamentals  almost  invariably  gives  rise  to  new  construction.  On 
such  a  subject  as  that  I  have  chosen,  I  cannot  hope  to  have  anything 
essentially  new  to  say ;  but,  nevertheless,  I  venture  to  hope  it  may 
not  be  profitless,  if  I  state  as  explicitly  as  I  can,  what  seems  to  me  to 
be  the  trend  of  thought  in  this  connexion  at  present  prevailing  among 
mathematicians  as  the  result  of  the  labours  of  some  of  the  most  dis- 
tinguished of  their  number  during  the  last  half  century.  I  am 
strengthened  in  this  view  by  my  knowledge  of  the  fact  that  many 
British  mathematicians,  absorbed  as  they  rightly  are  in  the  technique 
of  their  science,  and  in  the  work  of  applying  it  to  the  quantitative 
description  of  natural  phenomena,  have  not  yet  fully  appreciated  the 
results  of  recent  movements  in  mathematical  thought  in  this  connexion. 
In  some  of  the  text-books  in  common  use  in  this  country,  the  symbol  oo 
is  still  used  as  if  it  denoted  a  number,  and  one  in  all  respects  on  a 
par  with  the  finite  numbers.  The  foundations  of  the  integral  calculus 
are  treated  as  if  Riemann  had  never  lived  and  worked.  The  order  in 
which  double  limits  are  taken  is  treated  as  immaterial,  and  in  many 
other  respects  the  critical  results  of  the  last  century  are  ignored.  It 
would,  however,  be  unjust  not  to  recognize  the  fact  that  a  great  im- 
provement in  these  respects  has  been  shown  in  some  of  the  most 
recent  of  our  text-books. 

Essentially  connected  as  views  about  the  infinite  and  the  infinit- 
esimal are  with  the  most  fundamental  notions  on  which  analysis  is 
based,  with  the  concepts  of  number  and  magnitude,  with  the  notions 
of  continuity  and  discreteness,  with  the  doctrine  of  limits  in  all  the 
various  forms  in  which  it  has  appeared,  with  the  nature  of  the  ideal 
objects  with  which  mathematical  thought  operates,  these  ideas  have 
been  a  subject  of  unceasing  controversy  since  the  very  commencement 
of  abstract  thought — ^a  controversy  vrliicVi  \ias  by  rvo  means  ceased  at 
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the  present  time.  The  fact  that  these  fundamentals  lie  on  the 
border-line  across  which  mathematics  passes  into  the  wider  region  of  • 
philosophy  has  brought  it  about  that  in  all  ages  philosophical 
thinkers  as  well  as  mathematicians,  before  as  well  as  after  the  two 
classes  ceased  to  be  identical,  have  occupied  themselves  with  the 
attempt  to  introduce  clearness  into  the  doctrine  concerning  them. 
The  kind  of  judgments  which  are  made  in  mathematical  thinking, 
forming  as  they  do  a  class  which  in  certain  aspects  are  of  a  com- 
paratively simple  character,  have  at  all  times  formed  a  kind  of 
touchstone  on  which  epistemologists  have  tested  their  general  theories 
of  knowledge. 

To  attempt  to  give,  even  in  outline,  a  history  of  thought  upon  the 
subjects  of  the  iniinite  and  the  infinitesimal,  involving  as  it  would  the 
task  of  tracing  the  history  of  the  various  theories  of  the  infinitesimal 
calculus,  would  be  altogether  beyond  the  scope  of  such  a  discourse  as 
the  present  one.  In  order,  however,  to  make  clear  what  has  been 
the  precise  effect  of  the  more  recent  movements  of  thought  in  this 
order  of  ideas,  it  will  be  necessary  for  me  to  take  a  brief  glance  at 
the  mode  in  which  the  subject  presented  itself  at  various  times  to 
thinkers  confronted  with  the  ordinary  problems  of  mathematical 
analysis. 

How,  then,  did  the  problems  of  analysis  present  themselves  to  the 
earliest  mathematicians  ?  What  wei'e  the  elements  with  which  those 
mathematicians  had  to  work  ?  The  two  notions  of  number  and  of 
magnitude  with  which  they  had  to  operate  in  problems  of  a  geometrical 
or  kinematical  character,  have  points  of  I'esemblance  and  also  points 
of  diffei*ence.  Both  number  and  magnitude  appear  by  their  very 
nature  to  be  unlimited  in  two  directions :  there  is  no  greatest 
number  or  magnitude,  and  (excluding  zero)  no  smallest  one.  A  set 
of  numbers  or  of  magnitudes  may  be  contemplated,  each  one  of  which 
is  definite  and  finite,  and  yet  the  set  contains  numbers  or  magnitudes 
which  are  greater  than  any  paHicular  number  or  magnitude  which 
we  may  choose  to  assign.  A  similar  possibility  holds  as  regards 
smallness.  A  symbol  to  which  are  assigned  successively  the  increasing 
or  diminishing  values  of  the  numbers  or  magnitudes  in  the  set  con- 
templated, is  said  to  become  in  the  one  case  indefinitely  great,  in  the 
other  case  indefinitely  small.  At  any  paiiiicnlar  stage  the  symbol 
represents  a  finite  number  or  magnitude,  but  the  absence  of  a  limit 
is  designated  by  the  phrase  "  becoming  indefinitely  great,  or  small." 
The  indefinitely  gi'eat  thus  described  is  the  potentially  infinite,  dan 
uneiyentUch  JJncyulLichey  and  expressefi  the  mervj  abii^wvi^ol  \si^>^«t  V\\cl\^ 
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to  a  variable.  In  this  form,  as  expressing  a  mere  potentiality,  the 
infinite  and  the  infinitesimal  seem  so  inevitable  a  necessity  of  thonght 
as  hardly  to  give  rise  to  differences  of  opinion,  except,  perhaps,  upon 
matters  of  language.  But  when  it  is  conceived  that  these  mere 
potentialities  pass  into  actualities,  ih&tfiaced  numbers  or  magnitudes 
exist  which  are  infinite  or  infinitesimal,  that  the  merely  indefinitely 
great  becomes  an  actual  infinite,  or  the  merely  indefinitely  small 
becomes  an  actual  infinitesimal,  the  region  of  serious  controversy  has 
been  reached — a  controversy  which  is  still  proceeding,  and  about  the 
modem  aspect  of  which  I  shall  have  some  remarks  to  make  later  on. 
In  respect  of  the  actually  infinite,  there  have  been  exhibited  at 
different  times  and  by  various  thinkers  the  extremes  of  faith  and  of 
scepticism ;  there  have  been  believers  and  sceptics,  critics  and 
freethinkers,  idealists  and  empiricists.  The  infinite  of  mathematics 
has  at  times  been  treated  with  that  familiarity  which  is  bred  of 
innocent  inappreciation.  Bold  generalizations  have  been  made  in 
which  rules  applicable  to  the  finite  were  uncritically  and  uncondition- 
ally extended  to  the  indefinitely  great,  as  if  that  represented  an 
actuality  necessarily  subject  to  the  same  rules  of  operation  as  the 
finite.  At  other  times,  the  desire  to  remain  on  what  was  felt  to  be  the 
firmer  gix)und  of  empirical  knowledge  has  led  almost  to  a  denial 
of  all  validity  to  the  conceptions  of  the  infinite  and  the  infinitesimal, 
and  to  all  processes  involving  their  use.  It  is  noteworthy  that  both 
these  attitudes  of  mind  have  at  different  times  been  of  direct  advan- 
tage to  science,  and  that  the  most  opposite  tendencies  in  regard  to 
this  order  of  ideas  have  led  to  the  advancement  of  knowledge. 

One  of  the  principal  forms  in  which  an  indefinitely  great  number  of 
operations  occurs  is  that  of  infinite  series,  which  were  introduced  in  the 
seventeenth  century.  The  mathematicians  of  the  eighteenth  century 
used  these  seiies  freely,  without  troubling  themselves  much  as  to 
questions  of  convergence.  Early  in  the  nineteenth  century  came  a 
rude  awakening.  In  a  letter  written  by  Abel*  in  1826  we  read: 
*'  Divergent  series  are  in  toto  an  invention  of  the  Devil,  and  it  is  a 
disgrace  that  any  one  should  venture  to  found  on  them  the  smallest 
demonstration.  One  can  get  out  of  them  anything  one  likes  when 
one  employs  them,  and  it  is  they  which  have  produced  so  many  dif- 
ficulties and  so  many  paradoxes."  And  further :  "  I  have  become  pro- 
digiously attentive  to  all  that ;  for,  if  one  excepts  the  cases  of  the 


•  See  Abers  correHpondence,  p.  16,  in  the  volume  yieh  Hettrik  Abel:  MmarUil 
publiea  V occasion  du  ccntenaire  de  »a  tiaissance. 
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most  extreme  simplicity — for  example,  geometric  series — there  is 
scarcely  in  the  whole  of  mathematics  a  single  infinite  series  of  which 
the  sum  is  determined  in  a  rigoroas  manner.  In  other  woi*ds,  all  that 
is  most  important  in  mathematics  is  without  foundation.  Most  of 
the  things  are  exact,  that  is  true,  and  it  is  extraordinarily  surprising. 
I  am  trying  to  find  out  the  reason."  In  our  time,  now  that  the  use 
of  divergent  series  has  been  to  a  large  extent  placed  upon  a  sound 
mathematical  basis,  the  work  of  Poincare,  Stieltjes,  Borel,  and 
others,  has  given  us  an  answer  to  the  question  that  puzzled  Abel. 

To  the  (Jreeks,  and  to  later  thinkers,  magnitude,  as  given  by  the 
intuition  of  space,  time,  and  especially  of  motion,  appeared  to  present 
itself  essentially  as  a  continuum,  the  intuitional  or  sensuous  con- 
tinuum.   On  the  other  hand,  number  (and  it  must  be  recollected  that 
the  Greeks  only  knew  rational  numbers)  appeared  to  be  essentially 
discrete.     Fractional  numbers  arose  historically  from  the  necessity 
for  the  representation  of  the  sub-divisions  of  a  anit  magnitude  into 
equal  parts.     The  Greek  discovery  of  the  existence  of  magnitudes 
which  are  incommensurable  with  a  given  unit,  by  exhibiting  the  in- 
adequacy of  such  discrete  numbers  for  the  complete  representation  of 
j>rifna  facie  continuous  magnitude,  served  to  emphasize  the  distinction 
Contained  in  the  antinomy  of  the  continuous  and  the  discrete. 

In  order  completely  to  envisage  the  problem  of  analysis  as  it  pre- 
sented itself  to  the  minds  of  mathematicians  from  the  earliest  com- 
mencement of  the  attempts  to  deal  with  geometrical  and  kinematical 
problems  numerically,  we  must  take  into  account  that  peculiarity  of 
the  human  mind  in  virtue  of  which  it  is  in  general  unable  to  deal 
'with  an  object  of  thought  as  a  whole,  but  is  obliged  to  consider  it 
piecemeal,  dividing  it  up  into  some  kind  of  elements,  taking  account 
of  these,   and   reconstructing  the  object  mentally  by  a  process  of 
synthesis.     This  inability  to  grasp  a  scheme  of  relations  at  once  as  a 
"whole,  involved  as  it  is  in  our  essentially  discursive  modes  of  appre- 
hension, leads  to  the  necessity  of  dividing  up  a  geometrical  figure,  or 
a  portion  of  time,  into  parts  regarded  as  elements  of  the  whole,  deal- 
ing separately  with  these,  and  ^f  obtaining  final  judgments  as  to  the 
integral  properties  of  the  figure  or  the  motion,  by  means  of  a  process 
of  summation.     This  necessity  of  mathematical  method  led  directly 
to  a  discussion  of  the  nature  of  the  elements  of  which  magnitudes 
were  to  be  regarded  as  made  up  :    Could,  for  example,  the  sti-aight  line 
be  legitimately  regarded  as  made  up  of  points  ?    If  so,  of  how  many  ? 
Ought   it  not  rather  to  be  i^egarded  as  made  up  of    infinitesimal 
elements,   each   of   which  possess  all    the    properties  of   the    finite 
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length  ?  Ought  sach  elements  to  be  regarded  as  fixed  or  as  essentially 
in  a  state  of  flux  ?  Such  were  the  questions  which  inevitably  pre- 
sented themselves  as  soon  as  men  began  to  investigate  geometrically 
or  analytically  the  pix)pei*ties  of  curves  and  surfaces,  to  determine 
areas  and  volumes. 

Again,  in  order  to  deal  with  a  geometrical  figui-e,  not  only  had  the 
figui-e  to  be  divided  up  into  elements,  but  qualitative  changes  in  the 
ligui'e  liad  to  be  inti-oduced :  for  example,  a  curve  withont  comers 
had  to  be  replaced  by  a  rectilineal  polygon  with  comers,  if  its  length 
was  to  be  found.  Here  we  have  the  origin  of  the  method  of  limits^  in 
its  geometrical  and  its  arithmetical  forms,  and  here  we  come  across 
the  centnil  difficulty  of  the  mode  in  which  a  limit  was  regarded  as 
being  actually  attained.  A  limit,  which  appeared  only  as  the  un- 
attainable end  of  a  process  of  indefinite  regi-ession,  and  to  which 
unending  appix)ach  was  made,  had,  by  some  process  inaccessible  to 
the  sensuous  imagination,  to  be  regarded  as  actually  reached ;  the 
chasm  which  separated  the  limit  fi'om  the  approaching  magnitudes 
had  in  some  mysterious  way  to  be  leapt  over ;  the  attainment  of  a 
numerical  limit,  and  an  aotual  qualitative  change  in  a  geometrical 
figure  were  to  be  regarded  as  somehow  taking  place  simultaneously 
as  the  result  of  a  process  which  contained  no  principle  of  termination 
within  itself. 

The  germ  of  the  methods  of  the  infinitesimal  calculus  appears  in 
a  geometrical  form  in  the  metliod  of  exhaustions,  employed  by  the 
Greek  geometei-s.  It  was  by  this  method  that  Ai*chiniedes  showed 
that  the  ai-ea  of  the  surface  of  a  sphei-e  is  four  times  that  of  a  gi*eat 
cirele,  by  which  he  expressed  the  area  of  the  surface  of  a  right  cone, 
and  solved  other  preblems  of  a  similar  nature.  We  have  an  example 
of  this  method. in  the  pi-oof  in  Euclid  XII.  2,  that  the  circumferences 
of  circles  are  as  their  diameters  ;  in  this  case  the  quantity  to  be  de- 
termined is  trapped  in  between  two  sets  of  polygons,  the  one  circum- 
scribed to,  and  the  other  inscribed  in,  the  circle  ;  as  the  number  of 
sides  of  the  polygons  is  increased  the  space  between  the  two  sets  of 
polygons  is  e.xliausted  ;  the  pi-oof  that  the  recjuired  result  is  obtained 
is  then  carried  out  by  the  method  of  reductio  (id  ah&urdnm.  This 
method  would,  in  the  cases  in  which  it  can  be  carried  out,  leave 
nothiuf^:  to  be  desiied  as  regards  rigoui*,  provided  the  existence  of  the 
limit  is  a  priori  admitted. 

It  will  be  observed  that  the  Greeks  did  not  deem  it  necessary  to 

define  the  length  of  a  circle,  or  other  curve;  that  eveiy  cui've  has  a 

lengthy  and  every  sarface  nu  area,  was  taken  by  them  to  be  a  truth 
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obTions  from  intuition.    Naturally  they  were  not  led  by  intuition  to 
contemplate  the  eJtistence  of  not-i^ectifiable  cui'ves. 

In  the  method  of  indivisibles  employed  by  Cavallieri,  Pascal, 
Roberval,  and  others,  straight  lines  are  regarded  as  made  up  of  an 
infinite  number  of  points,  surfaces  as  made  up  of  lines,  and  volumes 
of  surfaces.  This  method  was  applied  with  eonsidei'able  success 
before  the  introduction  by  Ne>vton  and  Leibniz,  of  the  methods  of  the 
Infinitesimal  Calcalus,  bat  it  appears  to  have  been  regarded,  by  some 
at  least  of  those  who  employed  it,  in  the  light  of  a  shortened  mode  of 
procedure  in  which  the  method  of  exhaustions  is  used  with  an 
abbreviated  fonn  of  language,  rather  than  as  a  method,  the  principles 
of  which,  when  taken  literally,  were  to  be  regarded  as  rigorous. 
Thus  Pascal  writes :  "  J'ai  voalu  faire  cet  avertissement,  pour  montrer 
que  tout  ce  qui  est  demontre  par  les  veritables  regies  des  indivisibles, 
se  demontrera  aussi  a  la  rigueur  et  a  la  maniere  des  anciens ;  et 
qu'ainsi  Tune  de  ces  methodes  ne  difPere  de  Tautre  qu'en  la  maniere 
de  parler ;  ce  qui  ne  pent  blesser  les  personnes  raisonnables  quand  on 
lea  a  une  fois  averties  de  ce  qu'on  entend  par  la." 

The  infinitesimal  calcalus,  in  the  fonn  which  was  devised  by 
Leibniz,  has  usually  been  regarded  as  the  art  of  employing  in- 
finitesimal quantities  as  auxiliaries  for  the  purpose  of  finding  the 
relations  between  certain  quantities  of  which  the  existence  is  assumed. 
In  order  to  find  the  relations  between  certain  quantities,  some  of 
-which  are  constant,  others  variable,  the  system  is  imagined  as  having 
arrived  at  a  determinate  state  regarded  as  fixed  ;  this  state  is  then 
compared  with  other  states  of  the  same  system,  which  are  regarded 
a£  continually  approaching  the  fii-st  state,  so  as  to  differ  arbitrarily 
little  from  it.  These  other  states  of  the  system  are  regai-ded  only  as 
auxiliary  systems  introduced  to  facilitate  the  comparison  between 
the  parts  of  the  fixed  one.  The  differences  of  con-esponding  quantities 
in  all  these  systems  can  be  regarded  a«  arbiti-arily  small,  without 
changing  the  quantities  which  define  the  fixed  state,  and  the  relations 
between  which  are  to  be  found  ;  these  differences  are  the  infinitesimals, 
and  unity  divided  by  one  of  these  infinitesimals  was  i-egai-ded  as 
giving  rise  to  an  infinite  quantity.  The  question  as  to  the  true  nature 
of  these  infinitesimals  gave  rise  to  almost  endless  discussions ;  the 
views  which  have  been  maintained  with  regard  to  them  fall  under 
three  main  heads.  By  some,  the  infinitesimals  have  been  regarded 
as  fixed  objects,  having  a  real  existence  and  in  a  state  of  rest  outside 
the  ordinary  realm  of  magnitude,  two  finite  magnitudes  which  differ 
by  an  infinitesimal  being  regarded  as  equal  to  owe  auotVi^Y.     ^%^vacstkjJw 
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view  as  i-egards  infinitesimals  is  that  they  are  ordinary  magnitudes 
essentially  in  a  state  of  motion  towards  zero.  This  conception  of 
magnitudes  continually  in  a  state  of  flux  has  been  sarcastically 
described  by  P.  Du  Bois  Reymond  as  follows : — "  As  long  as  the  book 
is  closed  there  is  perfect  i*epose,  but  as  soon  as  I  open  it  there  com- 
mences a  race  of  all  the  magnitudes  which  are  provided  with  the 
letter  d  towards  the  zero  limit."  The  third  view  as  to  the  nature  of 
the  infinitesimals  is  that  they  are  simply  ordinary  magnitudes 
too  small  to  be  perceived  by  the  senses,  and  possessing  thus  only  a 
relative  smallness.  This  view  is  that  of  those  mathematicians  who 
regard  a  geometrical  point  as  simply  an  object  whose  size  is  too 
small  to  be  perceived  by  the  means  at  our  command ;  a  line  as  a 
volume  of  which  two  of  the  dimensions  are  insensible;  and  so  on. 
The  empiricists  of  this  school  i^efuse  to  idealize  objects  of  perception 
which  form  the  subject  of  calculations,  by  bringing  them  under  exact 
abstract  definitions  ;  the  calculus  thus  regarded  is  an  approximative 
system  in  which  the  i*esults  make  no  claim  to  absolute  exactness, 
but  only  to  fi^eedom  from  errora  which  are  observable.  Apart  alto- 
gether from  the  difficulties  as  to  the  true  nature  of  the  differentials, 
it  will  be  observed  that  in  the  Liebnizian  calculus  the  existence  of 
the  magnitudes  between  which  the  relations  are  in  any  special 
problem  to  be  found  is  regarded  as  a  priori  known,  or,  in  other 
words,  no  doubt  is  admitted  as  to  the  existence  of  the  limit ;  this  it 
has  in  common  with  the  Gi-eek  method  of  exhaustions,  of  which  it  is 
essentially  a  translation  into  a  more  analytical  and  convenient  form. 

In  the  method  of  limits  devised  by  Newton,  and  employed  in  a 
different  form  by  later  writers,  infinitesimals  are  not  employed  singly, 
but  the  i-atio  of  two  quantities  at  the  moment  when  they  vanish  is 
contemplated,  and  fonns  what  was  later  known  as  the  differential 
coefficient.  These  ''  ghosts  of  depaited  quantities,"  as  Bishop 
Berkeley  derisively  designated  them,  whose  ratio  at  the  moment  of 
their  disappearance  is  the  quantity  dealt  with,  present  very  much  the 
same  kind  of  difficulty  as  in  the  Leibnizian  form  of  the  calculus. 
No  criterion  was  obtained  for  the  determinacy  of  such  an  ultimate 
lutio,  whose  existence  was  regai-ded  as  obvious  fix>m  intuition. 

In  that  form  of  the  Newtonian  calculus  known  as  the  method  of 
fluxions,  the  appeal  to  intuition  was  made  more  cogent  by  repre- 
senting the  vanishing  ratio  in  the  form  of  a  velocity ;  that  a  moving 
point  has  at  ever}'  instant  necessarily  a  definite  velocity  was  ap- 
parently hardly  doubted  until  conipai-atively  recently.  We  now  know 
that  such  a  velocity  has  no  such  unconditional  existence  as  was 
supposed. 
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Speaking  of  the  method  of  vanishing  ratios,  Lagrange  writes 
^'Cette  m^thode  ale  grand  inconvenient  de  considererles  quantites^dans 
Tetat  ou  elles  cessent,  pour  ainsi  dire,  d'etre  quantites ;  car  quoiqu'on 
oon^oive  toujours  bien  le  rapport  de  deux  quantites,  tant  qn'elles 
demeurent  finies,  ce  rapport  n'offre  plus  k  I'esprit  une  id^e  claire  et 
precise,  aussitdt  que  ces  termes  deviennent  Tun  et  Tautre  nuls  k  la 
fois."  This  clear  perception  on  the  part  of  Lagrange  of  the  diflBculty 
at  the  root  of  the  method  of  limits  or  of  differential  coefficients,  was 
doubtless  a  determining  factor  in  deciding  him  to  embark  upon  his 
great  attempt  to  place  the  calculus  upon  a  basis  independent  of  the 
idea  of  infinitesimals  or  of  their  ratios.  The  title  of  his  great  work, 
"  Theorie  des  fonctions  analjtiques,  contenant  les  principes  du  calcul 
differentiel,  degages  de  toute  consideration  d'infiniment  petits, 
d'evanouissans,  de  limites  et  de  fluxions,  et  r6duits  k  Tanalyse 
alg6brique  des  quantites  finies,"  contains  the  most  concise  statement 
of  his  aim.  Although  his  attempt  was  in  principle  a  failure,  his  idea 
of  making  Taylor's  series  the  cardinal  form  by  which  functions  are  to 
be  represented  must  be  regarded  as  containing  the  germ  of  the  theory 
of  analytical  functions  which  was  developed  with  so  much  success  at 
a  later  period. 

In  the  various  forms  of  the  infinitesimal  calculus  to  which  I  have 
referred,  a  crucial  difficulty  is  that  of  the  existence  of  the  limit.  That 
this  difficulty  is  no  merely  imaginary  one,  but  indicates  a  real  gap 
in  the  logical  basis  of  the  systems,  receives  an  a  posteriori  confirmation 
from  the  discoveries  made  in  the  latter  half  of  the  nineteenth  century, 
that  special  restrictions  in  the  nature  of  the  functions  employed  are 
necessary  for  the  validity  of  the  ordinary  processes  of  the  calculus. 
The  exhibition  by  Weiers trass  and  others,  of  continuous  non- 
differentiable  functions,  the  resulting  investigations  of  the  restrictive 
conditions  over  and  above  that  of  continuity  which  are  necessary  for 
the  existence  of  a  differential  coefficient,  Riemann's  investigation  of 
the  conditions  of  integrability  of  a  function,  the  various  theorems  dis- 
covered as  to  the  conditions  of  the  reversibility  of  the  order  of  double 
limits,  all  indicate  that  the  existence  of  a  limit  cannot  be  presumed 
apart  from  all  restrictive  conditions.  The  failure  of  the  older 
analysis  to  exhibit  the  existence  and  nature  of  such  restrictive  con- 
ditions is  a  clear  proof  of  defectiveness  in  the  logical  basis  of  that 
analysis.  That  the  earlier  mathematicians  were  usually  able  to 
obtain  correct  results  by  means  of  their  methods,  is  due  to  the  fact  that 
the  functions  with  which  they  operated  were  of  a  comparatively 
simple  character ;   in  point  of  fact,  almost  all  the  functions  which  are 
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required  for  the  investigation  of  the  problems  arising  from  ordinary 
intuition  satisfy  the  restrictive  conditions  first  brought  to  light  in  our 
day. 

I  now  come  to  consider  the  changes  which  have  been  brought  about 
in  the  point  of  view  of  mathematicians  with  respect  to  the  matters  I 
have  discussed,  as  the  result  of  the  critical  efforts  of  recent  times. 
In  the  first  place,  the  notion  of  number,  integral  or  fractional,  has 
been  placed  upon  a  basis  entirely  independent  of  measurable  magni- 
tude, and  pure  analysis  is  regarded  as  a  scheme  which  deals  with 
number  only,  and  has,  per  se,  no  concern  with  measurable  quantity. 
Analysis  thus  placed  upon  an  aiithmetical  basis  is  characterized  by 
the  rejection  of  all  appeals  to  our  special  intuitions  of  space,  time, 
and  motion,*  in  support  of  the  possibility  of  its  operations.  It  is  a 
very  significant  fact  that  the  operation  of  counting,  in  connexion 
with  which  numbers,  integitil  and  fractional,  have  their  origin,  is 
the  one,  and  only  absolutely  exact,  operation  of  a  mathematical 
character  which  we  are  able  to  undertake  upon  the  objects  which  we 
perceive ;  this  is  due  to  the  fact  that  the  operation  is  of  a  highly 
absti*act  character,  since  in  counting  objects,  all  special  qualitative 
or  quantitative  peculiarities  of  the  objects  counted  a^e  treated  as 
irrelevant.  On  the  other  hand,  all  opei*ations  of  the  nature  of 
measurement  which  we  can  perform  in  connexion  with  the  objects 
of  perception  contain  an  esssential  element  of  inexactness,  corre- 
sponding to  the  approximative  character  of  our  sensuous  intuition. 
The  theory  of  exact  measurement  in  the  domain  of  the  ideal  objects 
of  abstract  geometry'  is  not  immediately  derivable  from  in- 
tuition, but  is  now  usually  regarded  as  requiring  for  its  develop- 
ment a  previous  independent  investigation  of  the  nature  and 
relations  of  number.  The  relations  of  number  having  been  de- 
veloped on  an  independent  basis,  the  scheme  is  applied  by  the  help 
of  the  principle  of  congruency,  or  other  equivalent  principle,  to  the 
representation  of  extensive  or  intensive  magnitude.  In  any  such 
theory  of  measurement  the  non-arithmetical  conception  of  a  unit 
is  involved.  Those  departments  of  science,  including  geometry,  in 
which  abstract  measurement  is  applied  are  thus  regarded  as  fields 
of  application  for  analysis ;  but  they  do  not  dii^ectly  contribute 
towards  the  development  of  pure  analysis,  although  they  may,  no 
doubt,  suggest  to  it  problems  for  treatment  in  accordance  with  it« 


♦  It  La  not  intended  hero  to  prejudge  the  questions  as  to  the  part  which  intuition 
jnsj"  have  in  the  formatioD.  of  the  concepts  of  number. 
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own  principles.  This  complete  separation  of  the  notion  of  number, 
especially  fractional  number,  from  that  of  magnitude,  involves,  no 
doubt,  a  reversal  of  the  histoiical  and  psychological  orders.  It  is, 
however,  no  uncommon  occurrence  that  the  logical  order  of  a  subject 
should  be  very  different  from  the  historical  oi*der  in  which  the  con- 
cepts of  the  subject  have  ansen.  Is  it  not  an  essential  part  of  our 
scientific  procedure  that,  in  our  conceptual  schemes,  factors  are 
separated  from  one  another,  which  intuitionally  appeared  in  com- 
bination ? 

The  so-called  arithmetization  of  analysis  is,  and  has  been, 
accepted  in  somewhat  various  degrees  by  different  mathematicians. 
The  extreme  arithmetizing  school,  of  which,  perhaps,  Kronecker 
was  the  founder,  ascribes  reality,  whatever  that  may  mean, 
to  integral  numbers  only,  and  regai'ds  fi^actional  numbers  as 
possessing  only  a  derivative  character,  and  as  being  introduced 
only  for  convenience  of  notation.  The  ideal  of  this  school  is  that 
every  theorem  of  analysis  should  be  interpretable  as  giving  a  re- 
lation between  integral  numbers  only.  The  validity  and  feasibility 
of  this  ideal  I  cannot  here  discuss.  Some  mathematicians,  on  the 
other  hand,  like  P.  Du  Bois  Reymond,  while  using  to  a  large  extent 
the  ideas  and  methods  of  arithmetical  analysis,  appear  still  to  re- 
gard the  notion  of  continuous  magnitude  as  a  necessary  part  of  the 
foundations  of  the  subject. 

The  tme  ground  of  the  difficulties  of  the  older  analysis  as 
regards  the  existence  of  limits,  and  in  relation  to  the  applica- 
tion to  measurable  quantity,  lies  in  its  inadequate  conception 
of  the  domain  of  number,  in  accordance  with  which  the  only 
numbers  really  defined  were  rational  numbers.  This  inadequacy 
has  now  been  removed  by  means  of  a  purely  aiithmetical  definition 
of  irrational  numbers,  by  means  of  which  the  continuum  of  real 
numbera  has  been  set  up  as  the  domain  of  the  independent  variable 
in  ordinary  analysis.  This  definition  has  been  given  in  the  main 
in  three  forms — one  by  Heine  and  Cantor,  the  second  by  Dedekind, 
and  the  third  by  Weiers trass.  Of  these  the  first  two  ai^e  the  simplest 
for  working  purposes,  and  are  essentially  equivalent  to  one  another  ; 
the  difference  between  them  is  that,  whilst  Dedekind  defines  an 
irrational  number  by  means  of  a  section  of  all  the  rational  numbers, 
in  the  Heine-Cantor  form  of  definition  a  selected  convergent  aggreg- 
ate of  such  numbers  is  employed.  The  essential  change  introduced 
by  this  definition  of  irrational  numbers  is  that,  for  the  scheme 
of  rational   numbers,  a  new   scheme  of  numbers  is  substituted.^  in 
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which  each  number,  rational  or  irrational,  is  defined  and  can  be 
exhibited  in  an  indefinitely  great  number  of  ways,  by  means  of  a 
convergent  aggregate  of  rational  numbers.  In  this  continuum  of 
real  numbers  the  notion  of  number  is,  as  it  were,  raised  to  a 
different  plane.  By  this  conception  of  the  domain  of  number  the 
root  difficulty  of  the  older  analysis  as  to  the  existence  of  a  limit  is 
turned,  each  number  of  the  continuum  being  really  defined  in  such 
a  way  that  it  itself  exhibits  the  limit  of  certain  classes  of  con- 
vergent sequences.  It  would,  of  course,  be  futile  to  define  a 
number  by  means  of  a  convergent  aggregate,  were  it  not  shown — as 
has  been,  in  fact,  done — that  the  ordinary  operations  of  arithmetic 
can  be  defined  for  such  numbers  in  such  a  way  as  to  be  in  agree- 
ment with  the  ordinary  scheme  of  operations  for  the  rational 
numbers  taken  on  the  lower  plane.  It  should  be  observed  that  the 
criterion  for  the  convergence  of  an  aggregate  is  of  such  a  character 
that  no  use  is  made  in  it  of  infinitesimals,  definite  finite  numbers 
alone  being  used  in  the  tests.  The  old  attempts  to  prove  the 
existence  of  limits  of  convergent  aggregates  were,  in  default  of  a 
previous  arithmetical  definition  of  irrational  number,  doomed  to 
inevitable  failure.  It  could  not,  for  example,  in  general  be  shown 
that  an  unending  decimal  formed  according  to  prescribed  rules 
possessed  a  limit,  since  it  was  clearly  impossible  to  infer  from  the 
existence  and  properties  of  a  set  of  rational  numbers,  the  existence 
of  a  number  which  itself  is  in  general  not  rational,  and  was  there- 
fore undefined  within  the  domain  of  operation.  A  considerable  part 
of  the  newer  analysis  consists  of  putting  the  criterion  for  the  con- 
vergence of  an  aggregate  into  various  forms  suitable  for  application 
in  various  classes  of  cases.  The  convergence  of  an  aggregate  having 
in  any  given  case  been  established  by  the  application  of  one  or 
other  of  such  derivative  rales,  the  aggregate  itself  defines  the  limit. 
In  all  such  proofs  the  only  statements  made  are  as  to  relations  of 
finite  numbers,  no  such  entities  as  infinitesimals  being  recognized 
or  employed.  Such  is  the  essence  of  the  e  proofs  with  which  we 
are  familiar.  In  such  applications  of  analysis — as,  for  example,  the 
rectification  of  a  cui've — the  length  of  the  curve  is  defined  by  the 
aggregate  formed  by  the  lengths  of  a  proper  sequence  of  inscribed 
polygons.  The  length  is  not  regarded  as  something  whose  existence 
is  a  priori  known.  In  case  the  aggregate  is  not  convergent,  the  curve 
is  regarded  as  not  reotifiable.  If  it  can  be  shown  that  the  lengths  of 
fhese  inscribed  polygons  form  a  convergent  aggregate  which  is  in- 
dependentof  ^/le  pai'ticular  choice  oi  tV\e  i[vo\ygow^  of  the  sequence, 
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the  curve  is  rectifiable,  its  length  being  defined  by  the  number  given 
by  the  aggregate. 

The  older  analysts  regarded  the  domain  of  the  real  variable,  or  of 
a  set  of  real  variables,  as  the  continuum  given  by  our  intuition  of 
space,  time,  and  motion  ;  this  continuum  was  usually  accepted  un- 
critically as  a  notion  completely  given  by  intuition  and  hardly 
capable  of  further  analysis  ;  however,  those  points  of  the  continuum 
which  could  be  represented  by  number  (rational  number)  formed 
only  a  discrete  aggregate,  and  thus  the  variable  had  to  pass  through 
values  which  were  not  definable  as  numbers.  This  intuitive  notion 
of  the  continuum  appears  to  have  as  its  content  the  notion  of 
unlimited  divisibility,  the  facts  that,  for  instance,  in  the  linear  con- 
tinuum we  can  within  any  interval  PQ  find  a  smaller  one  P'Q', 
that  this  process  may  be  continued  as  far  as  the  limits  of  our  percep- 
tion allow,  and  that  we  are  unable  to  conceive  that  even  beyond  the 
limits  of  our  perception  the  process  of  di^^sibility  in  thought  can 
come  to  an  end.  However,  the  modem  discussions  as  to  the  nature 
of  the  arithmetic  continuum  have  made  it  clear  that  this  property 
of  unlimited  divisibility,  or  connexity,  is  only  one  of  the  distinguish- 
ing characteristics  of  the  continuum,  and  is  insufficient  to  mark  it  off 
from  other  domains  which  have  the  like  property.  The  aggregate  of 
rational  numbers,  or  of  points  on  a  straight  line  corresponding  to  such 
numbers,  possesses  this  property  of  connexity  in  common  with  the 
continuum,  and  yet  is  not  continuous ;  between  any  two  rational 
numbers  another  pair  can  be  found,  and  this  process  may  be  con- 
tinued until  we  obtain  an  arbitrarily  small  interv'al.  The  other 
property  of  an  aggregate  which  is  characteristic  of  a  continuum,  is 
that  of  being,  in  the  technical  language  of  the  theory  of  aggregates 
(Mengenlehre)  perfect :  the  meaning  of  this  is  that  all  the  limits  of 
convergent  sequences  of  numbers  or  points  belonging  to  the  aggi'egate 
themselves  belong  to  the  aggregate ;  and,  conversely,  that  every 
number  or  point  of  the  aggregate  can  be  exhibited  as  the  limit  of 
such  a  sequence.  The  aggregate  of  rational  numbers  does  not  possess 
this  property  of  being  perfect,  since  the  limit  of  a  sequence  of  such 
numbers  does  not  necessarily  belong  to  the  aggregate.  That  the 
ajygregate  of  rational  numbers  is  not  perfect,  or  even  closed,  is  the 
root  defect  of  that  aggregate,  which  led  to  the  difficulty  as  regards 
the  existence  of  limits,  in  the  older  analysis.  The  two  properties 
of  connexity  and  of  perfection  are  i*egarded  as  the  necessary  and 
sufficient  characteristics  of  a  continuum  ;  it  is  i-emarkable  that  in 
analysis  the  latter  pix)perty  of  a  continuum,  whiclvweA  \\o\i  \ytw3L^\> 
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to  light  by  those  who  took  the  intuitive  continuum  as  a  sufficient 
basis,  is  in  some  respects  the  more  absolutely  essential  property  for 
the  domain  of  a  function  which  is  to  be  submitted  to  the  operations 
of  the  calculus.  It  has  in  fact  been  shown  that  many  of  the 
properties  of  functions,  such  as  continuity,  differentiability,  are 
capable  of  precise  definition  when  the  domain  of  the  variable  is  not 
a  continuum,  provided,  however,  that  domain  is  perfect ;  this  has 
appeared  clearly  in  the  course  of  recent  investigations  of  the  properties 
of  non-dense  perfect  aggregates,  and  of  functions  of  a  variable  whose 
domain  is  such  an  aggregate. 

The  arithmetical  continuum  having  been  defined  and  explored,  it 
is  then  postulated  that  on  a  straight  line  there  exists  one  point,  and 
one  only,  corresponding  to  eacli  number  of  the  arithmetical  con- 
tinuum, and  that  no  other  points  exist  on  the  straight  line ;  this 
fixing  of  the  point  contents  of  a  straight  line  amounts  to  an  exclusion 
of  the  contemplation  of  fixed  infinitesimal  lengths.  Similarly,  it  is 
postulated  that  in  three-dimensional  space  there  exists  one  point, 
and  one  only,  corresponding  to  each  specification  of  three  coordinates 
of  the  point  by  means  of  numbers,  and  that  the  points  whose  exist- 
ence is  thus  postulated  exhaust  the  space.  The  anthmetizing  school 
thus  regard  the  nature  of  the  geometrical  continuum  as  being  cleared 
up  and  described  by  means  of  the  previously  defined  arithmetical 
continuum ;  this  is,  of  course,  a  reveraal  of  the  traditional  view. 

The  view  I  have  sketched  of  the  philosophy  of  the  continuum 
does  not  meet  with  the  universal  acceptance  of  mathematicians,  as  an 
adequate  scheme,  at  the  pi'eseiit  time.  As  an  example  of  a  rival 
scheme  I  may  briefly  touch  upon  the  one  propounded  by  Veronese. 
He  develops  the  notion  of  the  abstract  linear  continuum  from  the 
intuitive  side,  and  traces  the  consequence  of  supposing  that  on  a 
sti'aight  line  two  intervals  PQ,  P'Q  can  co-exist  such  that  the 
smaller  P'Q'  is  so  small  compared  with  PQ  that  no  integer  n  can  be 
found  which  will  make  n.P'Q'  exceed  PQ,  thus  rejecting  what  is 
known  as  the  axiom  of  Archimedes.  This  amounts  to  the  affirmation 
of  the  existence  of  fixed  infinitesimal  lengths,  and  of  fixed  infinite 
lengths,  on  the  straight  line.  In  this  scheme,  when  a  unit  length  is 
chosen  on  the  straight  line,  Dedekind's  section  of  rational  points  is 
made,  not  by  a  single  point,  as  in  the  Cantor-Dedekind  scheme,  but 
by  an  infinitesimal  length,  that  is,  by  a  length  which  is  infinitesimal 
relative  to  the  scale  of  measurement  chosen.  Veronese  contemplates 
the  existence  of  an  indefinite  series  of  scales  in  the  linear  continuum, 
such  that  each  unit  is  infinite  compared  with  one  belonging   to  a 
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lower  scale,  and  is  infinitesimal  compared  with  a  unit  belon^^ring  to  a 
higher  scale ;  he  then  proceeds  to  introduce  a  scheme  of  infinite  and 
infinitesimal  nambers  which  will  snflBce  for  the  complete  representa- 
tion of  points  of  the  straight  line.  On  this  view,  the  Dedekind- 
Cantor  continuum,  when  represented  on  the  straight  line,  is  only  a 
relative  continuum,  that  is,  relative  to  the  particular  scale  employed 
in  the  representation ;  the  absolute  continuum  would  require  for  its 
representation  an  indefinite  series  of  infinite  and  infinitesimal 
numbers.  As  to  the  validity  of  Veronese's  scheme,  that  is,  as  to  its 
consistency  with  a  logical  theory  of  magnitude,  I  do  not  propose  to 
express  any  opinion ;  the  matter  has  been  a  subject  of  considerable 
controversy.  Assuming,  however,  its  validity  as  a  possible  scheme, 
it  does  not  affect  the  validity  of  the  Cantor-Dedekind  scheme ;  the 
compai*ative  simplicity  of  the  latter  would  indicate  it  as  the  nafcuitil 
basis  for  analysis,  and  for  the  applications  to  the  measurement  of 
magnitude.  One  of  the  most  interesting  results  on  the  speculative 
side  of  abstract  science,  which  has  been  obtained  in  the  nineteenth 
century,  is  that  it  is  possible  to  set  up  two  or  more  conceptual 
systems,  each  self-consistent,  but  contradictory  with  one  another, 
each  of  which  provides  a  suflicient  representation  of  the  facts  of  per- 
ception ;  the  most  striking  example  of  this  has  been  in  geometry, 
where  it  has  been  shown  that,  under  a  certain  limitation,  Euclidean, 
hyperbolic,  and  elliptic  geometry  may  each  afford  a  sufficient  repre- 
sentation of  the  properties  of  figures  in  perceptual  space.  We  are 
entitled  to  postulate  the  existence  of  whatever  points  we  choose  upon 
that  ideal  object,  the  line  of  geometry,  provided  our  scheme  does  not 
contradict  itself,  and,  further,  provided  the  ideal  object  thus  con- 
stituted affords  an  adequate  i*epresentation  of  the  concrete  lines  which 
we  perceive  in  the  external  world.  Between  two  such  schemes  in- 
tuition can  make  no  choice,  and  in  abstract  science  we  make  that 
choice  between  them  which  is  dictated  by  considerations  of  simplicity 
and  of  suitability  for  the  special  purpose  on  hand. 

The  question  as  to  the  legitimacy  of  the  use  of  infinite  numbers, 
that  is,  not  merely  of  the  use  of  a  variable  which  is  regarded  as  be- 
coming indefinitely  great,  but  of  numbers  which  are  actually  infinite 
and  to  be  regarded  as  capable  of  entering  into  relations,  is  a  matter 
which  has  been  discussed  by  philosophical  thinkers  from  the  time  of 
Aristotle  onwards.  The  balance  of  opinion  seems  to  have  been 
decidedly  against  the  validity  of  the  conception  of  such  numbers  ;  in 
support  of  this  negative  view,  Ai'istotle  himself,  Locke,  Descartes, 
Spinoza,  and  Leibniz  may  be  quoted.     The  grounds  of  the  objection 
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to  the  introduction  of  such  numbers  may  in  the  main  be  reduced  to 
three  heads.  First,  it  is  said  that  a  number  is,  by  its  very  nature, 
finite:  this  is  supported  by  the  plea  that  all  actual  operations  of 
counting  and  measuring  are  performed  upon  finite  aggregates  or 
finite  magnitudes ;  to  refute  this  view,  it  may  be  urged  that  the  in- 
troduction of  infinite  numbers,  if  it  can  be  made  at  all,  will  justify 
itself  by  a  proof  of  tlie  capability  of  such  numbers  for  the  representa- 
tion and  characterization  of  non-finite  aggregates ;  in  fact,  it  may 
be  held  that  the  objection  contains  a  pet  if  to  pnnripit.  Secondly,  it 
has  been  widely  held  that  a  scheme  of  infinite  numbers  I'epresents  an 
endeavour  to  make  distinctions  and  determinations  within  the  infinite  ; 
whereas  the  true  infinite  admits  of  no  determination.  If  the  infinite 
be  identified  with  the  all-embracing  absolute  of  idealistic  philosophy, 
it  will  probably  be  admitted  that  such  an  absolute  admits  of  no  dis- 
tinctions, for  "  omnis  determinatio  est  negatio" ;  however,  the  question 
arises  whether  a  domain  may  not  exist  which,  though  not  finite,  is 
still  not  to  be  regarded  as  engulfed  in  the  absolute,  and  which  there- 
fore may  still  in  some  measure  admit  of  definition  and  determination, 
and  which  may  require  a  special  non-finite  system  of  number  for  the 
specification  of  its  characteristics ;  such  an  intermediate  domain  has 
been  named  by  Cantor  the  "  transfinite ''  or  "  superfinite."  Thirdly, 
it  has  been  urged  that  finite  numbers  would  be  unable  to  maintain 
themselves  as  against  infinite  ones ;  that  the  finite  and  its  relations 
would  be  absorbed  in  the  infinite,  and  could  enter  into  no  relations 
with  it :  the  value  of  this  objection  can  be  estimated  a  posteriori  only, 
if  and  when  a  system  of  infinite  or  transfinite  numbers  has  been 
actually  defined  and  the  nature  of  its  connexion  with  the  finite 
brought  to  light.  That  mathematicians  still  shrink  from  leaving 
what  they  regard  as  the  firm  ground  of  the  finite  based  upon  ex- 
perience is  illustrated  by  a  remaik  in  an  introductoiy  passage  in 
Tannery's  work  :  Introduction  a  la  Th/'orie  des  Fonctions  d*une  Variable 
reelle.  He  writes,  "  On  pent  constituer  entierement  Tanalyse  avec  la 
notion  de  nombre  entier  et  les  notions  relatives  k  Taddition  des 
nombres  entiers  ;  il  est  inutile  de  faire  appel  k  aucun  autre  postulat,  ^ 
aucune  autre  donnee  de  Texperience,  la  notion  de  Tinfini  dont  il  ne 
faut  pas  faire  raystere  en  mathematique  se  reduit  a  ceci,  apres  chaque 
nombre  entier  il  y'a  un  autre."  However  sufficient  the  restriction 
to  the  merely  indefinitely  great,  here  indicated,  may  be  for  the  more 
ordinary  purposes  of  analysis,  provided,  however,  that  an  explora- 
ti(m  of  the  proi)ei'ties  of  the  continuum  of  real  numbei^  is  not  carried 
too  far,  1  hope  to  be  able  to  show,  as  clearly  as  possible  in  the  brief 
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space  at  my  disposal,  that  the  introduction  by  Cantor  of  systems  of 
transfinite  numbers  is  justified  by  the  primary  necessities  of  our 
analytical  system;  it  may  be  justified  in  point  of  utility  by  the 
numerous  applications  which  are  being  made,  both  in  analysis  and  in 
geometry,  of  the  conceptions  and  results  of  the  theory  of  aggregates, 
to  express  the  characteristics  of  which  these  transfinite  numbers  are 
required.  No  mathematician  will  wish  to  make  a  mystery  of  the 
infinite  in  analysis ;  mathematics  has  nothing  to  do  with  mysteries 
except  to  endeavour  to  remove  them.  It  is  to  be  remarked  that  the 
introduction  into  analysis  of  the  transfinite  numbers  was  historically 
by  no  means  the  result  of  a  purely  speculative  tendency  to  explore  the 
unknown  and  mysterious,  and  certainly  did  not  arise  from  any  taste 
on  the  part  of  their  inventor  for  "  tricks  to  show  the  stretch  of  human 
brain  " ;  their  introduction  arose  principally  out  of  the  necessities 
of  investigations  connected  with  the  peculiarities  of  Fourier's  series 
and  of  the  functions  representable  by  such  series.  Cantor  writes : — 
"  Zu  dem  Gedanken,  das  Unendlichgrosse  nicht  bloss  in  der  Form 
des  unbegrenzt  Wachsenden  und  in  der  hiermit  eng  zusammmen- 
hangeuden  Foi-ni  der  ini  siebenzehnteu  Yahrhundert  zuerst  einge- 
fiihrten  convergenten  uneudlicheu  Reihen  zu  beti-achteu,  soudem  es 
auch  in  der  bestimmten  Form  des  Vollendetunendlichen  niathematisch 
durch  Zahlen  zu  fixiren,  bin  ich  fast  wider  meinen  Willen,  weil  im 
Gregensatz  zu  mir  werthgewordenen  Ti'aditionen,  durch  den  Verlauf 
vieljahriger  wissenschafticher  Bemiihungen  und  Versuche  logisch 
gezwungen  worden." 

The  first  real  breach  in  the  infinite — one  which  established  a  true 
line  of  cleavage — wsis  made  when  Cantor  sliowed  that  the  aggi-egate  of 
i"ational  nuuiberb  i«  enumerable,  wlierea^  the  aggi^egate  ol  real  numbeiii, 
rational  and  irrational,  i.s  uneiiumerable.  This  denotes  that  a  (I,  I) 
correspondence  can  be  t'fc.tablished  between  the  rational  numbers  in 
any  given  interval,  and  the  aggi'egate  of  positive  integers,  whereas  no 
such  coiTespondence  can  be  established  between  the  numbers  of  a 
continuum  and  the  aggregate  of  integi-al  numbei*8.  Thus  the  rational 
numbers  can  be  counted  and  the  irrational  numbers  cannot  be  counted. 
All  the  rational  numbers  in  any  interval  can  be  an*anged  in  a  definite 
oi'der  (not  of  magnitude),  so  that  one  of  them  stands  fii*st  and  each  par- 
ticular number  has  its  assigned  place.  No  such  arrangement  can  be 
made  when  the  in'jitional  numbers  of  the  interval  are  taken  into 
account.  This  far-reaching  result  brings  out  in  a  strong  light  the 
difficult  nature  of  the  conception  of  the  continuum  as  a  given  totality. 
If  it  be  asked  in  what  sense  can  the  numbers  of  the  continuum  be 
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considered  as  forming  a  given  or  determinate  aggfregate,  we  must  con- 
trast this  aggregate  with  that  of  the  rational  numbers  or  with  that 
of  the  integral  numbers.  These  latter  are  not,  of  coarse,  given  in 
the  sense  that  we  can  exhaustively  exhibit  them  by  means  of  symbols 
on  a  sheet  of  paper.  We  could  only  do  that  in  the  case  of  a  finite 
aggregate ;  but  they  are  given  in  the  sense  that  we  can  say  of  any 
particular  number  where  it  is  to  be  found  in  a  regularly  arranged 
scheme.  On  the  other  hand,  the  aggregate  of  all  real  numbers  is  not 
given  in  the  same  sense ;  no  rule,  and  no  set  of  rules,  can  be  given  by 
which  we  could  obtain  successively  all  the  numbers  of  the  aggregate, 
so  that  each  particular  number  would  necessarily  appear  in  the 
course  of  the  procedure;  and  this  is  a  consequence  of  the  unenumerable 
character  of  the  aggregate.  The  aggregate  of  real  numbers  can  be 
regarded  as  given  only  in  the  sense  that  every  possible  real  number 
that  we  may  choose  to  define  by  means  of  an  analytical  process 
belongs  to  the  aggregate.  This  somewhat  negative  conception  of  its 
determinacy  is  an  essential  characteristic  of  the  unenumerable 
aggregate.  How  far  the  mathematicians  of  the  future  will  rest 
satisfied  with  this  conception  of  the  arithmetic  continuum,  time  alone 
can  decide. 

When  we  count  a  finite  number  of  objects  we  take  them  in  some 
definite  order,  and  establish  a  correspondence  between  them  and  the 
ordinal  number's.  The  last  ordinal  number  employed,  we  call  the 
ordinal  number,  or  simply  the  number  of  the  collection.  When  we 
take  into  account  the  fundamental  propeHy  that  this  number  is  in- 
dependent of  the  order  in  which  the  objects  are  counted,  we  identify 
this  number  with  the  cardinal  number  of  the  collection.  Thus,  in 
dealing  with  finite  aggregates,  the  distinction  between  the  ordinal 
and  the  cardiniil  number,  though  logically  existent,  may  be  pi'actically 
disregarded.  This,  however,  is  no  longer  the  case  when  we  deal  with 
non-fiuite  aggregates  ;  here  cardinal  and  ordinal  numbers  must  be 
kept  (|uite  distinct,  and  their  propei-ties  must  be  developed  on 
diflVreut  linu.s.  The  theorem  that  the  oi-dinal  number  of  an  aggregate 
is  unaltered  by  changing  the  order  of  the  elements  of  the  aggregate 
no  longer  holds. 

In  order  to  exhibit  the  way  in  which  ti'ansfinite  oi*dinal  numbers 
are  required  when  we  deal  with  non-finite  aggregates,  1  propose  to 
refer  to  a  well  known  pamdox,  that  of  Achilles  and  the  tortoise,  which 
in  various  forms  has  afforded  an  interesting  exercise  to  logicians. 
Achilles  goes  ten  times  as  fast  as  the  tortoise,  and  the  latter  has  ten 
feet  start    When  Achilles  has  gone  ten  feet  the  tortoise  is  one  foot  in 
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front  of  him  ;  when  Achilles  has  gone  one  foot  further  the  tortoise  is 
^  ft.  in  front ;  when  Achilles  has  gone  ^  ft.  further  the  tortoise 
is  yJ^  ft.  in  front ;  and  so  on,  without  end ;  therefore  Achilles  will 
never  catch  the  tortoise.  The  fallacy,  of  course,  lies  in  the  surrep- 
titious transcending  of  the  convergent  process  when  the  word 
"  never  "  is  used  in  the  conclusion.  Let  ns  indicate  the  successive 
positions  of  Achilles  referred  to,  by  the  ordinal  numbers  1,  2,  3,  ... 
suflixed  to  the  letter  A,  so  that  J,,  ^4.,  yl„  ...  represent  the 
positions  of  Achilles  mentioned  in  the  paradox.  These  points 
.4,,  4„  -4„  ...   have    a    limiting   point,  which  represents  the   place 

By Bs  J?4  ^„        


^i  Ao  A^  A^  Au,  A^^i  A^^2  A^'i 

where  Achilles  actually  catches  the  tortoise.  This  limiting  point  is 
not  contained  in  the  set  of  points  4„  /l^,  .4,,  ...  ;  if  we  wish  to  repi*e- 
sent  it,  we  must  introduce  a  new  symbol  w,  and  denote  the  point  by 
A^.  This  symlx)!  oi  repi-esents  Cantor  s  fii'st  transfinite  ordinal 
number.  It  does  not  occur  in  the  series  1,  2,  3,  ...,  but  is  pi'eceded  by 
all  these  numbei-s,  and  yet  there  is  no  number  immediately  preceding 
it ;  it  is  the  first  of  a  new  series  of  n umbel's. 

I  may  now,  perhaps,  be  allowed  to  tamper  with  this  classical 
paradox  to  the  extent  of  supposing  that  thei-e  is  a  second  tortoise 
moving  at  the  same  rate  as  the  tirst,  and  ten  feet  in  front  of  it,  and  of 
supposing  that  we  wish  to  represent  the  positions  of  Achilles  when 
he  is  1ft.,  3^  ft.,  xiry*^'  •••  ^^e^iind  the  second  tortoise.  To  repi-esent 
these  [lositions  we  naturally  take  -4„»i,  A^,.i^  -4^+3,  ...  ;  the  place  whei-e 
Achille.s  catches  the  second  tortoise  will  be  denoted  by  A„^^  or  A^^, 
These  numbei's, 'ii  4- 1 ,  w-f2,  w-|-3,  ...,  ci>2,  are  the  ti-ansfinite  oi-dinal 
numbers  immediately  following  w.  It  thus  appears  that,  as  «-fl 
succeeds  w,  the  two  cannot  be  regarded  as  identical ;  thus,  « -h  1  >  to. 
If  now  we  had  commenced  by  denoting  the  positions  of  Achilles  when 
he  was  100,  10,  1,  ^^,  ij^j,  ...  ft.  behind  the  lii'st  toi-toise  by 
^1,  i?j,  i?8  ...,  so  that  .4,,  and  B,^„  represent  the  same  point,  we  see 
that  the  place  where  the  tortoise  is  caught  would  still  have  to  be 
represented  by  h^ ;  it  is,  consequently,  necessary  to  distinguish 
between  w+1  and  1+w,  and  to  write  l  +  w  =  w.  The  two  relations 
«  =  1  +  w,  w  -I- 1  >  w,  enable  us  to  illustrate  the  extent  to  which  a  finite 
number  is  able  to  maintain  itself  against  a  ti*ansfinite  one. 

The  above  perennially  instructive  example  of  a  limiting  process  at 
once  thit)ws  light  upon  the  relation  of  the  unending  pi*ocess  to  the 
limit,   and   upon   the   necessity   for   the   introduction   of  transfinite 
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numbers  for  the  representation  of  the  limit  which  is  not  itself  con- 
tained within  the  region  of  the  convergent  process.  If  we  could 
imagine  that  we  had  no  independent  knowledge  of  the  position  and 
existence  of  the  point  at  which  Achilles  overtakes  the  tortoise,  we 
should  be  in  the  position  of  the  older  analyst  or  geometer  in  face  of 
most  of  the  problems  which  he  solved.  In  the  above  paradox  we 
have,  by  artificially  involving  ourselves  in  a  convergent  process, 
placed  the  limiting  point,  and  all  points  beyond  it,  outside  the  reach 
of  the  process  itself ;  for  the  representation  of  this  point  and  the 
points  beyond  it  we  have  to  commence  anew  with  a  fi'esh  series  of 
ordinal  numbers.  The  only  reason  why,  in  ordinary  life,  transfinite 
numbers  are  unnecessary  is  because  we  do  not  make  use  of  such  con- 
vergent processes.  It  would  be  easy  for  me  to  arrange  artificially  a 
series  of  points  of  time  during  the  delivery  of  the  present  address 
which  would  be  such  that  the  moment  of  the  termination  of  my 
addi^ess  could  only  be  represented  by  a  transfinite  number ;  higher 
transfinite  numbers  would  be  required  to  denote  the  times  of  all  sub- 
sequent events  this  evening. 

Although,  for  the  reason  I  have  indicated,  ti^ansfinite  numbers  are 
unnecessary  for  the  purposes  of  ordinary  life,  this  is  by  no  means  the 
case  in  certain  departments  of  mathematical  analysis,  where  we  are 
in  many  cases  compelled  to  make  use  of  convergent  processes.  It 
appears  that  a  region  which  from  one  point  of  view  belongs  to  the 
finite,  may  from  another  point  of  view  belong  to  the  transfinite, 
and  it  is  frequently  just  this  latter  point  of  view  which  the  exigencies 
of  analysis  compel  us  to  adopt ;  hence  aiises  the  necessity  for,  and  the 
justification  of,  the  use  of  tninsfinite  ordinal  nunibei's. 

1  pi-opose,  as  an  illiisti-atiou  of  thu  use  of  transfinite  oi'dinal 
numbers,  to  give  a  simple  means  which  I  have  devised  for  their 
systematic  representation  by  a  set  of  points  on  a  given  finite  segment 
of  a   straight    line.      On   the   straight  line  AB    let    us   denote  by 

r^,  1\,  P„,  Pg,  ...  those  points  at  which  the  expression  logt-^^v,  where 
A*  is  a  fixed  number  greater  than  unity,  has  the  values  0,  1,  2,  3,  ... 

r„  P,  P,  Pa  p. 

A  B 

the  point  Po  coincides  with  A,  and  the  point  B  can  only  be  represented 
by  P^.  Xow  take  any  one  of  the  segments  T^Pr.y ;  this  we  may  for 
convenience  represent  on  km  enlarged  scale;  denote  by  ^h)*  Q,ru  ^>  ••• 
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P  P 
tlie  points  on  P^P^^i,  at  which  log*  J'    '^*^  takes  the  values  0,1,2,3, ... ; 

_   Qr\    Qr2      Qr^ 

thus  Pr^i  can  only  be  represented  by  Qr^.  Suppose  this  to  have  been 
done  with  every  segment  of  A  B,  and  now  imagine  all  the  points  Q 
to  be  marked  on  AB,  and  to  be  numbered  from  left  to  right ; 

in  PqPi  we  shall  have  0,  1,  2,  3,  ...,  w, 

in  P,P^  „  ci  +  l,  01  +  2,    ...,  ai2, 

in  P^P^  „  o2  +  l,  «2  +  2,  ...,  ai3; 

the  point  B  can  be  represented  by  ainf  or  w*.  If  now  we  proceed  to 
take  each  segment  Qr$Qr,$*u  &^d  to  divide  this  in  a  similar  manner 

at  points  B  for  which  logt   pj;   '^^  has  the  values  0,  1,  2,  3,  ...,  and 

then  imagine  all  the  points  R  thus  obtained  to  be  marked  on  the 
original  straight  line  AB,  and  numbered  as  before,  from  left  to  right, 
it  will  be  seen  that  all  the  numbers  ut^p-\-wq-\-r  will  be  required,  and 
that  the  point  B  can  be  repi^esented  by  w'.  The  points  P^,  Pj,  ...,  P« 
will  have  for  their  ordinal  numbers  0,  w^,  w'2, ...,  w' ;  the  point  Q„  will 
be  numbered  wV+ois  ;  the  finite  numbers  are  all  used  up  in  the  first 
Bub-segment  of  AB,  By  proceeding  in  a  similar  manner  to  further 
sub-division,  we  may  exhibit  on  AB  the  ordinal  numbers 

and  the  point  B  will  then  be  represented  by  w"'^  The  distance  fi'oni 
A  of  the  point  i*epresented  by  any  of  these  numbers  can  be  easily 
expi*essed. 

I  turn  now  to  the  subject  of  the  transfinite  cardinal  numbers. 
Every  two  finite  aggregates  between  the  elements  of  which  a  (1,  1) 
correspondence  can  be  established  have  the  same  caixlinal  number, 
and  the  cardinal  number  of  an  aggi-egate  is  independent  of  the 
order  in  which  the  objects  are  arranged.  The  extension  of  this 
notion  of  cardinal  number  to  non-finite  aggregates  leads  to  the 
conception  of  the  power  {Mdchtigkeity  puissance)  of  an  infinite 
aggregate,  which  power  is  represented  by  a  ti^nsfinite  cardinal 
number.  Two  infinite  aggregates  between  the  elements  of  which  a 
(1,  1)  correspondence  can  be  established  have  the  same  power  or 
cardinal  number.  Thus,  the  aggregate  of  all  rational  numbers, 
or  of  lutional  numbei'b  in  u  given  interval,  hab  the  bame  power  or 
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cardinal  number  as  the  aggregate  of  integral  numbers.  This  may 
be  denoted  by  a,  and  is  the  first  ti'ansfinite  cardinal  number.  As  I 
have  before  mentioned,  the  continuum  of  real  numbers  cannot  be 
placed  in  (1,  1)  correspondence  with  the  integral  numbers,  and  has, 
therefore,  a  power  or  cardinal  number  different  from  a;  this  is 
usually  denoted  by  c.  It  is  a  surprising  fact  that  a  continuum  of 
two,  thi'ee,  or  any  number  of  dimensions  has  the  same  power  c  as 
that  of  the  linear  continuum — i.e.,  a  (1,  1)  cori-espondence  exists 
between  all  points  in  an  area  or  in  a  volume  and  the  points  in  a 
straight  line,  or  in  a  finite  segment  of  a  straight  line.  It  was,  in 
fact,  until  recently  supposed  that  all  known  aggregates  have  either 
the  power  of  the  aggregate  of  natural  numbers  or  else  that  of  the  con- 
tinuum. It  has,  however,  now  been  shown  that  the  aggregate  of  all 
possible  functions  of  a  vanable  x  of  which  the  domain  is  a  con- 
tinuous interval  (a,  b)  has  a  power  higher  than  that  of  the  continuum  ; 
this  higher  cardinal  number  is  denoted  by/.  It  should,  however, 
be  observed  that,  if  the  function  is  resti'icted  to  be  analytic,  the 
aggregate  of  such  functions  then  lias  the  power  c  of  the  continuum. 
The  numerous  attempts  which  have  been  made  to  prove  that  a  and  c 
are  consecutive  cardinal  number's — that  is  to  say,  that  no  aggregate 
exists  whose  power  exceeds  a  and  is  less  than  c — have  hitherto  been 
unsuccessful.  This  remains,  for  the  pi'esent,  as  a  hiatus  in  the 
theory  of  transfinite  cardinal  numbers.  I  have  here  been  able  to 
touch  only  the  fringe  of  the  subject  of  transfinite  numbers  ;  but  my 
object  has  been  to  indicate,  as  clearly  as  is  possible  in  the  necessarily 
brief  space  I  have  allotted  to  them,  how  they  necessarily  arise  when 
we  try  to  investigate  the  peculiarities  of  non-finite  aggi*egates.  The 
profound  study  of  these  numbers  and  their  relations,  and  especially 
of  their  connexion  with  the  theoiy  of  the  types  of  ordered  aggreg- 
ates, which  has  been  made  by  G.  Cantor,  who,  I  am  proud  to  re- 
member, has  been  added  to  our  list  of  foreign  members  during  my 
term  of  office,  has  resulted  in  the  creation  of  a  veritable  arithmetic 
of  the  infinite,  which  seems  to  be  destined  to  have  an  ever-inci-easing 
range  of  application  in  aualysis  and  geometry. 

The  place  which  the  conception  of  the  infinite  occupies  in  the 
various  schemes  of  geometry,  especially  the  manner  in  which  in- 
finite elements  are  adjoined  to  the  finite  elements,  is  a  subject  on 
which  many  interesting  remarks  might  be  made.  This,  however, 
does  not  belong  to  the  subject  of  my  discoui-se  this  evening,  and 
would,  in  any  case,  better  be  left  for  treatment  by  some  one  more 
competent  to  discuss  it  than  1  can  claim  to  be. 
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In  the  minds  of  many  men  who  are  engaged  in  the  active  work  of 
assisting  in  the  progressive  development  of  science,  there  is  a  certain 
impatience  with  what  they  are  apt  to  regard  as  a  hypercritical 
attitude  towards  fundamental  concepts;  this  feeling  of  impatience 
exists  perhaps  in  exceptionally  large  measure  in  the  English  mind, 
whose  genius  is  in  a  preponderating  degree  directed  towai'ds  the 
concrete,  and  npon  which,  to  a  considerable  extent,  purely  abstract 
qnestions  seem  to  exercise  a  peculiar  i*epulsion.  However,  taken  on 
the  whole,  the  impulse  towards  clear  thinking,  which  leads  men  to 
make  an  ever  i*enewed  dissection  of  the  fundamentals  of  science,  and 
to  an  ever  renewed  attempt  to  state  fundamental  principles  in  a  form 
which  shall  satisfy  more  nearly  the  canons  of  logical  thought,  is  an 
ineradicable  tendency  of  the  human  mind,  and  I,  for  one,  cannot  but 
regard  its  presence  as  one  of  the  conditions  which  are  in  the  long  inin 
necessary  to  render  possible  the  progress  of  scientific  knowledge. 
Even  from  the  point  of  view  of  those  who  regard  mathematics  Jis 
existing  exclusively  for  the  purposes  of  physical  research,  it  is  a 
short-sighted  policy  to  discourage  that  free  development  of  mathe- 
matics on  its  abstract  side,  which  is  pi'obably  a  necessary  stage  in 
the  process  of  sharpening  the  tools  which  mathematics  provides  for 
the  use  of  the  physicist. 

Even  in  the  remarks  on  one  aspect  of  our  science  which  I  have 
made  this  evening,  I  think  it  has  been  apparent  that  criticism,  and 
even  erroneous  criticism,  is  not  infrequently  the  parent  of  construc- 
tion. It  may  well  be  true  that  perfect  intellectual  transparency  with 
regard  to  the  fundamentals  of  any  branch  of  knowledge  is  an  un- 
attainable ideal.  May  it  not  even  be  the  case  that  a  perfect  com- 
prehension of  anything  would  involve  a  perfect  comprehension  of 
everything  ?  Ai'e  there  not  those  with  us  who  assert  that  an 
analysis  of  the  abstract  creations  of  the  human  mind  inevitably, 
when  pushed  far  enough,  leads  to  contradiction,  and  that  this  is  a 
necessary  consequence  of  the  divorce  of  these  ideal  objects  from 
reality  ?  However  this  may  be,  the  thinkers  of  each  age  must  do 
what  they  can  with  the  possibilities  open  to  them,  in  faith  that, 
however  far  short  of  what  is  completely  satisfactory  to  the  in- 
tellect may  be  the  results  to  which  they  are  led,  the  efforts  of  their 
generation  in  the  direction  of  criticism,  as  well  as  of  construction, 
may  be  found  by  those  who  come  after  them  not  to  have  been 
entirely  fruitless. 
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APPENDIX  TO  PRESIDENT'S  ADDRESS. 

A  few  references  to  the  literature  of  the  subject  are  added. 

Irrational  Numbers  and  Limits. — Dedekind,  Stetigkeit  und  irra- 
iionale  Zahle7i,  Brunswick,  1872  (English  translation  in  Dedekind, 
Essays  (niNnmher^  Chicago,  1901).  Heine, Die ^Zemew^c  derFuncHonen- 
lehre,  Crelle,  /./.  Math.,  Bd.  Lxxiv.,  1872.  Tannery,  J.,  Theorie  des 
Fonctioiis  d'une  Variable,  Paris,  1886.  Pringsheim,  **  Irrationalzahlen 
und  Konvergenz  unendlicher  Pi'ozesse,'*  in  Ency.  d.  math,  Wiss., 
Bd.  I.,  Heft  1,  Leipzig,  1898.  Mathews,  "  Number,"  in  Ency.  Brit, 
Supplement,  Vol.  xxxi.,  Edinburgh,  1902.  Love,  "  Functions  of  Real 
Variables,'*  in  Ency.  Brit.  Supplement,  Vol.  xxviii. 

Arithmetized  Analysis. — Dini-Luroth,  Orundlagen  filr  eine  Theorie 
der  Functionen  einer  veriinderlichen  reellen  Orosse,  Leipzig,  1892. 
Jordan,  Coxirs  d' Analyse,  Paris,  1893-1896.  Klein,  Anwendung  der 
Differential'  und  Integralrechyiung  auf  Geometrie,  Leipzig,  1902.  For 
Kronecker's  complete  arithmetization  refeired  to  on  ]>.  127,  see  his 
memoirs  in  Ci-elle,  /.  /.  Math.,  Bde.  xcii.,  ci.,  1882,  1887.  For  the 
theory  of  divergent  series  i-eferred  to  on  p.  121,  see  Borel,  Lefo?w  sur 
les  Series  divergentes,  Paris,  1901.  For  philosophical  discussions  of 
the  foundations  of  analysis,  see  P.  du  Bois  Reymond,  Allgemeine 
Functionenlehre,  Tubingen,  1882  (French  translation  by  Milhaud  and 
Girot,  Nice,  1887)  ;  Couturat,  De  V  Infini  mathematique,  Paiis,  1896; 
Poincare,  La  Science  et  VHypothese,  Paris  [1902]. 

Theory  of  AnGREr,ATKS  and  Tkansfinitk  Numheks.— Cantor  s  chief 
memoirs  are  in  Ada  Mat/iematica,  tt.  II.,  vii.,  and  Math.  Ann., 
Bde.  XVII.,  x\.,  XXI.,  xxiii.,  xlvi.,  xlix.  A  wketoh  of  the  theory  is 
given  by  Scboenflies  in  Ency.  d.  math.  Wiss.,  Bd.  i..  Heft  2,  Leipzig, 
1899,  and  a  more  complete  account  by  the  same  writer  in  Jahres- 
berichte  d.  Dentscheu  Math.-Vereinigung,  Bd.  viii.,  1900.  For  applica- 
tions of  the  theory  to  analysis,  see  Jordan's  Cours,  quoted  above,  and 
Borel,  Lei;ons  sur  la  Theorie  des  Foiwtiou^,  Paris,  1898.  For  Veronese's 
conception  of  the  continuum,  see  his  book  Fondamenti  di  geometria, 
Padua,  1891  (German  translation,  Leipzig,  1894). 
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1.  The  chief  object  of  this  paper  is  to  work  out  and  illustrate 
graphically  some  problems  relating  to  the  divergence  of  waves  from 
a  centre  of  disturbance  in  a  space  of  two  dimensions,  the  source  being 
of  a  more  or  less  transient  character.  The  waves  in  question  may 
be,  for  example,  cylindrical  waves  of  sound,  or  waves  travelling  over 
a  uniform  and  uniformly  tense  membi'ane.*  In  any  case  they  are 
subject  to  an  equation  of  the  form 


By" 


(1) 


or  in  the    case    of    symmetry    about    the    origin,   which  is    more 
especially  considered. 


9V  =  ^i(SV+l  3*\ 


(2) 


In  a  space  of  one  or  of  three  dimensions  the  solution  of  such 
problems  is  extremely  easy,  owing  to  the  existence  of  simple  general 
integi*als  of  the  corresponding  differential  equations.  Thus  in  one 
dimension  we  have  *>,  y 


at' 


ax'' 


with  the  solution      <^  =/(/--)+  i*'  (t+  ^)  ; 
whilst  in  three  dimenfiions  we  have 

■     ^'*=,.»/'3'<^+  2  a*\ 


(3) 


(4) 


(5) 


♦  The  case  of  waves  on  a  slicet  of  wator  of  uniform  depth  may  be  included,  pro- 
vided the  dimenftionH  of  the  **  source  "  l)e  large  compared  with  the  depth. 
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*^  =•''('"  7) +  ^('+7)-  ^^^ 


It  may  be  well  here  to  remind  the  reader  that  the  formal 
resemblance  between  (4)  and  (6)  is  to  some  extent  delnsive;  the 
physical  interpretation  reveals  important  points  of  difference,  which 
have  been  insisted  npon  by  Stokesf  and  Rayleigh.J 

The  theory  of  solitary  waves  in  two  dimensions  has  attracted  less 
attention, §  partly  no  doubt  because  of  its  inferior  physical  interest, 
and  also  because  of  a  certain  degree  of  mathematical  obscurity  which 
has  attached  to  it  owing  to  the  absence  of  a  simple  general  formula 
analogous  to  (4)  and  (6).  The  general  integral  of  (2)  which  was 
given  by  Poisson,||  viz., 

<^  =  fV  (c^+  r  cos  e)de-\-  f V  (c^+r  COB  $)  log  (rain'  $)  dO,      (7) 

is  unsuitable  for  the  purpose,  as  it  does  not  discriminate  between  the 
waves  which  travel  inwards  and  outwards  respectively. 

The  proper  analogue  of  (4)  and  (6)  is,  however,  easily  obtained  if 
we  start  fi'om  the  known  solution  for  the  case  of  waves  diverging 
from  a  simple  harmonic  source  (e*^),  viz.,T 

2,r^=re"(-^°*")d«.  (8) 


If  we  genei*alize  this  by  Fourier's  theorem,  we  have  at  once 


2ir<l>  =  I  /  (t —  cosht*  j  du, 


(9) 


corresponding  to  an  arbitrary  source /(^).     It  is  of  course  implied 


*  The  factor  4ir  is  iiiBerted  for  the  sake  of  comparison  with  (9)  below.     It  makee 
the  **  strength  "  of  the  source  at  the  origin  equal  to  /(/)  +  F{t), 

t  Fhil.  Mag.,  January,  1849  ;  Math.  andPhys,  Papers,  Vol.  n.,  p.  82. 

I  Theory  of  Sound,  Vol.  n.,  $§  274,  279. 

f  Except  in  the  case  of  cylindrical  electric  waves,  which  have  been  disciused  to 
some  extent  by  Heaviside,  Phil.  May.,  November,  1888  ;  Electrical  Papert,  Vol.  n. 

II  Journal  de  VEcole  Polytechniqtte,  Vol.  xn.,  p.  215  (1821). 

t  Cf.  Rayleigh,  Sound,  Vol.  n.,  §  342 ;  Proe.  Lend.  Math.  Sec.,  Vol.  xn.,  p.  604 
(1888) ;  Scienti/lc  Papers,  VoL  m.,  p.  44. 
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that  the  form  of  /  (f)  must  be  such  that  the  integral  is  convergent. 
A  sufficient  (but  not  an  essential)  condition  for  this  is 

lim._.£»-/(^)  =  0,  (10) 

€  being  any  positive  quantity  ;  this  is  fulfilled  of  course  whenever 
the  scarce  has  been  in  action  only  for  a  finite  time.*  The  complete 
formula,  embracing  both  converging  and  diverging  waves,  is 

2irffi=  r f  (t--  —coBhu)  du-\-[  J?' ( ^  +  —  cosh « Wu,      (11) 

where  the  convergence  of  the  second  integral  is  assured  if 

lim  z'*'F{z)=0,  (12) 

The  expression  (11)  is  arrived  at  independently  if  we  imagine  a 
system  of  point-sources,  such  as  the  origin  in  (6),  to  be  distributed 
nniformly  along  a  straight  iine,t  say  the  axis  of  r,  distance  from 
which  is  denoted  in  (11)  by  r. 

The  direct  verification  of  (11)  by  substitution  in  the  differential 
equation  (2)  is  a  matter  of  some  nicety.  Taking  the  first  term  alone, 
as  in  (9),  we  find,  subject  to  certain  conditions, 

=  r  I  sinh* « ./"  (t-  —cosh  i*)  -—  coshtt ./'  (^-  —cosh  u\  I  du 
-  '^.r  ^f(t^-!^coahu\du 

=  -  ~  fsinht* .  /'  (t^  -cosh  t*)]"'"  =  0. 

The  conditions  referred   to   are  obviously   satisfied  whenever  f(z) 
vanishes  for  negative  values  of  z  exceeding  a  certain  limit,  as  well  as 


The  referees  point  out  that  a  result  equivalent  to  (9)  was  obtained  (in  a  different 
liner)  by  T.  Levi-Civita,  Nuovo  Cimento,  Ser.  4,  t.  vi.  (1897). 
t  This  is  the  method  by  which  Rayleigh  {loc.  cit.)  deduces  (8)  from  the  formula 
for  a  simple-harmonic  point-source  in  three  dimensions. 
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in  other  cases  less  easily  defined.*     Again, 

-27rr  ?-*=^  fcoshu./'^-  ^coshn)  du 
dr       c],  '    \        c  J 

=  ?*-  r  (sinh  t*  +  e-")/'  (t—  ^cosh  7*)  du 

=  -[/(.- ;eoBh«)];;%-;:£e-r(*-:-co8h«)i« 
=-^('-7)+cl/""-^'('"^"''''")*'' 

under  similar  restrictions.     Hence 

Hm  (-2Tr|^)  =/(<),  (13) 

which  verifies  the  statement  previoasly  made,  as  to  the  strength  of 
the  source  in  (9).t 

A  similar  process  will  apply  to  the  second  term  in  (11),  subject  to 
certain  restrictions  which  are  obviously  fulfilled  when  F{z)  vanishes 
for  positive  values  of  z  exceeding  a  certain  limit.  * 

It  may  be  remarked  that  from  (11)  we  can  derive  the  general 
solution  of  (1),  by  a  known  analogy.     In  polar  coordinates  we  have 

<t>  =  2;r"  (-  !^-Y  {^(r,  /)co8n^-f  ^  (r,  0  sinnd],         (14) 

where  4>  (r,  t)  and  ^  (r,  t)   are   functions   of  the  same  type  as  the 
right-hand  member  of  (11). 

2.  We  may  apply  the  formula  (9)  to  trace  the  effect  of  a  temporary 
source  at  the  origin  varying  according  to  some  simple  prescribed 
law.  The  most  immediate  interpretation  of  our  results  will  be  to 
suppose  that  <^  denot^js  tlie  transverse  displacement  at  any  point  of 
an  unlimited  tense  membrane.     The  waves  are  then  due  to  a  local 


•  The  verification  is  very  Hirailar  to  that  given  by  Levi-Civita.  It  is  to  be  re- 
marked that  the  process  may  fail,  owin^:  to  the  form  of/,  even  when  (9)  is  really  a 
solution  of  (2).     An  inHtance  is  supplied  by  the  function  (8). 

t  In  the  application  to  sound-waves  the  definition  of  ^  is  supposed  to  be  as  in 
the  author's  Hydrodynamics,  so  that  the  radial  velocity  is  —d^/dr.  If  «  be  the 
**  condensation,"  we  have  on  the  same  convention  c^s  =  d<plht. 
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application  of  normal  force  at  the  ori^n,  whose  aggregate  amonnt, 
reckoned  in  the  direction  of  «^  positive,  is  /  (t)  multiplied  by  the 
tension  of  the  membrane.     This  appears  at  once  from  (13). 

If  we  suppose  that  everything  is  quiescent  until  the  time  ^  =  0,  so 
that/(^)  vanishes  for  negative  values  of  t,  we  see  from  (9),  or  from 
the  equivalent  form 


ftmrl9 


2ir^  = 


f(0)dO 


Vl<'-«'-7!' 


(15) 


2ir^  = 


that  ^  vanishes  at  any  point  so  long  as  ^  <  r/c.  If,  moreover,  the 
souroe acts  only  for  a  finite  time  r,  so  that  f(t)  =  0  for  <> r,  we  have, 
for  t>r/c'{-r, 

l<3Jl^^^  (16) 

y  {(.-.)•- ^- 1  ■ 

This  expression  does  not  as  a  rule  vanish  ;  the  wave  accordingly 
is  not  sharply  defined  in  the  rear,  as  it  is  in  front,  but  has,  on  the 
contrary,  a  sort  of  "  tail,"  whose  form,  when  t-^rjc  is  large  com- 
pared with  r,  is  given  approximately  by  the  formula* 


d6. 


(17) 


As  a  first  example,  let  us  suppose  that  the  source  is  constant  daring 
the  interval  of  its  existence,  say, 

/(0=0,     for    *<0; 

=  1,     for    0  <  ^  <  r  ; 

=  0,     for     t  >  r. 

We  easily  find  from  (9)  that 
2ir^  =  0, 


for     i  <^ 
c 


=  cosh"'  -  , 


for 


c  c 


i£^_«>„h->?ii=il 


=  cosh"'  —  —cosh" 

r  r 


for     <>~+r 
c 


(18) 


*  The  eziBtence  of  the  ''tail,"  in  the  ease  of  cylindrical  electric  waves,  was  noted 
by  Heaviside,  he.  eit, 
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To  tabulate  the  results,  we  require  a  series  of  values  of  a  variable  u 
corresponding  to  equidistant  values  of  cosh  u.  For  this  purpose 
existing  tables  of  the  hyperbolic  functions  are  not  very  convenient : 
but  for  the  more  important  part  of  the  wave  it  is  sufficient  to  assume 

co8ht*=lH-^,  (19) 

whet^  s^  is  small ;  this  makes 

u  =  .(l-^z'  +  ^^-...).  (20) 

The  first  two  terms  of  the  series  are  alone  sensible  within  the  range 
of  the  following  table. 


008h» 

« 

M>fih» 

N 

COlOlM 

M 

1000 

0 

1010 

1413 

1020 

•1997 

1 

•0447 

1 

1482 

25 

•2231 

2 

•0632 

2 

1548 

30 

•2443 

3 

•0774 

3 

1611 

35 

•2638 

4 

•0894 

4 

1671 

40 

•2819 

5 

•1000 

5 

1730    ' 

45 

•2989 

6 

•1095    1 

6 

1787     1 

1 

50 

3149 

7 

•1183    1 

7 

1841    ; 

8 

•1264 

8         : 

1895 

9 

•1341 

9 

1946 

The  diagram  (Fig.  1),  constructed  with  <t>  as  ordinate  and  /  as 
abscissa,  exhibits  the  variation  of  ^  at  a  particular  point  (r  =  lOOrr) 


Fig.  \. 
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as  tbe  wave  passes  over  it.  Within  the  range  shown,  the  same  curve 
also  indicates  very  fairly  the  profile  of  the  wave  after  a  time  t  which 
is  about  equal  to  lOOr,  it  being  understood,  of  course  (in  this  inter- 
pretation), that  the  direction  of  propagation  is  from  right  to  left. 
The  abrupt  front  of  the  wave  and  tbe  indefinite  prolongation  in  the 
"  tail  "  are  well  marked. 

The  diagram  exhibits  certain  peculiarities  due  to  the  discontinuous 
nature  of  the  source.  To  obtain  a  representation  of  a  source  of  a  less 
abrupt  character,  we  may  suppose  the  streiigth  to  rise  uniformly 
from  zero  to  a  maximum,  and  then  to  fall  uniformly  to  zero  again  at 
the  same  rate.     We  assume,  therefore, 

/(0  =  0,  for    ^<-r, 

=  1+-,    for     -T<  ^<0; 


=  l-~,    for     0<t<T; 

T 


=  0,  for     t  >  r. 

We  find,  from  (9),  or  (15),  after  some  reductions, 
2t0  =  0,     for     t<—  — r 


=  -XJ-^--^,     for T<t<- 

CT     L       r       )  c  c 


where 


X(x)  =  X  cosh"*  ic—  ^(x^—1) 


(21) 


This  suggests  the  tabulation  of  the  function    ucoshtt— sinh  n  for 
equidistant  values  of  cosh  u.     If  we  put 


as  before,  we  find 


coshtt  =  l-\-^^, 


wcoshu-sinhu=4;r»(l-^s'  +  ifla^2*-  ..«V.  ^.^'^N 
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the  third  term   is  jnst  sensible  towards  the  end  of  the  following 
table. 


1 

coehw 

ucoehu— sinhN 

o<wh« 

Hcoehu— sinhM 

oodi« 

MoodkN— smhii 

1000 

0 

1010 

•0009423 

1020 

•0026640 

1 

•0000298 

1 

•0010871 

5 

37221 

2 

843 

2 

12386 

30 

48917 

3 

•0001549 

3 

13966 

5 

61627 

4 

2385 

4 

15607 

40 

75275 

5 

3333 

5 

17308 

5 

89799 

6 

4380 

6 

19065 

50 

•0105148 

7 

5520 

7 

20880 

i 

8 

6743 

8 

22748 

1 

9 

8046 

9 

24668 

The  relation  between  0  and  ^  at  a  distance  r  =  lOOcr  is  shown  in 
Fig.  2,  which  corresponds  in  scale  with  Pig.  1,  the  time-integral  of 


Fig.  2. 

the  source  being  the  same  in  each  case.  It  will  be  noticed  that  there 
is  now  no  abrupt  change  of  direction  in  the  curve — only  changes  of 
curvature. 

3.  A  solitary  wave,  free  from  every  degree  of  discontinuity,  is 
obtained  if  we  assume  a  source 


.W)  = 


t'-^r' 


(23) 


This  has,  it  is  true,  no  definite  beginning  or  ending,  but  the  preceding 
examples  enable  us  to  understand  what  features  in  the  result  are  to 
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be  attributed  solely  to  this  cause.     For  pui'poses  of  calculation  it  is 
a  little  simpler  to  assume 

f(*)=rT>  (24) 

and  retain,  in  the  end,  only  the  imaginary  part.*     We  have  then, 
from  (9),  p.  ^^ 


2ir^ 


=r,n 


cosh  t«— iV 
e 


"Jo^_Jl_,V-(^-f -^— iV)^ 

where 

z  =  tanh  ^M. 

We  now  write 

t- 

c                                      c 

(25) 


(26) 

where  we  may  suppose  that  n,  h  are  positive,  and  that  the  angles  2a, 
2/3  lie  between  0  and  ir.     We  have 


a.=  (.-^)V,     ^'=('+7M 


tan2a=-^,     tan2)3  =  -21- 
ct—r  ct-{-T 


(27) 


It  appears  that  a^h  according  as  ^^0,  and  that  a— j3  lies  between 
0  and  ^.     With  this  notation 

=  le*^-*'')  (log  {z-\-  ^-e''-'^)  -log  («-  Y-«"'^'"')  }  •   (28) 


•  Cf.  Lord  Kelvin,  Phil.  Moff.,  Feb.,   18yy,  p.  189.     The  graph  of  the  function 
(23)  is  the  curve  marked  A  in  Fig.  6,  p.  157. 
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To  interpret  the  logarithms,  let  us  mark,  in  the  plane  of  a  complex 
variable  z,  the  points 


/=+l,     P=--'ie-(-^     Q  = 


—  _?L  ,'((•- f) 


Fig.  8. 


Since  the  integrals  in  the  second  line  of  (28)  are  to  be  taken  along 
the  path  0/,  the  proper  value  of  the  third  line  is 

where  real  logarithms  and  positive  values  of  the  angles  are  to  be 
understood.     Hence,  rejecting  all  but  the  imaginary  part,  we  find 

2ir0  =  i sin  (a  +  /3)  \og^+ ^ cos  (a-^-fiKOPI-^- OQI),        (30) 


as  the  expression  of  the  disturbance  due  to  the  source  (23).     Since 

,  (31) 


tan  OPJ=     fc8in(a-/3) 
a+6co8  (a  — /j) 

IP  ^  sin  OQI 
IQ      sin  OP  J 


tanQQJ=    ^f  ^V\- 
a  — ocos  (a— p) 


0  is  uniquely  determined  as  a  function  of  a,  6,  a,  /3,  and  thence,  by 
(27),  of  r  and  t. 

Some  special  points  may  be  noted.     When  ^  =  0,  we  have 


a  =  fc=(J+r^)*,     a  +  )3=^7r,     tan  2)3  = ''^  ; 


and  therefore 


27r^  = 


log 


l4-tan/8 


x/(r-"4-c'r-)     ''l-tan/S 


(32) 
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This  may  be  confirmed  by  an  independent  calcniation  from  (9),  with 
/  =  0  throughout.  If  r  be  large  compared  with  ct,  the  formula 
makes  2w^  =  c'r/r',  approximately. 

Again,  when  t  is  lai*ge  compared  with  r/c  (as  well  as  with  r),  and 
negative,  we  find 

t  t     ct 

approximately,  whence 

OPI  =  hj-^,    OQI  =  -j.. 
Keeping  only  the  most  important  term  in  (30),  we  obtain 


2^= '__._' log  (-%<). 


(33) 


On  the  other  hand,  when  t  is  large  compared  with  r/c,  and  positive, 
approximately,  and 


The  most  impoii^nt  part  of  (30)  is  then 
27r0  = 


vF?) 


(34) 


which  agrees  with  (17)  when  the  limits  of  integration  are  suitably 
modified. 

The  crest  of  the  wave  at  any  instant  will  be  in  the  neighbourhood 
of  r  =  ct.     If  we  put  /•  =  c^,  exactly,  we  have 
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If,  moreover,  r  be  large  compared  with  or,  the  angle  PIQ  will  be 
small,  and 

approximately. 

To  examine  more  closely  the  progress  of  the  disturbance  at  a 
distance  r  which  is  large  compared  with  cr^  as  the  crest  of  the  wave 
passes,  we  pat 


<=  --frtanii. 
c 

This  makes 

a  =  i«— ii?,     a  =  y  (r  sec  17), 

whilst 

^=»^  '=V(t). 

approximately,  provided  r/cr  be  large  compared  with  the  greatest 
value  of  tan  17  considered.  The  ratio  a/b  will  then  be  small,  so  that 
IP/IQ  =  1,  nearly,  whilst  PIQ  is  a  small  angle.  The  most  important 
part  of  (30)  is  then 

2^0  =  ^«^«°  =  7b\/(?)  '''''  (i^-h)  v/(cos,7).        (36) 

The  following  table  gives  a  series  of  values  of  the  functions 
X  =  tan  17,     y  =  cos  (Jt— ^17)  v/(cos  i|). 


2,> 

X 

y 

2,/»           X 

■    1 

y 

0 

±1 

±•2 
±•3 

±•4 

0 
±158 
±•325 
±•510 
±•727 

•707 

(•756 
^•645 

C789 
i-573 

C805 
i  493 

fSOl 

^•408 

±■5 
±•6 
±•7 
±•8 
±■9 

±1000 
±1-376 
±1963 
±3078 
±6314 

f-777 
(•322 

(-729 
i-237 

f-665 
1-157 

(-549 
V087 

(-394 
(-031 

The  maximum  value  of  y   is    '806,    corresponding    to    17  =  ^,   or 
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i  =r/f  +  -577r.     The  curve  in  Fig.  4,  constructed  with  ac,  y  as  co- 
ordinates, shows  the  variation  of  ^  with  t. 


Fio.  4. 


4.  The  most  interesting  feature  in  the  preceding  diagrams  is,  of 
course,  the  unsymmetrical  character  of  the  wave,  and  the  prolongation 
of  its  rear  in  the  form  of  the  "  tail "  already  referred  to.  If,  however, 
the  source  change  its  sign,  and  especially  if  its  time-integral  be  zero, 
the  positive  and  negative  tails  will  tend  to  obliterate  one  another, 
although  they  are  not  without  influence  on  the  residual  wave-form. 
The  almost  complete  cancelling  in  the  special  case  mentioned  is 
evident  fi-om  the  approximate  formula  (17).  To  illustrate  the  matter 
further,  we  may  suppose  the  temporary  constant  source  of  §  2  to  be 
followed  immediately  by  a  negative  soui*ce  of  equal  strength  and 
duration.  The  i-esulting  curve,  easily  constructed  from  the  numencal 
table  given  on  p.  146,  is  shown  in  Fig.  5.     The  tail  is  now  insignificant, 


Fio.  5. 


but  it  will  be  noticed  that  the  depression  which  follows  the  primai'y 
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elevation  has  only  aboat  one-half  its  amplitude.*  It  is  plain,  more- 
over, that  in  any  case  of  a  periodic  sonrce  suddenly  beginning  to  act 
the  first  wave  will  be  much  higher  than  those  which  follow  it. 

Xow  that  we  are  in  possession  of  a  number  of  examples  (which 
might  easily  be  multiplied)  of  the  propagation  of  a  solitary  wave  in 
two  dimensions,  it  is  of  interest  to  examine  how  they  are  related  to 
the  corresponding  results  in  one  and  in  three  dimensions. 

The  equation  (1)  is  included  in  the  general  form 

which  has  been  called  the  equation  of  wave-motion  in  n  dimensions. 
In  the  case  of  symmetry  about  the  origin,  this  reduces  to 

which  includes  (2)  and  (5)  as  particular  cases.  The  equation  (37) 
has  been  very  fully  discussed  by  Duhem,t  who  has  insisted  on  the 
exceptional  position  occupied  by  the  cases  n  =  1,  n  =  3;  in  particular 
he  has  shown,  amongst  other  things,  that  it  is  only  in  these  cases 
that  (38)  admits  of  a  solution  of  the  type 

^  =  -AW/(<-f).  (39) 

However  interesting  and  important  such  investigations  may  be  from 
an  analytical  point  of  view,  we  must  recognize  that  what  they  chiefly 
detennine  is  the  compai^ative  facility  of  mathematical  expression  in 
the  various  cases.  From  a  physical  standpoint,  the  idea  that  the 
cases  n  =  1.  w  =  3  are  closely  analogous,  whilst  that  of  n  =  2  occupies 
a  sort  of  exceptional  and  outlying  position,  would  be  wholly  mis- 
leading. A  truer  account  of  the  matter  would  be  to  say  that  the 
cases  »=1,  n  =  2,  n  =  3  form  a  sequence,  with  a  regular  gradation  of 
properties  due  to  the  increasing  degree  of  mobility  of  the  medium. | 


*  A  farther  illustration  is  supplied  accidentally  by  the  diagrams  on  p.  157.  The 
curve  B  shows  the  relation  between  <p  and  t  for  a  source  whose  graph  has  the  form  C. 

t  Hydrodynamiqwy  Elasticite^  Acomtique^  Parin,  1891,  Vol.  n.,  p.  138. 

X  The  one  common  characteristic  is  that  the  boimdary  of  a  disturbed  region 
spreads  everywhere  uormjJly  with  the  constant  velocity  c.  It  would  be  interesting 
to  have  a  proof  of  this  property  direct  from  the  differential  equation  (37).  Duhem, 
adopting  a  method  of  Hugoniot,  endeavours  to  supply  this.  The  argpiment  is 
interesting,  but  I  do  not  think  that  it  amounts  to  a  demonstration.  It  appears  to 
assume  tacitly  that  the  disturbance  spreads  at  somejimte  rate  ;  if  this  be  granted,  the 
conclusiuu  that  the  rate  is  constant  appears  to  be  unexceptionable. 
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For  tbe  sake  of  a  definite  comparison  between  the  three  cases,  we 
may  take  the  case  of  air- waves,  and  examine  the  effect  (A)  of  n 
plane-source,  (B)  of  a  line-source,  and  (C)  of  a  point-source,  whose 
"strength"  is  given  in  each  case  by  (23).  The  results  may  be  con- 
veniently expressed  in  terms  of  the  condensation  *,  which  is  given  by 
the  formula 

c'»  =  ^.  (40) 


(A)  In  the  case  n  =  1,  we  find,  for  x>0, 

T  1 


2c. 


Mh" 


(41) 


(B)  When  n  =  2,  the  value  of  5  is  to  be  deduced  from  (30).  Near 
the  "  crest "  of  the  wave  a  suflScient  approximation  is  obtained  by 
differentiating  (36)  with  respect  to  r  tan  17.     We  thus  find 


=  wb^  V  (?") "°  ^^'"^'^  '""*  ''• 


The  values  of  the  functions 

X  =  tan  17,     y  =  sin  (i^— §17)  cos*  ly 
are  tabulated  below. 


(42) 


1 

1 

iril. 

X 

y 

1 

0           0 

±1    ±158 

1 
±•2     ±326 

±•3     ±510 

±•4    ±-727  ' 

1 

1 
1 
+  •707 

f  +  513  i 
i  +'837  , 

f +-287  i 
(+•882*. 

C  +  066 
I  +-838  ' 
(  -114  1 

{  +  719  , 

1, 

±•5 
±•6 

±•7 
±•8 
±•9 

±1000 
±1-376 
±1-963 
±3078 
±6-314 

f  --228 
i+-549 

f  -•265t 
I  +-365 

f--233 
i+-199 

f  -153 
I  +  078 

f  -060 
i  +  014 

*  Maximum. 


t"   MiTiimntn. 
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(C)  In  three  dimensions  we  have 
4Tr^  = 


('-TF^' 


*~2V6' 


r 

-  —t 
c 


-U'-fA"}'" 
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(43) 

(44) 


The  three  cases  are  represented,  with  s  as  ordinate  and  t  as  abscissa, 
on  p.  157.  The  scale  of  t  is  the  same  in  each  case,  but  there  is,  of 
course,  no  relation  between  the  vertical  scales.  In  (A)  we  have  a 
wave  of  pore  condensation ;  in  (6)  the  primary  condensation  is 
followed  by  a  rarefaction  of  less  amount,  but  lasting  for  a  longer  time ; 
whilst  in  (C)  the  condensation  and  rarefaction  are  anti-symmetrical. 
In  (B)  and  (C)  alike  we  necessarily  have,  at  any  point, 


s(Zi  =  0, 


(45) 


in  virtue  of  (^sO).  If  the  source  had  been  strictly  limited  in  duration, 
the  medium,  in  the  case  of  three  dimensions,  would  have  remained 
absolutely*  at  rest  after  the  passage  of  the  wave,  as  in  the  case  of 
one  dimension,  although  for  a  different  reason.  In  the  intermediate 
case  of  two  dimensions,  there  is  only  an  asymptotic  approach  to  rest. 

5.  If  in  a  two-dimensional  medium  free  from  singular  points  we 
wish  to  calculate  the  disturbance  consequent  on  arbitrary  initial 
(symmetrical)  conditions,  it  is  probably  simplest  to  adopt  the  method 

*  The  statement  has  reference  to  a  ^oin^-souroe.  If  a  sonioe  f{t)  be  miifomily 
distributed  over  the  surface  of  a  sphere  of  radios  a,  we  have 

^  /t.(r*<i)/e 

iitrp  =  i.  <,-[*«-(»— )V-  f  /(A)  ti^'^dK 

as  may  be  easily  verified.  If  /(<)  «  0  for  t<0  and  for  Or,  we  find,  for 
<>(r-a)/c+T,  - 

iwnp  =  -  <,-[c«-(r-)l/-  [f{\)  e^f  rfA, 
«  Jo 

so  that  ^  falls  only  asymptotioaliy  to  0.  But  when  et^r  is  only  a  moderate  multiple 
of  a  the  residual  disturbimce  is  aheady  very  small. 

This  point  was  noticed  by  Stokes  {I.e.  ante)  in  connection  with  the  same  problem. 
Reference  may  also  be  made  to  Kirchhoff,  Meehaniky  c.  xxiii. 
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indicated  by  Rayleigh,*  treating  the  problem  as  a  particular  case  of 
motion  in  three  dimensions.  If,  however,  we  wish  to  follow  a  more 
analytical  procedure,  we  require,  in  the  first  instance,  the  solution  of 
the  following  subsidiary  problem : — Given  a  function  /,  to  find  a 
function  F,  such  that 


£ 


F  (r  cosh  u)du=f  (r) .  (46) 

Provided  /  (oo  )  =  0,  a  condition  naturally  fulfilled  in  the  applications 
we  have  in  view,  the  solution  is 


F(z)  =  ''  —  z\f{z  cosh  v)  dv.  (4.7) 

^      Jo 

I    F  (r  cosh  u)du=: 1    r  cosh  udu\   f  (r  cosh  u  cosh  v)  dv.  (48) 


For  this  makes 


Jo 
Let  us  now  write 


x  =  r  cosh  u  cosh  v,     y  =  r  cosh  u  sinh  r, 

so  that  ;^-    '-^—  =  ?•'  sinh  u  cosh  u, 

d  («,  v) 

Transforming  to  aj,  y  as  independent  variables,  we  have 

where  the  integrations  extend  over  that  part  of  the  plane  xy  which 
lies  above  the  axis  of  x  and  to  the  right  of  the  positive  branch  of  the 
hyperbola  a?— y*  =  r*.     If  we  integrate  first  with  I'espect  to  y,  we  find 

j    F(rcoshu)du=^—\   f(x)dx;  (50) 

Jo  .  »• 

80  that  (46)  is  satisfied,  subject  to  the  condition  stated.t 
Writing  (11)  in  the  now  slightly  more  convenient  form 

^=      /(c^— rcoshtt)dM+|    F  (ct -^ r  cosh  u)  du,         (51) 

Jo  Jo 


•  Soundy  }  276. 

t  This  determination  of  the  unknown  fiinctiou  F  in  (46)  is  suggested  by  an 
investigation  of  Schlomilch,  which  is  reproduced  in  Todhunter's  FuncUofu  of 
Laplace t  &c.,  §  441. 


(53) 
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we  have  to  determine  the  arbitrary  functions  so  that 

9  =  ^(r),     |J  =  X('-),  (.'i2) 

say,  for  *  =  0 ;  that  is,  we  must  have 

{  /  (— r  cosh  tt)  -\-F  {r  cosh  u)  ]  dn  =  ^  (r) 

(/(— r  cosh m)  -f  ^'(^ cosh  u)]du  =  —  x  (j) 

c 

These  conditions  will  be  satisfied,  in  virtue  of  (47),  provided 

/(_.r)  +  F(r)=-?':  rf(rcoshr)rir,  (54) 

^   Jo 

and  /'(_r)+i^(r)=:-.?r  f  x' (r cosh r)  dv,  (55) 

''•c  Jo 

it  being  assumed  that  \//  (r)  and  x  (0  vanish   for  r  =  oo  .     The  con- 
dition (55)  may  be  replaced  by 


r 
i: 


f(-r)-F(r)=  —  \'rdr  T  x'(r  cosh  r)  dv. 


(56) 


where  the  lower  limit  of  the  integi-ation  with  respect  to  r  is  in- 
diffei*ent.  The  solution  of  our  problem  is  now  virtually  complete ; 
for  (54)  and  (56)  determine /for  positive  and  F  for  negative  values 
of  the  argument,  whilst  the  determination  of  /  for  positive  arguments 
is  supplied  by  f(et)  +  Fict)=0,  (57) 

which  is  the  condition  of  "  continuity  "  at  the  origin.* 

As  an  example,  suppose  that  initially  v>  =  0,  everywhere,  whilst 
df/dt  =  1  for  r  <  a,  and  =  0  for  r  >  a.f     We  have,  from  (54), 

/(~r)  +  F(r)  =  0.  (58) 

Again,  in  (56)  we  have,  denoting  by  c  an  infinitely  small  positive 
constant, 

J^^  X  (r  cosh  .)  clr  =  1^-}^^^^^  =  "  ;/(,,.^)  . 


♦  Of.  Rayleigh,  Sound,  §  270. 

t  The  corresponding  problem  in  three  dimensions  is  solved  in  Hydrodymmia, 
}264. 
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provided  r<a,  whilst  f  or  r  >  a  the  integrand  vanishes.    Hence,  taking 
a  for  the  nnindicated  lower  limit  in  (56),  we  find 


/(_r)-F(r)  = -^  v^Ca'-**),     for    r<a; 

wc 


(59) 


=  0. 
From  (57),  (58),  (59)  we  infer 

/(r)=/(-r)=-P(r) 
1 


for    r>a. 


=  J_y(„«_^),     for    r<a; 


=  0, 


for    r>a. 


(60) 


To  trace  the  course  of  the  disturbance  at  a  distance  r  which  is  >a, 
we  remark,  in  the  first  place,  that,  since  c^+r  coshu  >  a,  the  second 
term  in  (51)  disappears,  and  we  have  accordingly  to  deal  with  a 
diverging  wave  only.  Again,  so  long  as  c^  <  r^a,  we  have 
I  ct—r  cosh  u  I  >  a,  and  therefore  ^  =  0.     When  r^a  <  c^  <  r+a,  we 


ire  Jo 
whilst,  for  c^  >  r-f  a, 


ih-*(rf+o)/r 


%/{ a'— (c^  —  r  cosh  u)'}  du  ; 


^  =  i  r^"  ^''"*'"^'V{a«-(ce-rcoshi*)«}(it*. 

The  last  result  may  also  be  written 

o^p-  cos*  6  dO 

*       ^cj.j,  v/{(c^  +  asintf)*-r*}' 

or,  for  large  values  of  ct—r* 


<P  = 


2cy(c»^-r»)' 


(61) 
(62) 

(63) 
(64) 


6.  It  would  be  of  interest  to  examine  whether  the  energy  of  a  free 
progressive  wave  in  two  dimensions  is  equally  divided  between  the 
kinetic  and  the  potential  forms.  That  this  is  the  case  in  one 
dimension  is  well  known,  and  the  proof  for  spherical  waves  is  easily 
supplied.     For  we  have,  identically, 

•  This  may  be  compared  with  Rayleigh,  Sound,  }  276,  equation  (1). 
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If  we  asBume  r<^  =f  (ct—r)^  (65) 

and  put  «=-i^'     "'«  =  ?-. 

Or  ot 

this  may  be  written       ?V  =  cV^'—  ^|^*) .  (66) 

9r 


Hence  I    ^pti^47rr*<ir  =  I    ^pcV .  47rr^ir, 


(67) 


if  we  suppose  that  r0*  vanishes  at  the  inner  and  outer  boundaries  of 
the  wave. 

The  direct  examination  of  the  question  for  the  case  of  cylindrical 
waves,  starting  from  the  formula  (9),  would  not  appear  to  be  easy. 
If  we  try  to  adapt  the  indirect  method  given  by  Rajleigh*  for  the 
case  of  plane  waves,  the  argument  would  run  somewhat  as  follows  : — 
Consider  at  any  instant  (which  we  may  conveniently  take  as  origin 
of  t)  an  arbitrary  divei^ging  wave  A^  and  also  the  converging  wave  B 
which  is  obtained  from  A  by  reversing  the  velocity  of  every  paii;icle  . 
It  is  plain  that  an  initial  disturbance  {A-\-B)  constructed  by  super- 
posing these  would  split  up  into  the  two  waves  A  and  B^  and  that, 
if  in  the  subsequent  motion  these  become  wholly  separate,  the  sum  of  the 
energies  of  -4  and  B  can  be  asserted  to  be  equal  to  the  initial  energy 
of  the  disturbance  A-\-B.  Now  the  energies  of  A  and  B  alone  are 
constant,  and  are  initially  equal,  and  the  initial  energy  of  A  is  there- 
fore half  that  of  A-\-B.  Since  the  latter  is  wholly  potential,  and 
equal  to  four  times  the  initial  potential  energy  of  -4,  the  desired  con- 
clusion follows. 

The  proviso  in  italics  would  seem  to  be  essential  to  the  argument. 
It  is  satisfied  in  the  case  of  spherical  waves,  but  not  in  the  case  of 
cylindrical  waves,  at  all  events  such  as  result  from  a  limited  original 
disturbance. 
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Expansions  by  means  of  Lame's  Functions,  By  A.  C.  Dixon. 
Received  September  19th,  1902.  Read  November  13th, 
1902. 

I  have  found  myself  hampered  lately  by  the  want  of  strict  proofs 
of  the  validity  of  expansions  by  means  of  Lamp's  functions.  The 
present  paper  is  meant  to  supply  this  want,  and  to  give  the  reader  a 
fairly  connected  idea  of  the  analytical  theory,  so  far  as  it  relates  to 
the  determination  of  a  potential  or  harmonic  function  whose  values 
on  an  ellipsoidal  surface  are  given.  The  better  known  parts  of  the 
theory  have  only  been  sketched. 

An  impoi-tant  development,  which  I  have  not  met  with  before,  is 
the  use  of  Lame's  functions  to  express  functions  in  a  double  space, 
analogous  to  a  Riemann  surface. 

The  notation  used  for  elliptic  functions  will,  I  think,  be  found  to 
have  advantages  in  working  with  ellipsoidal  coordinates. 

The  works  that  1  have  chiefly  consulted  are  the  papers  of  Lame 
and  Liouville,  and  the  treatises  of  Heine  (Kugelfnnclionen)  and 
Halphen  {Fonctions  ellipttques,  Vol.  ii.).* 


1.  In  working  with  ellipsoidal  coordinates  we  shall  use  the  follow- 
ing notation.  We  shall  write  aw,  6u,  cu  for  the  squai*e  it>ots  of  a'  +  A., 
6*-HX,  c*-hX,  where  X,  u  are  connected  by  the  relation 

2h=  r  [(a=+^)(6H^)(cU^)}-*tW.  (1) 

When  n  is  real,  positive,  and  small  the  values  of  an,  6m,  cti  will  be 
taken  positive.  In  formula;  there  will  be  complete  symmetry  as  to 
a,  h,  c.     For  instance,  to  differentiate  we  have 


a'u  =  —  6m  CM 
h'li  =  —  cu  an 
c'n  =  —  an  hn 


(2) 


•  The  parjijcrapliH  that  I  rccojmize  :i8  due  in  Hiil)HtaTi(H 
2-7,  14,  20  and  in  part  10,  lo. 


to  earlier  writers  nn> 
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The  addition  theorem  is 

a  (u  +  v)  =  (au  hv  cv—av  hu  cu)  j  (a^v — ahi), 
with  two  similar  equations. 

Let  a,  /3,  y  be  the  half  periods,  so  that 

oa  =  fe/3  =  cy  =  0,     a'/J  =  a^—h\     a'y  =  d^—c?,  &c. 
The  formulae  for  the  addition  of  half  periods  are  of  the  types 


a  (a-f  w)  =  aa/au      1 
a(/3  +  tt)  =  aflru/bn  f 


163 


(3) 


(4) 


(5) 


The  three  functions  au,  hu,  cu  Ave  odd  and  for  small  values  of  u 
approach  the  limiting  form  u'\ 

We  shall  suppose  a*— 6*  and  fe*— r'  positive  ;  thus  y  may  be  taken 
real  and  positive,  u  purely  imaginary,  and  of  the  same  sign  as  i ; 
fl  will  be  fixed  by  the  equation 


a+/9  +  y  =  0. 


(6) 


Then  ay,  fey,  ifea,  tea,  —a/5,  —  ic/3  are  all  positive. 

The  relations  between   the   Cartesian  coordinates  x,  y,  z  and  the 
ellipsoidal  coordinates  u,  x\  w  are 


a^u       hht       c'/t 

.-^   +  S'l  +  il  =  1 
ah^       h^v       c^v 


a*t(;      hhv      c^w 


(7) 


aj  =  aw  ar  aii?  /  a/3  ay 
y  =  bubv  btvfby  ba 
z  =  o?t  ri'  cw  I  ca  eft   - 


(8) 


Of  the  three  arguments,  «  is  pui'ely  real,  the  real  part  of  v  is  an  odd 
multiple  of  y,  and  the  imaginary  part  of  w  an  odd  multiple  of  a ;  we 
shall  suppose  v  to  range  between  /3±2a  and  w  between  )3±2y,  and 
then  for  any  fixed  value  of  n  the  corresponding  ellipsoid  will  be 
covered  twice,  the  points  u,  v,  w  and  u,  2ft— v,  2/3— «?  coinciding. 
We  have  ^n^  ^  ^^,^  ^  ^.^^  ^  ^^o^,  ^  ^,^^,  ^  ^  ^^^ 

M  2 
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11 


(Jy 


often  occur,  dS  being  an  element  of  area  on  the  suHace  of  the 
ellipsoid  n  =  const.,  and  dy  an  element  of  the  outward  noniial  to 
that  surface.     Since 

dy  =  —  (a'u  —  dh^y  (tru — a'ti;)*  du  \ 

dS  =  -  I  (rAf-aV)*  (a'u-a'wY  {ah—ahr)  dvdiv  J  ' 

this  double  inteori»al  becomes 

OH 

and  we  shall  wnte  dw  for  the  |x>sitive  quantity 
— I  ((I'v — a^w)  dvdiv. 

2.  Tlie  transformation  of  Laplace's  equation 

oar"       (h/       ««• 
is  (aV-o'w)  ^  +  (o'jt— a'«)  |'*-  +  (a'u-a'v)  f-*  =  0, 


\l 


(11) 

(12) 


and  Lame  pointed  out  that,  if  this  equation  was  satisfied  by  a  value 
for  <^  of  the  form  fufvfic,  then  the  function  /  must  be  a  solution  of 
the  equation  «/         /.   ,  ^  «        -r^v  /-.o^ 

A,  B  being  constants. 

Lame's  functions  are  rational  integral  algebraic  expressions  in  aw, 
6m,  cm,  satisfying  equations  of  the  type  (13).  It  is  readily  seen  that 
such  expressions  will  contain  terms  of  odd  degree  only  or  else  terms 
of  even  degree  only,  and  that,  if  n  is  the  degree  of  the  highest  term, 
A  =  n(w  +1).  The  general  (expression  of  the  w-th  degree  that  is  to 
be  considered  may  thus  be  written  — 

^ru  (7;,a"-^<-|.r,r/"-'^M+...) 

-\-  hu  cu  {Sq fi" ' '  11  -h  .v,  f/"   */*+...), 

/j))d  it  contains  2??  4- 1  terms.    If  it  is  substituted  fnrfu  in  the  equation 
(^//y^,  f/w  terms  of  the  degi^e  m  -}-  2  will  disappour  o\\  aeoowtvt  (^f  the  value 
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chosen  for  A,  and  there  will  be  2m  -f  1  linear  homogeneous  equations  that 
must  be  satisfied  by  the  2n4"l  coefficients^,  q,  r,  8,  These  equations 
are  also  linear  in  B,  and  thus  the  result  of  eliminating  p^  q,  r,  «  is  an 
equation  for  B  of  the  degree  of  2n-\-l.  A  value  satisfying  this  equa- 
tion having  been  taken  for  B,  the  ratios  of  the  coefficients  p,  g,  r,  s  are 
determinate,*  and  thus  the  function  fu  is  found.  A  term  in  fu  con- 
sists of  a  power  of  au  multiplied  by  one  or  other,  or  both,  or  neither 
of  the  factors  bu,  cm,  and  a  term  of  any  one  of  these  four  forms  gives 
terms  of  the  same  form  only  in  fu.  Hence  it  appeal's  that  Lame's 
functions  ai*e  of  four  kinds,  in  each  of  which  terms  occur  of  one  of 
the  four  forms  only,  and  the  equation  for  B  accordingly  breaks  up 
into  four  factors. 

3.  Now  let  fu,f{u  denote  two  of  Lame's  functions.  The  products 
fufvfw,  or  <^,  and  fiuf^vf^w,  or  <^i,  satisfy  the  equation  (11),  and 
have  no  singularity  except  at  infinity,  since  they  are,  as  is  readily 
pix)ved,  I'ational  integral  algebraic  expressions  in  a?,  y,  z.     Hence 

by  Green's  equation,  if  the  integral  is  taken  over  any  ellipsoid  u. 
The  integral  is  doubled  in  value  if  we  take  /3  ±  2a  as  the  limits  for  v 
and  P  ±  2y  for  w,  and  these  limits  will  always  be  understood  when 
no  other's  are  stated  or  implied.      Substituting  for  <^,  <^„  we  have 

(fufiU —  lUfu)  Ifvfwf^vf^wdu}  =  0 

for  all  real  values  of  u  between  0  and  y. 

The  first  factor  does  not  vanish  unless  fu,  /,  u  are  practically  the 
same,  theii-  ratio  being  constant.  Hence,  if  /,  /,  are  different  Lame 
functions 

ifvfwf,vf,wdu,=zO.  (15) 

4.  From  (15)  it  follows  that  all  the  i-oots  of  the  equation  for  B  are 
real.  For,  if  B,  By  were  two  conjugate  complex  roots,  they  would 
give  conjugate  complex  values  to  the  coefficients  in  the  corresponding 


•  It  is  found  later  (§  4)  that  the  equation  for  B  has  no  double  root,  and  henoe  this 
Htatemont  is  justified. 
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functions  /,  f^  Hence  fvfiV  and  fwfiW  would  be  of  constant  sign 
over  the  surface,  and  the  equation  (15)  could  not  therefore  be  tme. 

In  somewhat  the  same  way  it  may  be  proved  that  the  equation 
for  B  cannot  have  equal  roots.  If  a  root  B  were  repeated,  then 
a  quantity  C  and  the  coefficients  in  an  expression  gu  of  the  same 
form  as  fu  could  be  so  chosen  that  the  coefficient  of  t  in 

^,{f^i-\-^gu)-{Aa'u'\-B-^€C)(Ju-^€gH) 

should  vanish.     That  is,  we  should  have 

g"u  =  {Aa^u  -h  5)  ^w  +  Cfu.  (16) 

Then  gufvfw-rfugvfw-{-fufvgw  would  satisfy  Laplace's  equation 
(11)  and  could  be  put  in  the  place  of  ^,  in  equation  (14),  since  it 
would  be  a  rational  integral  algebraic  function  of  «,  y,  z.  The  result 
would  be 

(g'ufu—fu  gu)  jf*vf*wdu)  =  0, 

which  is  impossible,  as  gu  is  not  a  mere  constant  multiple  of  fu,  and 
the  subject  of  integration  is  of  constant  sign. 

If  G  were  zeix),  this  argument  would  fail,  since  gu  need  not  then 
be  of  the  same  fonn  as  fu,  but  only  of  the  same  degree,  and  then  the 
expression  put  for  <^,  would  not  be  rational  in  x,  y,  z.  We  should, 
however,  have  from  the  differential  equation 

g^nfu  —  gufu  =  0, 

and  therefore  gufu  —  gufu  =.  h,  2l  constant. 

Thus  2hfu  gu  =  pu  -  g^u—g*u  —  f^u 

=  au  hu  cu  X  an  expression  rational  in  a'tt. 

This  is  impossible,  unless  ^  =  0,  since  fugu  is  of  even  degree,  2n,  in 
au,  buy  cu  ;  hence,  again, 

g'ufwgufu^O; 

so  that/,  g  Are  the  same  function  practically. 

Hence  all  the  roots  of  the  equation  for  B  are  real  and  distinct,  and 
for  any  value  of  the  order  n  there  are  2n-\-l  distinct  Lame  functions 
with  real  coefficients. 

3.   The  next  mattevti  to   be   discussed   are  superior   and   infeiior 
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limits  to  the  value  of  B,  and  the  distribution  of  the  values  of  n  for 
which  fn  vanishes. 

Now  pu  is  a  quantic  in  a'w,  and  hence  its  derivative  *2,fnfu  con- 
tains the  factor  aubiicu,  and  vanishes  at  a,  )8,  y  ;  thus,  for  each  of 
these  values  of  «,  either  fn  or  fn  is  zero.  Tliey  cannot  both  vanish 
for  any  vahie  of  u  ;  otherwise,  fi-om  the  equation  (13)  and  its 
derivatives,  it  would  follow  that  all  the  suw^essive  derivatives  oi  fu 
would  vanish,  which  is  impossible. 

The  limits  between  which  B  must  lie  are  0  and  — w(nH-l)a*y. 
For  suppose  the  case  otherwise  ;  then  the  sign  of  f'u/fti  is  constant 
when  u  lies  between  y  and  y  +  a  or  between  y  +  a  and  a.  Take  this 
sign  to  be  positive ;  then  the  curve  y  =/(a-haj)  is  convex  to  the  axis 
of  X  for  values  of  the  abscissa  between  0  and  y,  and  yet  either  y  or 
dy/dx  vanishes  for  each  of  these  extreme  values.  The  figure  shows 
that  this  is  absui*d.  If  the  sign  of  f'n/fn  is  taken  negative,  it  will, 
in  like  manner,  be  found  impossible  to  draw  the  curve  y  =/(y-|-«uj) 
for  values  of  .r  between  0  and  —  la. 

Since  B  lies  between  0  and  — n{7i-\-l)a^y,  it  follows  that  f'u/fii  is 
positive  for  all  real  values  of  u.  Hence  fu  and  fn  are  constant  in 
sign  and  increase  in  numerical  value  as  n  decreases  from  y  to  0. 
The  same  is  true  of /im  and/iw  asn  decreases  from  —  la  to  0.  When 
u  =  0,  fu  and  fu  become  infinite. 

Now  fu  contains  as  a  factor  a  quantic  in  a^u,  and,  since  fu,  fu 
cannot  vanish  together,  no  root  of  this  quantic  can  be  repeated  and 
none  can  be  equal  to  0  or  a^ft  or  d^y  ;  also  no  root  can  be  negative  or 
gi*eater  than  d'y.  The  coefficients  in  the  polynomial  ai*e  algebraic 
functions  of  a^,  6*,  c*,  and  no  variation  in  (r,  b^,  c*  can  alter  the 
number  of  roots  of  the  polynomial  that  lie  between  0  and  a^fi  or 
between  d^fi  and  d\  ;  for  this  would  imply  a  transition  stage  in 
which  two  roots  would  be  equal,  or  a  root  would  be  equal  to  0  or 
a^fi  or  aV-  Hence  the  number  of  roots  between  0  and  a')8,  say,  can 
be  found  by  considering  a  special  case :  for  instance,  that  in  which 
b  =  c. 


6.  The    elliptic  functions  then  degenerate,  and,  writing  k  for  the 
value  of  afi  or  ay,  we  have 


aM  =  .:coth*:M  | 

KU  J 


bti  =  cu  =  *:  cosech 
Putting  r  =  y  -h  *<^,     u;  =  —  a  +  j/^, 


168  Prof.  A.  C.  Dixon  on  [Nov.  1», 

so  that  ^,  ij/  are  real,  and  using  the  formulsB  (5),  we  have 


av  =  aybap/cif  =  k 
hv/by  =  ai^/cc^  =  cos  jc^ 
cv/hy  =  cyjhyCK^  =  —  i  sin  c^  ^ 


and,  similarly. 


ate  =  <  taiih  ri/r 
6i£7  =  CTO  =  IK  sech  K 


:X  J 


Lame's  equation  (13)  becomes,  for/tt. 


du* 


=  [n(n-f  l)i^'coth«icM  +  B}  17; 


for  /t', 
for  /?(?, 


^^=  {n(n-|-l)ic=tanh»«^  +  ^]  PT. 


(18) 
(19) 

(20) 
(21) 
(22) 


Now  F,  or  fv,  is  a  polynomial  in  sin  r^,  cos  K<p  of  degree  not  higher 
than  n,  and,  if  it  is  to  satisfy  the  equation  (21),  it  must  be  a  multiple 
of  sinm*:0  (?/t  =  1,  2,  ...,  n)  or  cosmic^  (m  =  0,  1,  2,  ...,  n),  and  the 
value  of  B  will  be  mV— 7i  (^*  +  l)  *^'. 

Thus  when  /i  is  put  for  tanh  nij/  the  equation  (22)  becomes  that 
which  is  satisfied  by  the  zonal  factor  in  a  tesseral  harmonic,  and  W 
is  a  constant  multiple  of 

Hence  IF  vanishes  for  ?t— ?u  real  values  of  4^  of  which  one  is. zero 
when  w— m  is  odd ;  thus  the  number  of  i-oots  of  the  polynomial  in 
ahi  that  lie  between  0  and  aV  is  determined. 

The  real  values  of  K(p  for  which  V  vanishes  are,  when  V  =  sin  m«^, 
0,  dbirjm,  ±2ir/m,  ...,  and  when  V=co8  7»ic<^,  ±7r/2?/i,  ±3ir/2wi,  .... 
To  these  coiTCspond  roots  of  the  polynomial  in  a*u  between  a'fi 
and  a'y. 

Thus  a  Lame  function  of  any  order  may  be  distinguished  from 
others  of  the  same  order  by  the  distribution  of  its  zeros.*     Let  C^, 


*  Kleiu,  Mut/i.  Ann.,  Vol.  xvm.,  pp.  237-244. 
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fif«  denote  thoBe  for  which,  in  the   limit  when    h  =i  c,   V  becomes 
cos  mi:^,  sin  nuap  respectively.     Then  the  distribution  is  as  follows : — 


Zeros  of 


At  a  !. 

From  a  to  a  f  27* 

At  a  +  7     

From  2a  +  7  to  7* 
At  y  


QilH- 


1 
H  —  2m 

1 
2w-2 

0 


C2m 

Sim-\ 

5i„. 

0 

1 

0 

M  — 2m 

II— 2m 

M-2#« 

0 

0 

1 

2m 

2#/»-2 

2m -2 

0 

1 

1 

n  odd 


0 

«  — 2m  +  l 

1 

2m-2 

0 


C2m 


1 

«  — 2m-l 
0 

2m 
0 


^2fM-l 


»  — 2m+  1 
0 


S-2m 


1 

H  —  2m  —  1 
1 


2m  —  2     ,     2m  —  2 

L  1 


*  Exclusive  of  the  half  periodn. 


It  follows  that  whenever  fu  vanishes  ahc  is  real.  The  classification 
might  have  been  arrived  at  by  considering  the  other  extreme  case, 
a  =  2»,  instead. 

The  process  that  we  have  used  for  finding  the  fourth  i*ow  in  the 
table  amounts  to  this  :  that  we  write  a*— 6'  sin'  Kip—  c'  cos'  Kp  for  a^u  in 
Ju,  divide  out  by  as  high  a  power  as  possible  of  6'— c',  and  then  put 
6'  =  G*.  This  reduces  G,„,  8,^  to  multiples  of  cos  mKift,  sin  mx^ ;  so 
that  their  zei'os  ai*e  known. 


7.  In  discussing  expansions  by  means  of  Lame's  functions  it  seems 
necessary  to  consider  another  limiting  case — namely,  that  in  which 
a'— 6',  6'— c^  are  made  infinitesimal  in  some  given  ratio.  The 
ellipsoids  of  the  confocal  system  thus  become  concentric  spheres,  and 
the  hyperboloids  confocal  cones  with  vertex  at  the  centre.  The 
real  argument  ti  must  be  taken  as  infinitesimal,  and,  since  in  the 
limit  it  becomes  r'\  we  are  led  to  the  following  equations  : — 


y=zr 


hvhw 
by  ba 


cac/3  ' 


(23) 


These  cjnly  contain  the  ratios  of  a'  — 6',  b^—c^,  a^v^a^w,  and  so  hence- 
forth these  quantities  need  not  be  supposed  infinitesimal.  Laplace's 
equation  (11)  becomes 

(„W«'«,)|(r'|^)-|?+|l=0.  (24) 

Or  ^     Or '       ovr       ow 
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Any  spherical  surface  harmonic  of  order  n  is  a  function  of  v,  iff,  and 
the  equation  it  satisfies  is 

^-^,=  n(n  +  l)(ah-a*w)4>.  (26) 

This  is  satisfied  by  the  2w  +  l  products /r/iir ;  so  that  these  are 
surface  harmonics.  Let  constant  multiples  of  them  be  denoted  by 
Oqj  Oi,  ^„  ...,  ^,„.  The  element  of  sui'face  on  the  sphere  is  t^cU*^ 
and  we  proved  above  that 

le,0,d^  =  0    (p:^q).  (26) 

In  each  of  the  functions  0  there  is  an  arbitrary  constant  factor.  Let 
this  be  so  chosen  that 

leldi^  =  8T/(2n+l)     (p  =  0,  1,  2,  ...,  2n).     (27) 

This  would  only  be  impossible  if  ]pvpw  dut  were  zero,  which  cannot 
be,  since  the  subject  of  integration  is  of  constant  sign.  It  follows 
that  the  harmonics  Oq,  ^i,  0^,  ...,  0^^  are  linearly  independent ;  for,  if 
^2io  say,  could  be  expressed  in  the  form 

we  should  have,  since 

that  jCd«=0, 

which  is  untrue. 

8.  A     set     of    2^4-1    complete     spherical      surface     harmonics, 
o'o»  *^i»  •  •  •  >  ^2m?  of  order  n,  such  that 

\<r,<T,dw  =  0     (pi^q),  (28) 

J(r;(;«  =  87r/(2n  +  l),  (29) 

has  one  or  two  important  properties.  Since  the  functions  are  linearly 
independent,  any  other  complete  harmonic  of  order  n  can  be  expressed 
as  a  linear  function  of  them.  Take,  for  instance,  P„  (cos  PP*),  where 
P  is  the  current  point,  P'  a  fixed  point  on  the  sphere.     Thus  we  have 

P„(C0SPP')  =rtoO'o  +  «l^l+-» 

where  Sira,  =  (2n  + 1 )  J  P,.  (cos  PF)  a^  rfai, 

as  we  find  on  multiplying  both  sides  by  o-^  and  integrating.     Now, 
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by  a  known  theofem,  since  a-p  is  a  complete  surface  harmonic  of 
order  w,  and  the  sphere  is  covered  twice  in  the  integi-ation, 

I  P„  (cos Pr)  a^dio  =  8ir<r;/(2n  + 1), 

where  o-p  denotes  the  value  of  a-p  at  P'.     Hence 

and         P„  (cos  PF)  =  o-q  <r,'  +  <r,  o-J  +  o-jO-j  + . . .  to  2n  + 1  terms.         (30) 

Taking  P'  to  coincide  with  P,  we  have 

<rl+a]  +  al+...+al  =  l.  (31) 

We  may  call  er^^  a„  ...,  ^2„  a  canonical  set  of  surface  harmonics  of 
order  n,  and  thus  it  follows  from  (31)  that  two  canonical  sets  are 
connected  by  an  orthogonal  substitution.  The  converse  also  holds 
that  a  set  derived  from  a  canonical  one  by  an  orthogonal  sub- 
Btitution  is  itself  canonical. 

Now  the  products  0^,  tfj,  ...,  tfji*  form  a  canonical  set,  and  thus  it 
follows  fit>m  (31)  that  no  one  of  them  can  have  a  gi*eater  value 
than  unity  at  any  point  of  the  surface. 

9.  We  can  now  conveniently  fix  the  constant  factor  in  Lame's 
function  fu.  The  function  will  be  taken  positive  for  real  values  of  u 
between  0  and  y.  Then  fvfhv  is  negative  or  positive  according  as 
fP  does  or  does  not  vanish.  Let  j  stand  for  —1  when/jS  =  0,  and 
for  -f  1  when  //8  r^fc  0  ;  then  we  shall  suppose  the  constant  factor  * 
so  chosen  that 

jfvfwdu,  =  8;V/(2n  +  l).  (32) 

So  then  \fvfw  \  cannot  exceed  1  at  any  point  of  the  surface. 

10.  The  chief  problem  to  be  solved  is  that  of  finding  ^,  a  function 
of  X,  y,  z,  without  singularity  within,  or  else  without,  a  given 
ellipsoid,  say  u^,  which  shall  be  a  potential,  that  is,  shall  satisfy 
Laplace's  equation  A^  =  0,  and  which  shall  have  assigned  values 
on  the  surface  of  the  ellipsoid  u^. 

The  first  step  is  to  expi*ess  the  assigned  values  by  means  of  a  series 
of  the  form  '%hfvfw.     Let  this  value  at  a  point  (w^,,  t7,  w)  be  denoted 


•  Prof.  G.  H.  Dans-in  (Roy.  Soc.  Fhil.  Trans.,  Vol.  cxovn.)  ha«  found  another 
choice  of  this  factor  more  convenient  for  purjKMws  of  computation.  The  factors 
could  be  compared  by  comparing  the  valuoh  of  the  uitejfral  in  (32)  in  the  two 
notations. 
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by  F{v,  w) ;   then  we  may   consider  it  as  belonging  to  the  oorre- 
sponding  point  on  the  unit  sphere,  that  is,  to  the  point 


(avaw     bvhw     cvcw\ 
a/3  ay'    byba^    cacfif^ 


and  expand  it  in  a  series  of  spherical  surface  harmonics 

The  term  F„  can  then  be  expressed  linearly  in  terms  of  the  harmonics 
Oq,  ^1,  0^,  ...,  ^2,„  and  thus  we  have  the  expansion  desired. 

For  the  present  we  shall  assume  that  jP(v,  w)  is  an  analytical 
function  of  the  Cartesian  coordinates  over  the  whole  surf aoe  of  the 
ellipsoid ;  then  the  same  will  hold  over  the  surface  of  the  sphere, 
and  the  senes  2F„  will  be  convergent  by  ratio  ;  that  is,  the  numerical 
value  of  Yn  will  everywhere  be  less  than  pq*"  where  p^  q  are  two 
positive  quantities  and  q  <  1.  (See  Gainb.  Phil,  Trans.,  Vol.  xix., 
Part  2,  pp.  205-7.) 

Let  y„=  Mo+^i^i  +  ...  +  ^«^2-. 

Then  |y^^.>  =  87r(feJ  +  fc^+...+^^„)/(2n  +  l). 
But  J  d(o  =  Stt     and     Y^  <  p^q^  ; 

therefore  ^''0+ A;J+  ...  -h  A;",,  <  (2/^+  l)joV*- 


Thus  each  of  the  coetiic.ieiits  A;  is  numerically  less  than  jp<^'*\/2n4- 1, 

and,  if  we  write  Y„  for   ^    |/»*,»^„,  |,   the    series    Yo-fF, -»-...    is   con- 

vergent  by  ratio,  since  Y,^  does  not  exceed  pq"  {2n-\-l)\*     TJhe  series 

whose  ^i-th  term  is    2    |  k,„  \  is  also  convergent  by  ratio. 

Since  fufvfw  is  a  potential,  it  is  natui^al  to  suppose  that  the 
solution  of  our  problem  is  given  by  the  series  2  ^fufvfw/fuQ ;  for 
this  is  a  series  of  terms  each  of  which  is  a  potential  without 
singulai-ity  except  at  infinity,  and  when  u  =  u^  it  takes  the  form 
^kfvfw,  which  is  by  hypothesis  the  expansion  of  F{v,tD).  It  is 
necessary,  however,  to  prove  (1)  that  the  new  series  converges  for 
all  internal  points,  and  that  its  sum  is  a  potential ;  (2)  that  the  limit 
of  the  sum  when  u  approaches  Uq  is  the  sum  of  the  senes  2  kfvfw. 


*  In  using  a  rewiilt  of  this  kind  wo  may  drop  such  a  factor  a8  {'In  +  1)*   on  con- 
dition of  supposing  (J  Hligbtly  iucre^uied,  and  jwsHibly  p  increased  sAno. 
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The  expression  not  being  a  power  aeides,  the  theorem  of  Abel's  that  is 
generally  applied  cannot  be  used  to  prove  (2). 

11.  In  dealing  with  series  of  this  type  we  shall  take  the  (w-|-l)-th 
temi  to  mean  the  sum  of  the  2/j-f  1  partial  terms  of  order  n.  The 
products  fvfw  are  all  numerically  :J>  1,  and  they  may  therefore  be 
neglected  in  discussing  absolute  convergency.  We  need  to  prove 
that,  if  the  series  2  |  kfu^^  \  is  convergent  by  ratio,  the  same  is  true  for 
each  of  the  series  2  |  kfu  |,  2  |  kfu  |  for  a  continuous  range  of  real 
values  of  u,  including  w„  and  y. 

Move  generally,  if  Xu  is  a  function  of  u  satisfying  one  of  Lame's 
equations 

\"u=  [7i(n-\-l)ahi'\-B}\n, 

and  such  that  Xn^  or  X'uq  vanishes,  where  u^  is  a  fixed  r*eal  quantity 
between  0  and  2y  inclusive,  and  if  either  of  the  series  2|^'X?*J, 
^  I  kX'u^  I  is  convergent  by  ratio,  n^  being  a  quantity  between  0  and 
2y  exclusive,  then  the  two  series  2  |  frXw  |,  2  |  A;\'m  |  converge  by  ratio 
for  a  continuous  range  of  values  of  m,  including  both  v^  and  u^. 

Let  fi(0)  denote  Xu  where  ti'  =  Uq-\-0(u^—u^),  and  take  0  in  the 
first  place  to  be  between  0  and  1.     Then . 

f,"(e)  =  {u,^u,y  {n(n  +  l)a*u  +  B}  ^1(6). 

Thus  /*"(^)»  mW  have  the  same  sign,  and  the  curve  y  z=.  fx^x)  is 
always  convex  to  the  axis  of  x.  We  may,  without  loss  of  generality, 
take  fi{B)  and  k  to  be  positive.  As  B  increases  /t'(<^)  and  fi{B)  in- 
crease. 

Now  first  let  2A;/i  (1)  be  convergent  by  ratio.  Since /x(^)  <  /u(l), 
the  series  2  A'^t  (0)  is  also  convergent  by  ratio. 


Also  ft(l)-/x(^)  =  \^  n\e)<ie  >  (l-^)/i' 


(0). 


since  /*'(^)  increases  with  ^.      The  series  2A;^/x(l)— /lc(^)}    is  con- 
vergent by  ratio  ;  so  therefore  is  'Stkfx  (6). 

Also  ^^"{0)|^L  (0)  <  (wi-Mo)'w(n  +  l)  aV 

and  thus   likf/' (0)  also  converges  by  ratio  for  values  of  ^  up   to 
1  inclusive.     Integrating  this  from  ^  to  1,  we  find  that 

2A-y(l)-M'(<?)j 

is  convergent  by  ratio;  and  so   therefore  is  2A-/li'(1)   since  1,kfi'(0) 
has  been  proved  to  be. 
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Again,  let  l,kfi  (1)  be  supposed  convergent  by  ratio.  The  same  is 
true  of  ^kfi\0),  which  is  less  term  by  term.  Let  ^be  a  quantity 
between  0  and  1.     Then 

riio+r(tt,-ico) , 
/(^-/i'(fl)  =  (u^—u^)  [n(n+l)a«t«+B]Xii<i»» 

J«o+«(«i-«o) 

r«o+e'(«i-«o)  . 
>  n  (n  + 1)  (m, —Mo)  /a  (0)  (fu  du, 

.'«t)+«(«i-«o) 

since  P>— n(n  +  l)  a'y  and  Xm  >/i  (0)  throughout  the  range.  Now 
2fc  {/«'(^')— fi'(^)]  is  convergent  by  ratio ;  so  then  is  SA;/i(^),  and, 
since  ^, 

m(1)-/.(0)=     /(0)(W, 

SO  is  S/^fi  (1). 

12.  The  theorems  are  then  proved  for  values  of  $  between  0  and  1 
inclusive.  We  are  to  show  that  they  hold  for  a  wider  range  of 
values.     Take  ^  >  1. 

Let  «5,  t/j,  u^  be  in  order  of  magnitude,  and  take  a  quantity  17  that 
is  greater  than  au  for  any  value  of  ti  between  t«,  and  u,.  Let  v  ($) 
stand  for 

M (1) cosh  { (n-h  1) ,, (M,-tio)(^-l)} 

+  ^-1:-iy9 S  «^^^  {(n+l)i?(tii-tio)(^-l)}. 

Then  v"{e)  =  (n  +  l)*i7'  (wi-Wo)*^  W. 

while  /x"(^)  =  [n(n+l)a'tt+J5](tti-no)VW; 

thus     /[i  (0)  v' (0)  — /i" (^)  y(0)=  ^i  (0) V (^)  X  a  positive  quantity, 

so  long  as  u  is  between  t*,,  t*,. 

Also,  when  0>1,  v(0)  is  positive  and  increases  with  ^.  By  in- 
tegration we  have  then 

=  a  positive  quantity. 

Now  vW^A'Cl),    v'(l)  =/(!); 

hence    fx  (0)  y  (0)  —  n' (0)  y  (0)   is  positive,    and    y(fi)lfi{$)   increases 

with  6. 

Tims  yL{B)  <  y(^d),  since  we  are  taking  ^  <  1.  Now  ^(1),  ^\\)  are 
both  <  JP9"  whei^e  jp,  q  ai*e  independent  of  n  and  of  g  <  1.     If  we  take 
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^  >  1,  but  <  1 — (log  q)/rf  (tti  '^  Mo) »  *^e  series  S  ky  (0)  will  be  convergent 
by  ratio,  and  therefore  also  the  series  %kfi  (0),  %kix{6).  In  the  same 
-way  these  series  converge  by  ratio  for  negative  values  of  0  that  are 
not  too  great.  The  proof  does  not  apply  to  this  case  when  u^  is  0 
or  2y  ;  but,  since  \u  is  then  an  even  or  odd  function  of  n  or  n— 2y, 
aa  the  case  may  be,  the  theorem  is  otherwise  evident. 

13.  In  the  present  case  Mq  =  V  ^^'^  ^^  is  /«* ;  ^^^  coefficient  that 
has  been  called  /•  in  §§  11,  12  will  now  be  called  A;//m„,  n^  being  put 
for  Ml. 

Now  in  Green's  equation 

j  (*  at*  "*'  I;)  '^'^  =  I  \\  (^^^-"^  ^'kydxdydz  (33) 

let  ^=/'*/^'/i^i 

and  let  <^  be  the  reciprocal  of  the  distance  of  F  or  (m,  v,  tc)  from  an 
internal  point  (m',  v\  w'),  the  int-egration  being  over  the  surface  of 
the  ellipsoid  u  twice.     We  thus  find 

1  (-^"l,   TP  ~-^"  ¥f)  •^''•^"'  ^"  =  Srrfu'fv'fw'.  (34) 

Multiply  this  by  k/fu  and  sum,  changing  the  notation  to  agree  with 
that  used  in  §  10  ;  thus 

(35) 

an  expi'ession  which  from  its  form  represents  a  potential  for  the 
point  P,  having  no  singularity  within  the  ellipsoid  u^. 

We  conclude  that,  if,  in  the  series  2  kfufvfw/fuQ,  \  k  \  does  not  exceed 
jpg",  where  Pf  q  are  positive,  q  <  1,  and  n  is  the  order  of  Lame's 
function  /m,  then  the  series  is  convergent  when  y  ^  m  >  Vq,  and  re- 
presents a  potential  without  singularity  in  the  space  enclosed  by  the 
ellipsoid  m^.* 

The  series  is  also  convergent  by  ratio  in  a  region  outside  the 
ellipsoid  Uq.      Take  an   ellipsoid  m,'  in   this  region ;    in   (34)    write 


*  [The  integration  on  the  right-hand  side  of  (35)  gives  a  definite  result,  since  the 
infinite  scries  in  the  subject  of  integration  are  imiformly  convergent  over  the  surface, 
and  their  sums  arc  therefore  continuous. — December  16M,  1902.] 
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t(,  r,  w  for  m',  r\  to',  and  u^  for  m,  multiply  by  k/fu^  and  sum.     Than 

whic}i  expi*ession  repi^esents  a  ])otential  without  Rinfj^nlarity  within 
the  ellipsoid  w,'. 

Hence  the  series  2A-/n/r/tr///o  is  valid,  and  represents  a  potential 
without  singulainty,  throughout  the  volume  of  an  ellipsoid  of  the  oon- 
f<)<*al  Rvstein  outside  the  ellipsoid  m^,  and  the  surface  t*,^  is  included  in 
its  I'epfitJii  of  continuity.  The  value  of  this  potential  when  u  =  u^  is 
then  ISikfrfw't  that  is,  it  fulfils  the  assigned  boundary  conditions, 
and  the  prohloni  is  completely  solved. 


14.  The  value  of  /r  is  easily  found  as  a  definite  int«gi*al.  Multiply 
the  equation 

F(r,  M?)  =  2  kfvfw 

by  frfir  c/w  and  integi-ate  with  the  usual  limits  ;  thus 

Sirjk  =  (2n  -h  1)  J  F(v,  w)fvfw  dw.  (86) 

The  oxj)ansion  is  then 

SirF  (  o\  w)  =  2  (2n  + 1  )jfvfw  J  F  (r,  w)fvfw  rZ«.  (37  ) 

This  has  been  pi*oved  when  F(r,  w)  is  an  analytical  function  of 
.r,  7, :;  all  over  the  surface  ;  the  difficulty  in  extending  the  solution 
to  otlicr  cases  is  that  the  series  ^(2,n-\-\)jfv  fw  fofw  is  not  con- 
vergent. 

IT).  With  a  view  to  this  extension  we  shall  next  investigate  Green's 
finu't  ion  for  the  ellipsoid  ;  that  is,  the  potential  that  vanishes  over 
t  he  surface  u^  and  has  no  singularity  but  that  of  1/PP,  within  this 
surfa(H\  P  being  the  eminent  point  and  F,  a  fixed  internal  point.  To 
do  this  we  must  find  the  expansion  of  1/PP,.  Let  (u^,  r„  w^)  be  the 
coordinates  of  P„  and  suppose  the  expansion 

to  hold  when  P  lies  on  the  ellipsoid  n^.     It  follows  that 


AvTHoR^  of  PaiMTs  priiitj'ii  in  tli»  f'roceniinvA  arc  entitlr-d  to  r«»ct'iv«,  Iroe  of 
cost.  '2ii  s«M»arat!*  cM»i»its  <»f  th«ir  CKiimninirationH.  stit«'h«'«l  in  a  paiicr  i'r»vrr. 
Thi'v  can,  ho\v«'Vir,  by  j»r«viuiis  notij-i- 1«;  tho  Printi-rs.  obtain  ha  many  c<»j»ie!» 
an  thfV  wish,  at  tli*.*  followinir  r.iti-s: 


Of  a  TaiHT 


•J.)  (•••Ml-.-*. 


•)U  i.'oplt'.-. 


'.*>  ciijiios.        1(1(1  rojiio**. 


4  n:iir»->  . 

!•-•      ..      . 
! «'.      ..      . 


Fri't 


s. 

'i. 

.<.    «/. 

*.   .1. 

.) 

(i 

•">    u 

ti     u 

4 

« 

ti    t> 

.s     0 

7 

0 

10      ('. 

i;i    0 

H 

U 

12     0 

1;>     0 

U 

(i 

n    0 

lit     0 

It  was  i»iiirir;d  i>y  tin  Ctiiinril  iVvh.  i:?.  iMMl,  ••  Tliat  MpJirali/  part.'*  01  the 
;Vwr"//'/'/A  may  ]»••  ulilainMl  ti«»ni  th«- ruhli.-iii-r  at  1». 'J'l'.  jht  sIhmI,  wm-n 
".im  nuinlH.T  in  stock  ix It*  ion." 

"T'nat  M.-m>M-rs  he  allownl  to  roini»li't«.*  »Sit>  :»t  tra'h-  jiriiu*'  '».'*.,  at 
1a.  1'/.  inT  shiM-t]. 

It  was  turth.T  ordi-n-d  by  tli-  ('-.umil  (Marrh  \K  IS'.M*  .  *'That  th«'  Sori..ty 
allow  .')  pf-r  a:nt.  «":xtra  ilisi'Mint  to  '"ach  punha-»r  of  a  romhi*!"  ^i-t  of 
rt'Oi'rrttiHijx  up  f'>  f/i"  /</>/  CK'tnphfti  n.ftoi/' ."* 


C  O  N  T  B  N  T  S. 


Thk  Tin-nitY  OF  Cavchy's  PuiNcii'AL  Valvks  (Third  Paper :  Diiper- 

KNTI.^lloX     AND     iNTEmiATKiX    i»F    PuiNCirAL   VaI.UKR;  I  Mr.    (t.    II. 

H.inly        SI— 107 

T^ii>  «>K  PKKi'KTrA.NT.s  :   Mr.  ,1.  11.  (rnCf            107 — 111 

Pk.m  EKniN.»> 112—114 

Anni  .\L  (tknkkal  Mkktim; 114 — 116 

Pl:I.S;iH".NTlAL  Al•l>UE.'»^-— <.).N    THK    iNFIMTh    AXI»    THK    InIIMTKMMAI.     IS 

MArHEM.vriCAL  Anai.v-is:    I»r.  K.  W.  Ilobson         117— 13l> 

Al'l'KNhlX    TO    PllKMliKSTSAl.    Al»l»hK.*«"*             ...              140 

C).\  Wavk  Pkhi'aoation  i.N  Twi)  DLMhNsioNs  :    Pr..f.  Horace  Lamh  ...  141  —  161 

Kxi-annions  hy  mean.s  or  LamT's  Fi>i  iiuns  :  Prof.  A.  (.\  Dixon      .  .  162 — 176 


C'Miijili't"'  V<il»iiii.-H  iifthf  rrn.-,t.i,„;is,  huuml  in  cli«th,  »svu.  can  be  purchased  by  the 
IiuImIc  Irom  liu;  l'ubli^Ii«r.  Mr.  FhA^(•l^  lIi)iM..'»oN.  SI*  Farrin^iion  ^^tr•?et,  15.0., 
at.  tiic  loll«»\vnij:  r.ite.*:  — 

Vol 


I.   Xo.'J 

'.  •  s 

,.    Jan.    1S»}.')  l.» 

Nov. 

186G 

... 

l(i«. 

11.    .. 

1'   'JO 

.    Ni.v.  iM'.ti 

«» 

1869 

16*. 

III.  „ 

21 -JU      .. 

„    isoy 

,, 

1S71 

... 

20«. 

IV.     „ 

4i'J»;     .. 

,.       ..      IS71 

,, 

1873 

... 

:n«.  f*d. 

V.     „ 

ti7-7»'i 

.,    1^7.-; 

,, 

1874 

... 

lo«. 

VI.     „ 

7ti  r*> 

„     1S71 

^, 

1875 

... 

'2U. 

VII.     ., 

S'.»-lu:..    . 

..       ,,     lS7o 

,, 

1876 

21*. 

VIII.     „ 

I'M-ljr.    . 

..       ,,     1S7'. 

,, 

1877 

21*. 

IX.     ., 

\'2l    110     . 

.       ,.     1N77 

,, 

1878 

... 

21a. 

X.     ., 

1U-1.)J    . 

,,     1S7S 

, , 

1S7& 

18*. 

XI.     .. 

1.-.!'.- 1.;.'.   . 

..     I>t7l« 

,, 

issu 

12*.6rf. 

XII.     „ 

lui.  17i»    ., 

..     isr^u 

,^ 

1881 

16*. 

XIII.     „ 

Isn-ilH     . 

.,     IsM 

,, 

1882 

18.T. 

XIV.     „ 

I  •.»/••  211     . 

..     iss-j 

,, 

iss;; 

20*. 

XV.     ,. 

■'it'i  '".\'j, 

..       ..     l>s:j 

,, 

18.»>4 

2««. 

XVI.     ,. 

'l-'o   I'Vl     . 

..          .,        INSI 

,, 

L-S8.J 

... 

2C«. 

XVII.     „ 

ir-Vi  27w    . 

..         ,.       INSA 

»• 

1SS6 

'2os. 

XVIII.     ., 

2sn  .'.'.!  i 

..       ..     l.^^0 

,, 

1887 

25*. 

XIX.     ,. 

:.;••.-,  ;uj    . 

..     l^^7 

,, 

18h8 

30*. 

XX.     .. 

;:4:;  •:;».;» 

I>.Sn 

,^ 

18S«» 

25*. 

XXI.     ., 

:;7<»  :/.'>    . 

.,    l^^'.' 

, , 

181*0 

2.5*. 

XXII.     ,. 

.;•.»'.«  ij'.' 

,.      !*''.■••» 

,, 

1S'.»1 

27*.  6/i. 

XXIII.     ,. 

}•';•»  1 1-.'    . 

..    :^'.M 

,, 

;si>2 

20*. 

XXIV.     ,. 

•t.V!  \:\    . 

,.    i^^i-: 

,, 

1S'»:; 

22*. 

XXV.     ,. 

17.')  - 1:-.- 

.       ..     1^'.':; 

,, 

IS:'4 

..t 

22*. 

XXVI.     „ 

.'.iio -.•,:}*, 

..        ..     l^:-I 

^, 

is'i.-, 

30*. 

XXVII.     ,. 

:,  :>  .■.7» 

,.    ;>?;».'. 

,, 

i8!i.. 

3;)*. 

xxvin.    .. 

:)7.".  '.11    . 

.,    >'.••'. 

,, 

l>^y7 

;i2*.  6rf. 

XXIX.     ,. 

«.".2  '..'i7     . 

.,      i>»'.'7 

.< 

isi...' 

I  Pt'.' 
fPl. 

I.  20*. 
11.20,. 

XXX.     ,. 

r.'.s  ..--•    . 

.,      lV»*i!.i 

.  M  ir. 

,  is:»i» 

20*. 

XXXI.     „ 

i.".i  ~.»;i 

,..   .A]!:  11  l*^'.".'   .. 

D.r. 

,  isyv» 

20*. 

XXXII.     ., 

7r'   7:»7 

..    .IlP.      I'.HU    ,. 

.Iin.( 

»:'jo"- 

20*. 

XXXIII,     ,. 

"l.-^-  7»''. 

.     Nf.v.   lvi»0  ., 

I:*.).. 

I'.'.ij 

20*. 

XXXI  v.    .. 

7t'l   7>.'     . 

..  M.ir.  l«..l  .'. 

.Vj.n 

:  : iM.2 

,       20*. 

)r  biii«li."i:  th" 

:i!»\-'     V.-.|ii 

iir.f-   « .til    ;i'-ii   b 

r  r-r  • 

c  nv'd 

ir.*ni 

tiifc  Publi 

pi  ice  1>.  fai'h. 
A   comph^iv  Iri'h 
(12 J  pp.),  and  .t    L 
to   Xov.    9th,    IS'Jl) 


•A-  of  .iJi  \)rj  :-ii'fr.-   pr:r.!«M   -ri   lh»-    f'ifi'fwps  of  tlif  Soi-icty 
i.-f    ».f    .M.jnf.MT--.   .it    \\m-  S.h'.U    lrv»m   V\.»>   Wwv.vVvXWw  VV^^5\ 
(10  j>p./.  •■•II  b».:  obtuim  A  \ri,ir..   O.vfc   St.v\»Ay*  *  V\\\»\\A\«,  «x 
••  till'  i«'h;  I'ltivc  :'""*«  of  2.*.  ♦!«('   h*\u  y\d. 


••.  sy 


PROCEEDINGS 


THE  LONDON  MATHEMATICAL  SOCIETY. 


Vol.  XXXV.— Xos.  «0l-60i. 


Isnied  Aj-ril,  1903. 


THE  LONDON  MATIIKMATICAL  SOCIETY  is  instituted  for  the  promotion 
nri«i  extonsion  of  Mathemancal  Knowledge!. 

Tt  was  fouiidtMl  in  18^)5,  and  incorporated  under  Soction  23  of  the  Companies 
Act  1867  in  1S94. 

Everv  Candidate  for  Membership  must  be  proposed  and  reci)mmende<1,  according 
to  a  form,  which  the  ^eonnarieM  will  supply,  by  not  less  than  thrae  Members,  of 
whom  one  at-  least,  except  in  Muecial  caso*»  n»  he  submitted  for  the  de(?isiou  of  tin- 
Council,  must  certify  his  personal  knowle<i.ire  of  tho  Candidate. 

This  form  is  read  at  one  of  the  Ordinary  or  Annual  Oeneral  Mcetinfys,  and  the 
Candidate  is  ballotcMi  for  at  the  next  cnMuini;  niectiniTi  provided  that  seven  Mem- 
bers are  in-eseni  thereat. 

The  Candidate,  if  oleeted.  is  informed  of  his  oleetitm  by  one  of  the  Secret-aries, 
and  siipplifMi  with  a  copy  of  the  Mcinorandum  and  Artielns  of  Asjtociation  and 
By-La W.S.  He  tnust  pay  the  contributions  whicli  is  dne  fitmi  him  within  six 
■nonthfi  after  the  day  of  his  eh'ction,  othorvvi«e  his  election  shall  be  void. 

An  ontranct*  fee  of  one  irninj.a  i«4  required  to  be  paid  by  each  newly  elected 
Member. 

The  Annual  Subseriptitm  to  be  paiti  by  each  Mend)or  is  one  ^iuea:  any 
Member  may  compound  for  lii«  nn:n:ii  subscriptions  by  the  payment  of  ten 
tfuineas  in  one  xum. 

Every  ^leniber  is  conMidered  liable  for  his  annual  subscription  until  he  has 
sicrnitied  in  writin«r  liis  desire  to  nMitrn,  anii  has  returned  all  books  and  property 
belonging  to  the  Society. 

The  nfTairs  of  tin*  .^iicifty  are  directiul  by  tho  l.'onncil  and  O'Hcers. 

The  Council  consistsi  of  sixteen  Memb«'rs,  includinir  thi*  ntiuurj^,  ;in<i  in  chosen 
from  amoui;  the  Ordinary  Members  of  the  Society  at  tlie  Annual  (icnernl  Meeting, 
held  on  tlie  second  Thursday  in  Novemb«'r. 

Th<*  Ollicers  are  a  President .  Vico-P.ifii<lents,  a  Treasurer,  and  Secr»*taries. 

The  Onlinary  Meetinu-s  t»f  \\w  .*^iici«My  are  luld  at  ii.«  Rooms,  22  Albemarle 
Street,  arid  C(»ninience  >it  j>.;K)«»'<'Ioek  in  the  eveninjr.  The  (iatcs  of  nieetinir  for  the 
year  IIHUJ  an»  tl«e  mv.i,!./  Ti:in.-«iays  in  January,  B'ebruary,  Marcli,  May,  June, 
November,  anti  J.)eecni]»er,  and  the  f!<'rd  Thursday  in  A}u-il. 

At  trie-^e  meetinifs  pap(>rs  aie  tend  and  communications  made:  upon  each 
paper  or  e<»mn»uni(Mtion  th«»  Chairnian  invites  discussion. 

Tile  ("••uneil  alone  deciib'S  wl:<'tner  any  paper  proposed  for  reading  shall  or 
shall  not  in?  read. 

After  a  paptr»-  ha-  been  presenteii  to  the  Sncieiy,  it  is  referred  by  the  Council 
to  two  or  mote  Meinberi?,  who  report  to  the?  Cimncil  on  its  fitness  for  j^nblical ion  in 
the P r or cc'l I n-^ix.  Aft-r  i-earinjr  the  rep<»rl>.  tho  Council  di'cides  by  balhit whether 
it  shall  be  printed  or  i-.ot. 

Aull.cu'8  of  I'apei.--  intended  fi»r  connnunication  to  the  Society  are  requested 
to  fnrnibh  to  tlu*  Seiri-iariis  short  abstracts  of  their  Pa]a'rs,  indicating  the 
nature  <»f  the  UM'thods  employed  :nnl  the  character  of  the  results  obtained. 

Communications  f<»r  the  S«'cretaries  may  be  fcirwai-ded  to  them  at  the  following 
addresses :  — 

London  Mathematieal  St »cietv,  22  Albemarle  Street,  AV.  j  ,*    "* 

'  \>  .  I>i:knsii>k. 

34  St.  Margaret's  Uoad.  (»xtnrd.— A.  K.  H.  Lovk. 

The  Croft,  Itrondey  Koad,  Citford.  S.K.-W.  BriiNsii.i:. 


1902.]  Expansions  by  means  of  Lame's  Functions,  111 

^  is  a  function  of  m^,  m„  Vj,  m?„  and  thus 

Sir  l^-  =  (2n  +  l)i  (  A  J^fvjw.du,,.  (39) 

We  have  then 

=  (2n  +  l)i.8ir^,/rJ,r,  [by  (34)]. 
Hence                               ^  =  i .  guofttjvjwi,  (40) 

i¥here  ^u  is  a  fanction  of  u  such  that 

g'u  fu—gu  j'u  =  2?i  + 1 ,  (41 ) 

and  gO  =  0,  since  when  P©  is  at  infinity    -4  =  0.      From  (41),   by 

differentiation  ,,    .  »,         r. 

(J  ufn—guf  n  =  0; 


so  that 


gu/gu  =  f'u/fu, 


and  gu  is  the  second  solution  of  Lame's  equation  (13).  Its  value  is 
(2n+l)/w  — ,  and  when  u  is  small  it  is  approximately  a  constant 
multiple  of  u*"*^.     Thus  when  w  <  ti,  we  have 


l/PP^  =  ^JO^ffvfn^f^hf^'if^f^v 


(42) 


Similarly,  ^  may  be  oxpaiukvl,  and  we  find  from  (89)  ihixi 


^    is  the  coefficient  of  J\fwQ  in  its  expansion.     Thus 
1       1 

^         ,j^  ='^J9'^f^'f^f^lA'lh\• 


(4:^) 


The  higher  derivatives  and  those  with  respect  to  m,  may  be  found 
similarly. 

Now  let  nr  (/',  P,)  denote  '^jg^tafufvfivfu^fv^fwjfu^.  This  series 
is  valid  so  long  as  P,  P,  are  both  within  the  ellipsoid  %,  and 
also  when  one  lies  on  the  surface  and  the  other  within.  It  is  a 
potential  without  singularitv  for  either  point,  and  when  one  point 
lies  on  the  surface  its  value  is  l/P/',.  Hence  lW\  —  Br(i',  P,)  is 
Green's  function,  say,  (?(P,  P,),  and,  substituting  it  for  <^,  in  (33),  we 
have  the  value  of  a  potential  <^  at  an  internal  point  /*,  given  in  terms 
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of  its  values  on  the  surface  by  the  equation 

8,r^(P,)  =  |^(P)  9^ «(P,  r.) ,7«,  (44) 

which  agixjes  with  our  fomier  result,  since 

^  a(P,  P.)  =  2j  (f/'«-  ^J^\fvf,cfHjvJw„ 
which  becomes  ^(2n  +  })jfrfwfuifrifw{/fnQ  when  m  =  ii^j. 

IG.  When  «i  =  Mo,  0(P,  P,)  =  0, 

and  therefore  ~  G  (P,  P,)  =  0. 

du 

Our  next  step  is  tx)  prove  that  the  last  result  holds  in  the  limit  when 
u  =  Uq  and  u^  apj)roaches  the  limit  Uq,  Let  Q,  Qj  denote  the  limiting 
positions  of  /',  Pj,  that  is,  the  points  (m^j  *'»  ^^)  (**o>  *^i>  *^i)>  ^^^  ^i 
the  image  of  Pj  in  the  tangent  plane  at  Qy  Then  PP,  <  PB^  at  every 
point  of  the  suHace  except  Q^,  and  thus  1/PPi— l/PPj— (?(P,  P,) 
is  a  jKjtential  without  singulaiity  throughout  the  region  and  positive 
thi-oughout,  since  it  is  positive  on  the  boundaiy  ;  that  is, 

^(P,J>,)<|l/PP,-l/PE,. 

Now  let  a  sphere  be  doscnbed  about  Q,  of  radius  r  less  than  QQ^ ; 

lot  iS  bo  the  region  common  to  tins  sphere  and   the  given  ellipsoid, 

>S,  tlie  hemisphere  cut  off  by  the  tangent  plane  at  Q  and  including  >S*, 

/S'a  the  rest  of  the   sphei'e.       Let  X  be  the  potential    which   has   no 

singularity  within  this  sphere  and  is  ecpial  to  —1  over  the  curved 

surfjice  of  <So,  +1  on  that  of   S',.     On  the  plane  dividing  Si  from  S^, 

?\  3 

X  =  0,  and,  at  Q,     -  =  —     - ,  dv  being  an  element  of  the    outward 

(),/  *Jr 

normal.  Let  k  be  the  greatest  value  of  ft(P,Pi)  on  the  sj)herical 
lx)undary  of  S.  Then,  on  the  whole  boundary  of  X,  k\—Q(P,  P,)  is 
])ositive ;  this  expression  is  also  a  potential  without  singularity 
within  H  and  vanishing  at  (^.     Hence  it  is  j)ositive  thr(mghout,  and 

must  increase  as  P  travels  inwards  from  (^  ;  that  is,  [k\—G  (P, PM 
is  negative  at  Q  or     —  ^    O  (P,  P,)  <  3^/2?',  where  k  is  less  than 

I-  (ij/  Jh-«„ 

the  gi'oatcst  value  taken  l)v  1  PP,  — 1/P/?,  on  the  spherical  boundary 
of  8. 
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By  taking  f*i— t*©  s^iia-ll  enough,  we  can  make  k  as  small  as  we 
please,  and  thus  the  limit  when  m,  approaches  ii^  of     ~  0{P,  Pj) 

LOU  J«-"o 

is  zero,  unless  r  =  0,  that  is,  unless  Q,  Q,  coincide.  This  is  the  result 
desired.*     We  may  write  it 

lim  ^  (2n-\-l)jfufvfwfvJwJfu,  =  0,  (45) 

which  holds  unless  v  =  i'^^,  w  =  ii^^. 

17.  Now  let  ^  (m,  V,  t£7,  Uq,  v^^  w^)  stand  for 

S  (2n-\'l)jfufvfwfvjwjfu,. 
We  have  the  following  facts  : — 

(a)     I  i/r  (m,  r,  M7,  Mq,  t?^,  ti^o)  dwo  =  Sir, 

(6)     lim  1^  C«,  17,  W7,  Mq,  I'o,  M?o)  =  0,     unless  v  =  Vq,  m?  =  m?o, 

(c)     j/r  is  always  positive  when  u  >  Uq  and  :f>  y  ; 

for  G  (P,  P,)  can  have  no  minimum  within  the  ellipsoid,  and  cannot 
therefore  be  negative ;  it  must  then  inci^ease  when  P  or  Pj  moves 
inwards  from  the  surface. 

Let   <l>   stand  for  —    F(vq,  Wq)  ij/  (w,  v,  w,  u^,  Vq,  Wo)  <^<^o»  ^  being 

valued  on  the  surface,  but  otherwise  as  little  restricted  as  possible. 
We  have 

<I>-F(v,  w)  =  g^  I  {  F(t\,  Wq)  —  F(r,  w)  ]  i/r  (m,  r,  w,  u^,  v^^  w^)  dw^. 

Suppose  that  when  tv^n'^  and  w^Wf^  do  not  exceed  e,  then 
F{vq,  Wq)^F(v,w)  does  not  exceed  17;  then  the  part  of  this  integral 
contributed  by  values  of  t'(^  Wq  between  v  =b  <f,  w  ±  e  and  by  values 
between  2/3  — r  i  «e,  2ft— w  ±  c  lies  between 

=b  17  .^    iA(m,  r,  M',  Mo>  ^*o»  ^0)  ^«o» 
since  j/r  is  always  positive  ;  that  is,  it  lies  between  ±17.     The  rest  of 


one- 


♦  The  method  here  used  applies  to  any  ordinary  kind  of  bounding  surfaco  unlet  s 
the  tangent  plane  meets  the  surface  again.  In  such  a  case  we  only  need  to  de.^cril  e 
a  sphere  touching  the  surface  externally  and  not  meeting  it  in  any  other  point,  and 
then  to  invert  from  a  point  on  the  surface  of  this  sphere. 

N   2 
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the  integral  vanishes  in  the  limit  when  u  =  ito,  since  ^  =  0  in  the 
limit  by  (45).  Hence,  if  F  is  continaous  near  r,  tr,  so  that  i|  can  be 
made  as  small  as  we  please  by  diminishing  c,  we  have 

Urn  <f>  =  F{vy  w). 

This  result  is  not  affected  by  a  discontinuity  in  F  elsewhere  on  the 
surface.  Hence  the  following  theorem : — If  F(t%  w)  is  a  one- valued 
function  of  position  on  the  surface  n^,  and  is  snch  that  the  integral 
I  F{v^  iOq)  ij/  (m,  r,  w,  Uq,  t'o,  Wq)  dw^  has  a  definite  value  ^(t«,  v,  w)  and 
may  be  differentiated  twice  by  the  ordinary  rule,  then  ^  is  a  potential 
without  singularity  within  the  ellipsoid  u©,  and  when  u  approaches 
Wo  the  limiting  value  of  <f>  is  F{i\  w),  provided  that  F(r,  m»)  is  con- 
tinuous in  the  neighbourhood  of  the  point  (v,  to)  on  the  surface  u^. 

[it  is  cleai*ly  necessary  that  the  boundary  values  F(r,  tr)  should  be 
integrable  over  the  surface,  and  this  condition  is  also  sufficient  to 
ensure  the  validity  of  the  solution  of  the  problem. 

For  let  the  whole  surface  be  divided  into  small  elements  of  which 
a  is  any  one,  and  let  c  be  the  difference  between  the  greatest  and 
least  values  of  F  at  the  points  of  a,  and  r/  the  difference  between  the 
gi'eatest  and  least  values  of  another  function  0  (v,  to)  at  the  points 
of  <T ;  let  M,  N  be  the  superior  limits  of  ±  F,  ±  (7  over  the  whole 
surface.  Tlieii  the  greatest  and  least  values  of  the  product  FGj 
upon  (T,  differ  by  less  than  Mrj-^Xt. 

Now,  if  F,  G  are  integrable  separately,  2ecr  and  Siyo-  diminish 
indeiinitely  when  all  the  elements  <r  do  so,  and  therefore  2  (3fi;-|-^€)a 
diminishes  indefinitely,  and  the  product  FQ  is  also  integrable.*  If 
G  is  everywhere  infinitesimal,  the  integral  of  FG  will  also  be  in- 
finitesimal. 

From  these  results  it  follows  that  when  G  is,  as  here,  an  analytical 
functicni  of  t(,  r,  ?r,  i-q,  7r„  and  F  is  an  intearrable  function  of  v^.tc^ 
finite  and  one-valued  everywhere,  the  function  represented  by 
\\FGdi\^ilu\  has  a  definite  meaning,  and  can  be  differentiated  any 
number  of  times  with  respect  to  n,  i-,  w  by  the  oixlinary  rule,  that  is, 
by  differentia tinor  fjie  factor  G  in  the  subject.— i^H.  20///,  11X);3.] 

The  expansion  of  <f>  in  Lame's  functions  is  convergent  by  ratio 
within  the  ellipsoid  ;  hut  the  (juestion  whether  this  expansion  is 
valid  on    the    surface    is  not  affected;     this    (juestion    amounts    to 

*  Compare  dii  Boin  Keymoud,  Math,  Ami.,  Vol.  xx.,  pp.  122-'i4. 
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exactly  the  same  us  the  corresponding  one  in  the  theory  of  spherical 
harmonics,  and  need  not  be  treated  here. 

18.  In  order  to  prove  that 

I  { ^(i'o»  w?o)  —  F (ts  w)]\l/  (m,  V,  u\  Wo,  Vq,  w^)  diu^ 

was  zero  in  the  limit  if  (v,  w)  was  outside  the  limits  of  the  integi-a- 
tion,  we  proved  that  the  limit  of  xf/  was  zero  when  u  approached  \. 
A  somewhat  different  pix)of  may  be  given. 

Let  a  sphere  A  be  descnbed  touching  the  boundary  at  (m^,  v,  w) 
and  having  no  other  point  in  common  with  it.  Let  a  sphere  B  be 
described  concentric  with  A  and  lying  outside  it,  but  not  containing 
any  of  the  points  over  which  the  integration  extends.  Let  Q  be  any 
point  on  the  sphere  B,  and  let  us  write  A  (P)  for  the  square  of  the 
tangent  from  P  to  A.  Consider  the  potential  without  singularity 
within  or  on  the  boundary,  whose  value  on  the  boundary  is 
KA(P)/A(Q),    where     K     is     the     greatest     numerical    value    of 

F(ro,  ^o)  —  f'{v,  m;)-     This  potential  at  (w,  v,  w)  is  —  of 

oir 

\KA{Pq)/A  (Q)  .  i//  (h,  V,  w,  Mo,  t'o,  Wq)  dw^  ; 

every  element  in  the  integral  is  positive ;  and  when  Pq  is  outside 
the  sphere  B  the  element  at  Pq  is  numerically  greater  than  the 
corresponding  element  in 

I  [ F(y^,  w,)  —  F{v,  w)}yij (m,  r,  w,  u^,  v^  w^)  du^^ 

But,  since  K  A(P)/A{Q)  is  analytical  on  the  surface  and  (uq^v^iv) 
lies  on  the  sphere  A,  the  former  integral  tends  to  the  limit  zero  when 
u  approaches  ic^ ;  the  latter  integral  over  the  smaller  range  must 
then  also  vanish  in  the  limit,  since  it  is  numerically  less,  element  by 
element. 

19.  If  a  one-valued  potential  is  to  be  constructed  with  given 
boundary  values  and  given  singularities  within  the  region,  it  is 
possible,  by  differentiating  or  integrating  Green's  function,  to  form 
a  potential  vanishing  along  the  boundary  and  having  these  singular- 
ities if  they  are  such  as  a  one- valued  potential  can  have ;  adding 
to  this  a  potential  without  singularities  and  with  the  given  boundary 
values,  we  have  the  required  result. 

20.  A  potential  having  given  values  on  the  ellipsoid  ih  and  given 
singularities  in  the  i-egion    outside  may  be  found  in   like  manner. 
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The  typical  term  of  the  expansions  is  a  maltiple  of  gufvfw.  Since 
gu  vanishes  with  m,  we  may  use  the  results  of  §§11,  12,  patting  0 
for  1*0  and  gu  for  Xu. 

If  the  boundary  values  are  denoted  by  F(v,  tc),  and  there  are  no 
singularities,  and  the  potential  vanishes  at  infinity,  its  value  is 

g-  j  F{v^,  Wo)  {  2 J  (2n  + 1)  gufv/wftsifm/gu^]  rf«o. 

Green's  function  G(F,P^)  is  \IPPx—^jfu^gnfvfiogn^fv^fioJgu^. 
The  potential  without  singularities  that  has  the  value  1  at  infinity 
and  0  at  the  bounding  surface  is  l^u/u^. 

21.  Lame's  functions  may  also  be  used  to  solve  the  same  problem 
for  the  region  bounded  by  two  confocal  ellipsoids.  Before  discussing 
this  I  shall  indicate  a  remarkable  extension  of  which  it  is  capable, 
and  which  may  be  illustrated  by  reference  to  an  analogous  problem 
in  the  theory  of  the  logarithmic  potential.  Take  a  two-sheeted 
Riemann  surface  with  two  bi'anch  points.  With  the  branch  points 
as  foci  describe  an  ellipse  in  each  sheet,  and  consider  the  boundary 
value  problem  {Randtverthaufgahe)  for  the  part  of  the  surface 
bounded  by  these  ellipses.  Taking  the  axes  of  the  ellipses  as  axes  of 
coordinates,  we  may  put 

X  =  c  cosh  u  cos  r,     y  ^=  c  sinh  u  sin  t' ; 

so  that  the  curves  u  =  const,  are  ellipses  of  the  confocal  system  and 
the  curves  v  =  const,  hyperbolas  of  the  same  system.  The  points 
(u,  r)  and  (  — w,  — v)  are  the  same  in  position,  but  belong  to  different 
sheets. 

The  functions  corresponding  to  Lame's  are  cosh  nu,  sinh  nu* 
cos  7M*,  sin  nv,  and  the  problem  may  be  solved  by  using  expansions  in 
multiples  of  cosh  nu  cos  w?',  sinh  nu  sin  nr,  cosh  nwsinnr,  sinh  nu  cos  nv. 
In  the  simpler  case  when  the  potential  is  to  be  uniform  over 
the  area  of  an  ellipse  and  there  is  only  one  sheet  the  products 
cosh  w  ft  sin  wr  and  sinh  ;m  cos  7/t' do  not  come  in,  since  they  are  not 
one-valued,  but  have  opposite  signs  at  (w,  v),  (— w,  —v)  ;  but  all  four 
pix)ducts  are  to  be  used  in  the  case  of  the  two-sheeted  surface. 

22.  In  dealing  with  space  of  three  dimensions  we  shall  speak  of 
a  change  of  colour  instead  of  a  change  of  sheet,  and  conceive  of  two 


♦  Instead  of  2«  +  1  of  the  order  n  there  are  only  two  ;  whether  we  take  cosh  nu 
or  BinhnM  to  correspond  to/w,  we  have  <?-"'♦  a^  corresponding  to  gu. 
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infinite  spaces,  red  and  blue,  coextensive  and  connected  by  one 
or  more  dooi-s  which  will  be  surfaces  bounded  by  curves.  In 
the  present  case  there  will  be  one  such  door — namely,  the  plane 
area  that  is  bounded  by  the  focal  ellipse,  and  a  point  passing 
through  this  door  in  either  direction  changes  its  colour.  The  two 
points  (w,  r,  w)y  (2y  —  u,  2y— v,  w)  are  the  same  in  position,  but  differ 
in  colour ;  for  we  may  pass  from  the  first  to  the  second  by  travelling 
along  the  intersection  of  the  hyperboloids  v,  iv  to  the  point 
(2y—tt,  r,  ?(?),  passing  through  the  door  at  (y,  v,  ?«?),  and  then  along 
the  intersection  of  the  surfaces  2y— w,  w  to  (2y  — m,  2y— v,  w),  passing 
round  the  edge  of  the  door. 

Let  two  ellipsoids  of  the  system  be  described,  one  in  each  colour  ; 
then  the  problem  is  to  find  a  potential  for  the  space  they  enclose, 
having  given  boundary  values  and  no  singularity  within  the  space 
except  the  branching :  the  potential  will  be  an  analytical  function 
of  X,  y,  z  at  all  internal  points  except  those  on  the  focal  ellipse,  and 
even  there  it  will  be  an  analytical  function  of  m,  v,  w,  symmetrical  as 
regards  r,  w. 

23.  Take  the  two  bounding  ellipsoids  to  be  m,  m,  where 

0  <  w,,  <  y  <  M^  <  2y. 

The  discussion  will,  for  the  most  part,  apply  to  the  case  of  an 
ordinary  shell  where  Wq,  Uj  are  both  between  0  and  y. 

Let  jPq,  F^  denote  the  assigned  values  on  the  sui-faces  m^,  u^  re- 
spectively, and  assume  for  the  solution  the  series  2  (kfu-\-lgu)fvfw. 
Of  the  two  potentials  fufvfw,  gufvfw,  the  former  is  unaffected  by  a 
change  of  colour,  but  the  latter  is  not ;  so  that  the  whole  expression 
is  two- valued  in  ordinary  space,  but  one- valued  in  the  space  we  are 
considering. 

The  values  that  must  be  given  to  k,  I  are  easily  found  by  sub- 
stituting ?«o,  «,  for  u  and  iutegi-ating  over  the  two  ellipsoids 
respectively.     Thus 

S7r(kfu,-\'lgu,)  =  i2a-^l)jjFJvfwdw, 

Sir{kfu,-\-lqu,)  =  (2n-{-l)jjFJvfwdio. 

Let  us  fii-st  assume  that  F^  =  0  and  F^  is  an  analytical  function 
of  Xy  y,  z  everywhere.     Thus 

^f^h  +  h^h  =  0, 
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and  the  series  may  be  written  ^kXufvfw^  where  \u  stands  for 
fu—fUf^gu/guQ,  the  solution  of  Lame's  equation  which  vanishes  when 
u  =  Uq.  Also  the  series  2  |  k  Xu,  |  is  convergent  by  ratio  when  the 
2n+ 1  terms  of  the  same  order  n  are  grouped  together  to  make  one 
term.  The  series  2  k  Xufvfw,  2  k  k'ufvfw,  S  k  X'*ufvfw  are  therefore 
all  convergent  by  ratio  (§§11,  12).  Thus,  integrating  this  last  series 
twice  between  u  and  w„  we  find 

~  2  A;  kufvfw  =  2  A;  kufvfw, 
ou 

a* 


— -  2  k  Xnfvfiv  =  l,k\"ufvfw. 


Again,  the  series  2  kXuf'vfw  and  ^kXufvf'w  are  also  convergent 
by  ratio,  since  f'v/fv  and  f'tv/fw  lie  between  =fcn  (n+l)(o'— c*). 
Integrate  the  first  twice  between  the  limits  v,  r,  where  v^  is  an 
arbitrary  argument  between  )S±2a.     The  result  ia 

likXufw  [/«— /«o-"(«^"-^o)  Ao]» 

which  is  therefore  a  series  convergent  by  ratio.  The  series  2  k  Xufvfto 
and  2  kXufv^fw  converge  sepai'ately  by  ratio,  and  therefore  the  same 
is  true  of  {v  —  v^'StkXufv^fw  and  of  %kXufvfw^  since  v^  is  as 
arbitrary  as  r.     Thus 


and 


-    2  k  Xufvfw  =  2  ^•  Xufvfw 

Ov 

~  2  k Xufvfw  =  2  ^  Xufvfw. 

ov* 


Similarly  for  the  derivatives  with  respect  to  w.  Hence  'Hk Xufvfw 
satisfies  the  equation  (12),  that  is,  it  is  a  potential.  Its  value  when 
n  =  Mq  is  zero,  and,  since  we  may  write  it 


f 


^kX'ufvfwdu, 


it  varies  continuously  with  u  from  u  =■  u^  to  u  =  u^  inclusive.  The 
limit  it  approaches  when  u  approaches  m,  is  therefore  ^kXuifvfw  or 
F^.  It  can  be  proved  as  in  the  former  case  that  neither  of  the 
original  bounding  surfaces  ?/^j,  w,  is  a  true  boundary  of  the  region 
within  which  this  potential  exists  and  is  validly  represented  by  the 
series,  having  no  singularity  except  the  branching. 

Let  0j  denote  this  potential ;    in  like  manner  a  potential  <f>o  could 


1902.]  Expansions  by  means  of  Lamp's  Functions.  185 

be  found  having  the  value  zero  on  the  surface  u,  and  F^,  if  this  is 
analytical,  on  the  surface  w,,  and  with  no  singularity  except  the 
branching.  Then  <^,H-<^o  solves  the  original  problem  in  which 
boundary  values  F^,  F^,  other  than  zero,  were  given  on  both  surfaces. 

24.  To  complete  the  discussion  we  must  find  Green's  function, 
whose  only  singularity,  besides  the  branching,  which  will  not  be 
counted  a  singulanty  in  future,  is  that  of  1/PP,  at  the  point  P,  of  a 
specified  colour,  and  which  vanishes  over  the  whole  boundary. 

The  expi'ession  for  this  will  vary  according  to  the  relative  magni- 
tudes of  w,  ttg.  Ml,  Mj.  Suppose  firat  that  0  <  Mq  <  m,  <  2y— m,  <  y. 
Then  the  point  P,  of  the  other  colour  is  outside  the  region,  and  all 
we  need  to  do  is  to  find  the  coeflBcients  k,  Z,  so  that  2  (kfu  +  lgu)fvfw 
shall  have  the  value  1/PP,  when  m  =  u,,  or  t*j.     This  gives 

A;/mi  +  Z  gu^  =  j  guju^fv^fw^, 

and  Green's  function  is  — — — 2  (hfu-\-lgu)  fvfw   or 
£  F^ 

+  9%f^  (/wj  9^-M  guf) }  -^  (K  9^1  -M  ^«*o)-     (47) 

When  Uq  >  2y  —  u,  and  2^  — u,  lies  between  them  the  expression  for 
Green's  function  is  derived  from  (47)  by  putting  2y— Mj,  2y— u^, 
2y— tt„  2y— u  for  k^,,  tt„  ft,,  u  respectively,  and  using  the  relations 

/(2y-u)=±/u, 

9  (2r— t*)  =  ^  (gu'-efu), 

where  e  =  (2n  +  1)1    dujpu, 

Jo 

The  value  of  e  is  finite  and  unambiguous  even  if /y  =  0. 

25.  When  ii,  is  between  u,  and  2y— u,  the  matter  is  not  so  simple ; 
for  1/PP,  has  an  infinity  at  each  of  the  points  P,,  and  both  lie  within 
the  region.  We  need  to  prove  the  existence  of  a  potential  with  only 
one  of  these  singularities.  This  can  be  done  by  means  of  the 
alternating  method  of  combining  volumes,  adapted  so  as  to  avoid 
the  usual  infinite  series  of  operations. 

Suppose,   to   fix    the  ideas,   that    0  <  Mq  <  2y— w,  <  m,  <  y  <  m,. 
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Take  u^  between  u,  and  2y— m,,  t*,  between  u,  and  u^.  Then  in 
(Uqj  M4),  that  is,  the  I'egion  bounded  by  the  ellipsoids  tig,  U4,  the 
expression 

*i  (^)  =  -pp  -^jfvfwfvjwi  {gu  gujuju^—  (fu  gui  +/«, gn)  gu^fu^ 

^-fufn^  gu^  gu^]  -4-  (f%gu^-fiu  9^o) 

represents  a  potential  vanishing  on  the  boundary  and  having  only 
the  singularity  of  its  tiret  term  ;  for  this  is  a  case  in  which  (47)  may 
be  used. 

The  potential  without  singalai'ity  in  the  region  (u,,  Uj)  vanishing 
at  the  boundary  t*,  and  having  the  same  value  as  ^1  (-P)  at  the 
boundary  t«,  is 

L    *  fu,,gu^—fu,^gu^  y- 

the  first  term  in  the  bracket  arising  from  the  known  expansion  of 
1/PPj,  since  u^  >  Uj. 

On  the  surface  u^  we  have  then,  after  reduction, 

—  V  ,•  A.  f,p  ft-  fw  (•''"*  •''"1  -/"i  9"'*)  (/"<>  •''"!  ~/'*5 »"")  (/"» !?»«— /"«  ?"«) 
^JJ<J,J.},  (fu,.,H,-fu,gH,Xfu„gu,-f,ugu,) 

Let  us  apply  the  same  process  to  a  potential  Xi  (P)»  having  no 
singulanty  in  the  region  (u^^,  u^),  vanishing  on  the  surface  My,  and 
having  on  the  sui'face  u^  values  represented  by  2  pfvfic.     Thus 

The  potential  without  singularity  in  (m^,  tij)  vanishing  on  m,  and 
equal  to  Xi  (P)  on  u.^  is 

A. g^U—f^i  g^o  /«» (/»! -/«!  </"« 
and  on  the  sui'face  u^  we  have,  after  reduction. 

This  series  is  the  same  as  that  for  <^;  (P^)  —  <^,  (P^)  if 
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Let  us  assume  for  the  moment  that  the  series  %pfvfw  is  convergent 
when  this  value  is  taken  for  p,  and  consider  the  potentials  ^i— Xi» 
^2  — Xi-  ^^  ^^®  region  (w„  u^  neither  of  these  has  any  singularity, 
and  on  the  boundaries  of  this  region  they  have  the  same  values. 
Hence  throughout  the  region  they  are  the  same  potential,  say  w. 
This  potential  therefore  exists  throughout  (m©,  w,),  and  its  only 
singularity  is  that  of  l/PPj  at  the  point  (mj,  r,,  w^.  There  is  no 
singularity  at  Pj  in  the  other  colour,  and,  as  <^i,  Xi  vanish  on  u^  and 
<^„  Xi  o^  ^»  ^^®  problem  is  solved,  if  we  can  prove  the  series  %pfvfw 
convergent. 

Now  from  its  formation  the  expansion  of  ^— <^i  is  convergent  in 
(^>  wj,  and  this  is  the  same  as  the  series  for  X8""Xi-  W®  therefore 
need  to  examine  the  fraction 

f%  0^4— f^U  9%  >»  gui  — /wi  gus 
with  the  view  of  finding  an  inferior  limit  to  its  value.     We  have 

l_^  _,  f^g^h—Mgup  fu^gu^—fu,gu^ 
S^og^h—f^^g'^o  f^g^—f^ig^' 

Now,  if  \u  stands  for /w^  gu—fu  gtiQ,  we  have  seen  that  \u,  X'u  increase 
numerically  with  u—Uq,  and  thus  ku^Ku^  is  positive  but  less  than 
(w,— Wo)/(i*4— i^o),  since  Wy  <  w,  <  u^.  Now  \uj\u^  is  the  first  factor 
in    1— k;    in   the    same  way    the     second    factor    is    positive,    but 

<  (u^—u^)/(u^—u^),  since  Ui>  u^>  u^.     Thus  1— k  is  positive  and 

<  ^«^^^  '!bllJh ;  ic  <  1  and  >  ^^"~^*^  ^*""^,  a  quantity  independent 

of  n.  Now  the  series  S  |  icp  |  is  convergent  by  ratio,  and  the  same  is 
therefore  true  for  S  |  p  |  and  S  pfvfw.  The  solution  m  is  accordingly 
valid. 

26.  The  expression  ^i  — Xi  thns  found  for  the  potential  is  exactly 
the  same  as  (47).  This  holds  in  the  region  (Wq,  t*^),  and  u^  may  be  as 
near  as  we  please  to  2y— Wj.  Hence  Green's  function  is  given  by  the 
expression  (47)  for  values  of  u  between  ti^  and  2y— u,  when  tt,  is  be- 
tween Uq  and  y. 

If  in  (47)  we  write  for  1/PPj  the  expansion  ^jgu^fufvfwfv^fw^, 
which  holds  when  t*  >  t^j,  we  arrive  at  another  expression  for  Green's 
function,  which  agrees  with  <^j  — Xs  ^^^  holds  when  u  is  between  u^ 
and  u^,  that  is,  between  u,  and  t^,  'since  u^  ma^  b^  qj&  tv!^«s  u^%&  ^^ 
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please.     This  expression  is 

(48) 

To  pass  to  the  case  when  w,  >  y  we  need  only  write  2y— u„  2y— i*, 

2y— Mj,  2y  — n^  for  u^,  tt,  m„  u,. 

27.*  There  is  a  difficulty  in  the  case  when  u,  =  y,  since  we  cannot 
take  u^,  M4  between  m,  and  2y--M,. 

The  expressions  (47),  (48)  still  represent  potentials  without 
singularity  in  the  regions  (mq,  y),  (y,  M|)  respectively,  but,  as  these 
regions  have  no  part  in  common,  we  need  to  prove  that  the  two 
potentials  are  the  same  and  to  find  what  singularities  they  have  on 
the  surface  w  =  y. 

Let  w  (P,  P,)  denote  the  value  of  the  function  represented  by  (47), 
(48)  so  long  a«  u,  <  y.  Describe  two  spheres  A,  B  with  a  common 
centre  0  lying  within  the  focal  ellipse.  Let  p,  <r  be  their  radii  and 
<T  >  p;  suppose  also  that  B  does  not  reach  to  any  point  on  the 
bounding  ellipsoids  or  the  focal  ellipse  or  to  the  point  P,.  Then 
throughout  B  the  potential  w(P,  Pj)  can  be  expressed  by  an  ex- 
pansion   in    spherical    harmonics,     say    2a,,.^^,  i7„.^„,  f  —  J  ,    where 

r  =  OP,  m  =  1,  2,  ...,  2/i+  1  and  i;„.^i,  ly,,.^,,  ...,  i?„.+2n.i  are  a  canonical 
system  of  surface  harmonics  of  order  n,  the  quantities  a  being  con- 
stant coefficients,  depending  on  Pj.  We  shall  examine  the  effect  on 
a  of  gradually  changing  Wo  into  n'l  where  /t,  <  t^  <  y. 

Now,  throughout  the  whole  region  w  (P,  P,)  <  1/PPj,  for 
l/FFi—u}{P,F^)  is  a  potential  whose  values  on  the  boundary  are 
positive,  and  whose  only  singularity  within  the  region  is  a  positive 
infinity  at  Po,  the  point  at  Pj  in  the  other  colour.  Hence 
I/PP2— 01  (P,  Po)  is  positive  throughout  the  region.  It  follows 
that  over  the  surface  B  the  value  of  w  (P,  P*)  is  less  than  h,  the 
reciprocal  of  the  least  distance  from  1\  in  its  different  positions 
to  B. 

Let  us  take  y  —  n^  <  S  and  describe  the  ellipsoid  11  =  y— ^.  This 
will  cut  out  from  the  surface  of  i^  a  belt  7/.     Now  we  have 

--=(7-)'"w'f,-"''''"--"'- 


♦  Rewritten  December,  1902. 
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The  contribution  of  B*  to  the  integral  here  is  a  quantity  of  the  same 
order  of  magnitude  as  the  area  of  B\  that  is,  as  B,  since  the  subject 
of  integration  <  h  everywhere.  Hence  the  change  in  value  of  this 
part  of  the  integral  is  of  the  same  order  of  magnitude  as  S,  or  a  lower 
order. 

Now  consider  the  change  in  the  contnbution  of  B—B".  This 
depends  on  the  change  in  w(P,  P,).  Let  a  sphere  G  of  finite  radius 
p'  be  described  about  P„  so  as  not  to  reach  any  point  of  B^  and  let  1/h' 
be  the  least  distance  between  B  and  the  various  positions  of  C. 
Then  w  (P,  P,)  is  a  potential  for  P^  without  singularity  within  C, 
and  its  values  on  C  are  less  than  h\  Hence  its  space  derivative  at 
P,  in  any  direction  cannot  exceed  the  finite  quantity  Sh'/p\  so  that 
the  change  in  iMt  (P,  P,)  does  not  exceed  this  quantity  multiplied  by 
the  length  of  the  path  ;  it  is  therefore  of  the  same  order  of  magnitude 
as  the  length  of  path,  that  is  to  say,  as  B.  The  same  is  therefore 
true  of  the  integral  in  the  expression  for  a„.,,„,  when  taken  over 
B—B\  Hence  on  the  whole  the  change  in  o„.+^  is  of  the  same  order 
of  magnitude  as  B,  Diminishing  5  without  limit,  we  see  that  a„.^„ 
approaches  a  definite  limit  when  m,  approaches  y.     Let  this  limit  be 

Pn**m't   then  Pu**m  "<  (      )    (2n+l)^,  since  Qni^m  is  always  less  than 

this  quantity.     Hence  the  series  %/3^m^^  rjn'*m  (  —  )    is  convergent  by 

ratio  throughout  the  sphere  A,  and  represents  a  potential  without 
singularity  in  that  sphere.     The  sum  of  this  series  is  the  limit  of  the 

sum  of  2a„,^„,  7y„,^^  [ — J  ,  since  this  latter  is  uniformly  convergent 

up  to  the  limit.  Hence  limw  (P,P,)  is  a  potential  without  singu- 
larity within  A.  '**"'' 

The  above  proof  holds  good  even  if  P2  lies  within  the  sphere  A, 
since  it  depends  on  the  values  of  a>  (P,  Pj)  on  the  surface  of  B,  and  a 
superior  limit  of  these  is  still  h. 

If  Pj  itself  lies  within  A,  then  w  (P,  PJ)  has  no  singularity  within 
A,  and,  as  l/PP^  — w  (P,  P^)—k»  (P,  Pj)  has  no  singularity  within  the 
whole  region,  it  follows  that  to  (P,  Pj)  has  none  but  that  of  yi^}\ 
at  P,. 

If  P5  lies  on  the  focal  ellipse,  it  coincides  with  P^,  and  the  difficulty 
of  isolating  the  singularity  does  not  arise.     We  have 

<-(P,7>,)=w(p,K); 

the  function  m  (/',  I\)  vanishes  on  the  surface  and  has  the  singularity 
of  I/2PP2  at  P.. 
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28.  In  all  there  are  four  expressions  for  Careen's  function  in  the 
region  (t^o,  «i),  where  u^  >  u^^  namely:  (47),  valid  for  the  region 
common  to  (mq,  u^)  and  (mq,  2y— m,)  ;  (47)  with  u^^  Wj,  u^,  u  changed 
into  2y— It,,  2y— i«o,  2y— 1«^,  2y— i* — this  is  valid  for  the  region 
common  to  (t^  u^)  and  (2y— i*,,  i^)  ;  (48),  valid  for  the  region 
(w„  Ui)  ;  (48)  with  u,  ti,  interchanged,  valid  for  the  region  (i«^,  ti^). 
Of  these  the  first,  third,  and  fourth  serve  for  an  ordinary  shell,  in 
which  Uq,  w,  are  both  <  y. 

By  combination  of  volumes  we  may  pass  to  the  extreme  case 
t^Q  =  0,  w,  =  2y  in  which  the  region  includes  the  whole  of  the  two- 
coloured  space.     Writing  again  e  for  (2nH-l)  I    Ju//'tt,  we  have  the 

following  expressions  for  the  potential  which  vanishes  at  infinity  in 
each  colour  and  has  no  singularity  but  that  of  1/PPj  at  (tt,,  r„  tr,) : — 

l/PPi—^je'^gugu^fvfwfv^fw^     (when  u  <  2y— m,), 

1/PP,— 2je-'  (gu-efu)(gu^--efiL^)fvfwfo^fw^  (when  w>2y— i*,), 

5i  (fu—e-^  gu)  gujvfwfvjw^     (when  u  >  m,), 

'Hj  (fii^i—e'^gu^)  gufvfwfv^fWi     (when  u  <  u^). 

It  is  supposed  of  course  that  u,  u^  lie  between  0  and  2y. 

29.  The  problem  for  the  shell  in  one  or  two  colours,  when  the 
boundary  values  are  not  analytical,  may  be  discussed  exactly  as  in 
the   simpler   case,  except    in  one  point.      We  have   to  prove  that 

G  (P,  Pj)    diminishes    indefinitely   when    u  =  n^    or    w,    and   w, 

approaolies  either  u^  or  w,,  but  Pj  does  not  coincide  with  P  in  the 
limit.  The  former  proof  fails  when  u  =  n^  and  n^  approaches  u^^  if 
2y  —  u^  lies  between  u^  and  ?/„  but  another  is  given  by  the  combina- 
tion method.  Let  us  use  the  former  notation  (§§  25,  26),  but  suppose 
0  <  2y  -  ««|  ^  ^0  <  Mj  <  w,  <  M^  <  y  <  ti„  which  will  not  afPect  the 
former  work,  and  write  w',  w*,  ...  for  the  greatest  numerical  value  of 
w,  ...  on  the  surfaces  7^3,  u^^  respectively. 

The  potential  which  has  no  singularity  in  (Mq,  wJ  vanishes  when 
u  =  Uq  and  =  1  when  u  =  u^  is  (w— m„)/(?<4— ^^o)-  The  value  of  this 
when  n  =  n,  is  (^^3— Wo)/("4""^*o)  ;  hence,  if  a  potential  0  has  no 
singularity  in  (%  n^),  has  the  value  zero  on  u^  and  values  not 
exceeding  M  on  w^,  its  value  on  u^  cannot  exceed  M  (u^^u^)/(u^^UQ)^ 
and  dd/du  on  u^  cannot  exceed  M/(u^^n^^).  Similarly  in  other  cases. 
We  wish  to  find  a  limit  to  w*. 
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Now  01  =  05-x» 

in  (Ws,  ti,),  and  thuR  <^*  >  ^J  +  xJ- 

Also         ^;  >  0,'  («*i-wJ/(t*,-«,),  that  is,  0j  (tt,-ti,)/(n,-w,), 
and  xj  >  XsK-M/K-««),  that  is,  x^  K-«*,)/(tt,-.w,), 

Xi  >  x!  0'5-^)/(^4-^*o)         or        «*  (M,-Mj/(w,-t*,), 
since  w  =  — Xi 

onu.     Thus  ..>^3tviii«^^4«i-t*,tvrn 

and  after  reduction 


The  greatest  value  on  Uq  of  3yi/3m  does  not  exceed  of  this,  or 

<^^(^i— ^4)/(^i— ^o)(^4"""s)»  which  diminishes  indefinitely  when  «, 
approaches  m,,,  since  <t>i  is  Green's  function  for  (w^,  tt4).     Since  then, 

8u     9ti     3w 

and  each  of  the  terms  on  the  right  in  this  equation  tends  to  the  limit 
0  when  u  =  u^  and  u^  approaches  n^,  the  limit  of  9w/9ti  is  also  0, 
unless  of  course  I'j  =  v^,  w^  =  Wq. 


30.  This  method  fails  if  t*o  =  y,  but  in  this  case  Green's  function 
may  be  put  in  a  special  form.  Let  G  (P,  P„  Wq,  u^)  denote  Green's 
function  for  the  points  P,  P,  in  the  region  bounded  by  the  ellipsoids 
u^,  w,,  and  denote  the  point  (2y— Mj,  r„  w^)  by  F'/.  Then,  if  Pj  lies  in 
the  region  (y,  m^),  Pj'  does  not,  and  hence 

G  (P,  P„  2y-u„  u,)-G{P,  Pi',  2y-u„  «.) 

has  only  one  singularity  in  (y,  tij),  namely,  that  at  Pj.  This  ex- 
pression vanishes  when  u  =  u^,  2y— Wj,  or  y ;  the  last  follows  since  its 
sign  changes  when  ti  is  changed  into  2y — u.  Hence  the  expi'ession 
is  Q  (P,  Pj,  y,  ?/|),  and 

^  G  (P,  P„  y,  «,)  =  i'  G(P,  P„  2y-«„  «,) -~0(P,  P;',  2y- «„ «,) 
OM  On  Ou 

=  0, 
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in  limit  when  t*  =  y  and  Mj  approaches  y,  unless  P,  P,  coincide  in  the 
limit.  Here  the  continuation  of  Green's  function  across  the  boundary 
is  known,  so  that  the  usual  difficulty  does  not  arise. 

31.*  Let  us  now  discuss  the  problem  of  finding  a  potential  without 
singularity  within  a  given  ellipsoid  when  the  values  at  the  boundary 
are  given  of  its  differential  coefficient  along  the  normal ;  that  is,  we 
are  to  find  <f>  so  that,  when  n  =  u^, 

^^  =  F(v,u,), 
ou 

a  given  function,  and  that  within  the  ellipsoid  li,, 

It  is  necessary  that  the  condition 

should  be  satisfied. 

There  is  no  difficulty  in  proving,  when  the  given  function  F  is 
analytical  everywhere  on  the  surface,  that  the  solution  of  the 
problem  ia 

<^  =  i   2  (2»  + 1 )  i  >  fvfw  f  F  (,v  «„)  /r„/,r„  do,,. 

It  is  not  so  easy  to  prove  tins  when  F  is  not  everywhere  analytical. 
The  idea  of  the  following  proof  is  taken  from  C.  Neumann  {Vnter- 
suchnngen  ilher  das  .  .  .  Potential^  Leipzig,  1877). 

Take  dv  to  be  an  element  of  the  outwaixi  nonnal  to  the  ellips- 
oid   7/„,    and    suppose   an    electrical  distribution   of    surface   density 

?.n  . 

—  F(i\  ic)        upon  this  surface.     The  potential  of  the  distribution  at 

Vv 
an  outside  point  (m,  v,  w)  is 

I  Si  gufvfwfuQ  J  F  (ro,  ii\)fvju\  dw^ 

say  1\  gufvfiv.  This  potential  is  continuous  everywhere,  even  at 
the  sui'face,  if  F  (r,  w)  is  everywhere  finite.  Let  us  denote  it  by  if/ 
inside  and  by  i/r'  outside. 

In  the  expansion  of  if/'  the  term  of  order  0  is  wanting,  since  by 
hypothesis 

j  F(r^,n\,)du»^  =  i); 

hence,  since  ij/'  is  continuous  over  the  surface,  Neumann's  method  of 
the  arithmetic  mean   may  be  used  to  prove  that  the  elli])S()id  n^,  can 

*  §§  31  to  end  have  been  added  to  the  paper  a«  originally  written. — Fd).  20^/*,  1903. 
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be  considered  as  a  magnetic  shell  of  such  streiigtli  that  its  potential  at 
an  outside  point  will  be  ^'.  Let  the  potential  of  this  shell  be  denoted 
by  X  inside  and  x'  outside,  so  that  x  =  ^'' 

Since  ij/,  if/'  are  the  internal  and  external  potentials  of  the  same 
electric  distribution,  we  have  at  the  surface  n^ 


Similarly 


OU         Oil 

1^-1^  =  0, 

OU        OU 


since  x»  X   *^  ^^^  internal  and  external  potentials  of  a  magnetic 
shell.     Since  i/       /       n 

at  all  points  outside,  we  have  by  subtraction 

a 


du 


(X-i//)  =  4irF(i;,  w). 


Hence  the  potential  sought  i"  T"  (X""^)-     I*  remains  to  expand  this 

in  terms  of  Lamp's  functions.  The  expansion  will  be  absolutely 
convergent,  and  valid,  everywhere  inside  the  ellipsoid  u^,  since  the 
potential  has  no  singularity  inside  this  surface. 


32.  We  have 
while 

where 


i//  =  SA  guofufv/w/fu^y 
X=:l,yfufvfw, 

Ox 


Stryfu  =  (2«  +  l)i  f  ^fvfiv  du,, 
J  ou 

taken  upon  the  ellipsoid  u  {u>u^).     But 

SttX  gu  =  (2n  H- 1)  i  f  ^  /v/«7  rfui, 

J    OH 

. .     3v    9v' 

taken    upon    the  ellipsoid  u  (?*  <  mJ,    and    the  quantities  ^^  j   ^^ 

on     On 

approach  the  same  limit  at  the  surface.     Hence,  passing  to  the  limit 

in  each  case,  we  have 

VOL.  XXXV. — NO.  802.  o 
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and  x-"^  =  ^i^fufvfw  (2^»  -  f?) 

=  2 (2n+ 1)  \fufrfic/fu„fn„ 
^ (X-^)  =  g^^ 5 (2n+l)j  f'^^Jvfw  f f  Ov «',)/f,/tr. do.,. 

The  theorem  is  therefore  proved,  and  the  solution  holds  good  if  the 
function  i^is  integrable  all  over  the  surface  and  satisfies  the  condition 

Exactly  the  same  method  applies  when  the  potential  is  to  be  found 
for  external  space.     The  expansion  is 


8 


irr  g  Hq  J 


and  the  condition 
is  unnecessary. 

33.  Lastly,  take  the  case  of  a  region  bounded  by  the  two  ellipsoids 
Uq,  Mp  whether  this  is  a  shell  in  the  ordinary  sense  of  the  word  or  a 
two-coloured  region.      Let    Fq  (r,  w)    and    F^  (r,  ?r)    represent  the 

assigned  values  of  ~  on  the  two  sui'faces.     Then  it  is  necessary  that 
On 

jF,(r,ir)du>  =  \F,(v,iv)dw. 

If  this  condition  is  satisfied  and  the  value  of  each  side  of  the  equa- 
tion is  Sir  A,  we  have 

</>  =  .4?/. +  00  +  9,, 

where  9^,  ^j  are  jiotentials  without  singularity  within  the  i-egion,  and, 

when  u  =  Mo,  ^  =  F, (r,  w)  -A,      ^^'  =  0 ; 

Vu 


(JU 


when  n  =  ?^, 


3'"«=0,     |^=F,(r,,r)-.-l. 
On  dii 


If  these  potentials  ^o?  9i  ^^^  ^^^  found,  the  problem  can  be  solved  ;  the 
same  kind  of  pi^ocess  serves  to  find  both. 

Now  the  expression  for  </>„,  which  is  certainly  valid  when  Fq(v,ic) 
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is  analytical,  is 

or,  say,  S  fe /^  ^ ' "- ^^-^^  . . 

We  need  to  show  that  even  when  F^  is  not  assumed  to  be  analytical, 
but  only  integrable,  the  limit  of 

when  u  approaches  n^  is  Fq(v,w)—A. 

Suppose  fii'st  that  n^  <  y  and  <  m,  ;    then  the  limit  of  u  is  Uq+0, 
and  we  know  that  2  kfu/fuQ  approaches  the  desired  limit.     Now 

f^  l/'wo— /wo  g\  L/wo  9\  -  9\f\     f\  -»'  * 

where  u,  has  any  value.     If  now  we  take  m,  >  n,j,  but  <  t^  and  <  y, 
and  take  u  between  Uq  and  Wj,  each  of  the  three  fractions 

fngu^—f\  gu^       /m,  g\  —fii^  g\      fu^ 
fu^  g'u^—fu,,  gui '     f\  g'n^—g'uj'u^ '     fu^ 

does  not  exceed  pq'\  where  p,  q  are  certain  positive  constants  and 
g  <  1.     Hence  the  series 


I  /^*o  9\  —  9\f^h      /^o  J 


converges  unifonnly  when  u  is  between  u^  and  Mj.  Its  limit  when  u 
approaches  Uq  is  therefore  found  by  putting  u  =  u^  and  is  zero,  which 
was  to  be  proved. 

This  method  applies  when  w^— y  and  Mq— w,  have  the  same  sign. 
When  u^  <  m„  <  y  the  senes  to  be  used  for  comparison  is  ^kg'ujg'u^^ 
and  when  ?<,  >  u^  >  y  it  is  2A*^'(2y— ?i)/(/'(2y--Wo).  When  tig  =  y 
the  metliod  failp,  but  the  gap  may  be  tilled  up  as  follows. 

34.  In  any  region  (w,>,  «,)  bounded  by  the  ellipsoids  u^  u^^  we  have 
constructed  a  potential  a*  (§  25),  vanishing  at  the  boundary  and  having 
no  singularity  except  that  of  l/A^Pj  at  the  single  point  (u,,v„tr,). 
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When  Mo  <  M„  and  both  differ  from  y,  we  can  construct  a  potential  ^ 
without  singularity  within  the  region,  and  such  that, 


when  u  =  U(.. 


when  u  =  7*p 


3w       du 

OU         Oil 


the  terms  ±i  are  added  on  account  of  the  condition  to  be  satisfied  by 

the  values  of  -—  at  the  boundary.     Thenw  — i/r  is  a  potential  with 
an 

the  singularity  at  (v.,,  t?,,  ?6»,)  and  no  other  in  the  region,  and  its 

derivative  with  respect  to  n  is  constant  over  each  of  the  bounding 

surfaces.     Let  this  function  be  denoted  by  12  (P,  P„  m^,  t*i).     Let  P", 

Pa'  denote  the  points  (2y  — u,  r,  ic),  (2y— t*,,  r,,  w^).     We  then  have, 

it «.  >  y.      jj(p^  jy,^ 2y-«„ «,)  =  n (P",  P„ 2y-«„  «,). 

Thus  ^-  II  (P.  Pr,  2y-H,.  n.)  =  ^ii  (P",  P„  2y-«„  «,)• 

du  Oil 

But,  when  u  =  y,  P  and  P"  coincide,  and 

I-  n  (P",  p„  2y-«„  u.)  =  -  -^  n  (P,  P.,  2y-«„  «,). 

cu  On 


Thi 


3w 


{n  (P,  P„  2y-  Mp  7/,)  4-  n  (  P,  P.7,  M„  2y-  n„  n,)  }  =  0 


when  u  =  y.  It  is  therefore  possible  to  form  the  function 
Q  (P,  Pj,,  Uq,  Wj)  even  r,hen  u^  =  y,  and  its  value  is  in  fact 

12  (P,  P„  2y-?<„  M,)+U  (P,  P^',  2y-Mi,  M,)  +hi. 

Its  region  of  existence  is  certainly  not  bounded  by  the  ellipsoid  y 
even  when  w^  =  y. 

Now  consider  the  expression 

^0=  -  y^   j  ^  (-P.  ^0,  '',.-  ''i)  [-^o(?V  «'o)-^}  t7a;o, 

in  which  P,  is  replaced  by  a  point  Pq  (?/„>  ^'o  "'o)  ^n  the  surface  «„.  As 
a  function  of  the  point  P  this  is  a  potential  without  singularity 
within  the  region.  If  we  take  u  =  ?^,  we  have,  since  the  ellipsoid  m, 
does  not  bound  the  region  within  which  Q,  ^^  are  analytical, 

(Ju  orr  J 
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If  WQ=y,  we  have  that  O— ^m,  and  therefore  also  tp^,  is  un- 
changed by  putting  2y— uforw;  so  that  the  function  tp^  exists  in 
both   the  regions   (y,  m,)   and   (2y— u„y),  and  is  continuous  at  the 

surface  y.     On  the  other  hand,    -^-^  is  an  odd  function  of  y—u  and  is 

ou 

di8ex)ntinuous  at  this  surface.     There  is  no  discontinuity  in  the  part 

of  the  definite  integral  contributed  by  those  regions  of  the  surface 

which  are  at  a  finite  distance  from  P  or  which  are  near  it  in  position, 

but  in  the  other  colour.      In  considering  the  part  of    the   surface 

which  is  near  P  we  may  write 

and    the    discontinuity    is     wholly    due    to    the    first    term,    since 
has  no  singularity  at  Pq.     But  the  discontinuity  in 


n- 


pp.    P"P. 


d<t>o 


the  first  term  of   ;—   is  exactly  2Fq  (r,  w)—2Ay  that  is, 
ou 


^OU^y*0        ^OU'r-o 


^00 


and,  since  ^  is  an  odd  function  of   y— t*,  its  two  limiting  values 
Ou 

when  n  =  y  zfc  0  must  be  ±  JP  (v,  w)  =F  A. 

The     expression     db     -     «  (P,  P^,  "o,  ?*,)  {F{v^,  iCq)—^}  ^%    gives 

then  the  desii-ed  value  of  ^o  when  U(^  =  y,  and  there  is  no  difficulty  in 
proving  that  this  agrees  in  form  with  the  general  solution.  The 
upper  or  lower  sign  is  to  be  taken  according  as  u^  <  or  >  y. 
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On  a  New  Cuunexion  of  Bessel  Functions  with  Legendre 
Functions.  By  E.  T.  WnrTTAKKR.  Received  and  Bead 
November  13th,  1902. 

1.  Intrndiictum. 

The  object  of  this  communication  is  to  establish  a  new  connexion 
between  the  Legendre  functions  Pn(z)  and  Qn(z)  and  the  Bessel 
functions  J»(2)  and  Yn(z).  Hitherto  the  functions  have  been  known 
to  be  connected  in  two  ways,  namely,  (1)  by  Heine's  expression  of 
the  Bessel  functions  of  the  first  kind  and  integral  order  as  limiting 
cases  of  the  associated  Legendre  functions  of  infinite  order  and  finite 
degree,  and  (2)  by  a  set  of  form  alee  which  express  Legendre  func- 
tions in  terms  of  definite  integrals  involving  Bessel  functions.  The 
most  general  form  of  these  latter  integrals  was  given  by  Schafheitlin 
(Math.  Ann.,  Vol.  xxx.).     The  integral 

P„.  (z)  =  (-1)»  (  J)*  p/^.4(ic)  coBxz.x-^dx, 

which  is  valid  for  a  certain  range  of  values  of  n,  may  be  given  as 
typical  of  this  set  of  formula?.* 

The  new  connexion  developed  in  this  paper  between  the  Legendre 
functions  P„(z),  Qf^(z)  and  the  Bessel  functions  J„{z),  Tn(z)  is  not 
restricted  to  integer  values  of  the  order  n  of  the  functions,  but  can 
be  expressed  in  various  forms  applicable  to  all  real  or  complex 
values  of  n.  The  connexion  is  expressed  by  the  results  numbered 
(I.)  to  (V.)  below. 

It  may  be  noted  here  that  a  certain  kind  of  reciprocity  exists  be- 
tween the  theorems  of  Schafheitlin  and  those  of  this  paper ;  this  is 
in  agreement  with  a  remarkable  theoi-em  due  to  Retzval,  namely, 
that,  if  two  functions  ti  (z)  and  v  (z)  are  connected  by  a  relation  of 

the  form  .  .        (  -t    /±\  j± 

u{z)  =  J  e-'v{t)dt, 

then  they  are  also  in  general  connected  by  a  relation  of  the  form 

V  (2)  =  constant  x\e~*^u{t)dt. 


*  An  intereatmg  family  of  integrals  of  this  type  is  given  by  Steinthal,  Quart, 
Jour.f  Vol.  xvnj.,  pp,  330-345. 
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2.  A  Formula  which,  embodies  a  Simple  Case  of  the  Connexion. 

We  shall  first  recall  a  formula  which  is  due  to  Lord  Rayleigh,* 
namely, 

(5)'"-<=>  =  ^-(.4)('-T-')^ 

this  formula  may  be  regarded  as  embodying  the  simplest  special  case 
of  the  connexion  which  is  the  subject  of  this  paper. 

For  the  sake  of  completeness  a  short  proof  will  be  given  of  this 
formula.  It  is  true  when  »  =  0  and  n  =  1,  since  it  then  reduces  to 
the  well  known  results 


J^ 


2\» 


<-)=(i) 


We  shall  now  show  by  induction  that  it  is  true  in  general.  For 
suppose  it  true  for  n=zh  —  2  and  n  =  k—l.  Then,  from  the  re- 
currence formula 

kP,(z)-{2k-l)  zP,.,(2)  +  (k-l)  P,.,(z)  =  0, 
we  have 

"•■(.4)('t') 

=  {(^'-')^.'-(.4)-<'-')^-(.4)!Ct^)' 

and  by  hypothesis  the  right-hand  member  is  equal  to 
or 


Throry  of  Sounds  Vol.  n.»  \i.  '26^. 
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and  the  quantity  in  the  last  bracket  is  zero,  in  consequence  of  the 
recurrence-formulaB  for  the  Bessel  functions.     We  have  therefore 


^'(.4)(^')=(£)'"-'<'>- 


and  consequently  the  formula  is  true  for  n  =  k  if  it  is  true  for 
n  =  A; - 1  and  n  =  k—2.  But  it  was  shown  to  be  true  for  n  =  0  and 
n  =  1.     It  is  therefore  true  universally. 

It  will  be  noticed  that  this  result  connects  the  case  in  which  the 
Legendre  function  Pni^)  ^^^  ^^  expressed  in  a  finite  form  in  terms 
of  elementary  functions  (namely,  the  case  of  n  =  an  integer)  with 
the  case  in  which  the  Bessel  function  J^  (2)  can  be  expressed  in  a 
finite  form  in  terms  of  elementary  functions  (namely,  m  equal  to 
half  an  odd  integer). 

3.  Transition  to  a  Definite- Integral  form  of  the  Connexion, 

It  is  obvious  that  Rayleigh's  equation  has  a  meaning  only  when  n 
is  an  integer.  In  order  to  extend  it  to  the  case  in  which  n  is  not  an 
integer,  we  must  thei'efoi'e  express  the  result  in  a  form  which  is 
capable  of  this  generalization. 

For  this  purpose  we  observe  that,  if  r  be  a  postive  integer,  we 
have 

r   e^-t'dt  =  {^iy^[    ^-dt  =  2^{^^\. 

Since,  when  n  is  an  integer,  P„(2)  is  a  sum  of  positive  integral  powers 
of  z^  we  have  therefore 

[,.p.(„*=.p.(_4)  (»«=). 

and  therefore,  by  (I.),  we  have 

J^.k  W  =  i-ir  [£)'^  ^  e^P^Q)  dt, 
and  on  combining  the  two  parts  of  the  range  of  integration,  namely, 
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from  —1  to  0  and  from  0  to  1,  this  becomes 

Jn.i  W  =  (I)*  J'  COS  {a-f)  P.{t)dt. 

This  equation  has  so  far  been  proved  for  the  case  in  which  n  is  an 
integer.  But  each  member  of  it  has  a  meaning,  even  when  n  is  not 
an  integer,  and  we  may  therefore  now  inquire  how  far  the  result  is 
still  tme  when  the  restriction  to  integral  values  of  n  is  removed. 

4.  General  Case  in  which  n  is  unrestricted :  a  Family  of  Integrals 
which  satisfy  BesseVs  Differential  Equation. 

It  will  now  appear  that  the  integral  last  obtained  is  merely  one 
member  of  a  large  family  of  definite  integrals  by  which  the  Bessel 
functions  can  be  represented  for  all  values  of  z  and  of  n,  real  or 
complex.     To  show  this,  let  u  denote  the  integral 


2^{  e^P^.^(t)dt, 

where  P„-4(0  is  the  Legendre  function  of  order  (n— i),  and  where 
the  path  of  integration,  y,  is  left  for  the  pi*esent  unspecified. 
Then,  on  performing  the  differentiations,  we  have 

ds?        z    dz       \         s?  I 

=  (j-n»)is-»f  e'''P^.^{t)dt^-2z-H[  ^HF^.^{t)dt 

-^^\^e^'{l^^)F^.,(t)dt, 

and,  since  P^.^  (t)  satisfies  Legendre's  equation,  namely, 
I  J  (i_<.)  §P^  J  +(„._j)  p.., (f)  =  0, 

it  follows  that  the  right-hand  member  can  be  written  in  the  form 
or       <■  j"  d  [«-»e="(l-0  '^^■-|<^>  -«-•  (!-<•)  e-T.^O)  \ . 


dl 


(I.) 
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This  result  is  clearly  equally  true  if  the  Legendre  function  of  the 
second  kind,  Qn-^(t),  is  used  instead  of  P^^^(t),  since  no  property 
of  P^-jCO  ^^^  been  required  beyond  the  fact  that  it  satisfies 
Legendre's  equation.     We  have  therefore  the  result 

The  integrals  s^  j   e^'^P^.j  (0  < 

and  z^{  e'''Q„,^(t)dt 

satisfy  BesseVs  differential  equation  of  order  n,  namely^ 
d^u  .    1    du  ,   / ,       n^\  f. 

provided  y  is  any  path  of  integration  (it  may  be  either  an  open  path  or  a 
closed  circuit)  which  fulfils  the  condition  thai  the  quantity 

[or,  in  the  second  case,  the  corresponding  expression  in  Q«-4  (0]  fesumes 
its  initial  value  after  describing  y. 

Suitable  contours  y  can  be  found  in  plenty  to  satisfy  this  con- 
dition. Thus  it  is  evident  that  an  arc  joining  the  points  t  =  — 1  and 
^  =  +1  is  a  possible  path  y  for  the  integrals  (II.),  p.  203  ;  that  is, 
the  expression 

2^^  ^e"'F„.^{t)dt 

is  a  solution  of  Bessel's  differential  equation  of  order  ii. 

5.  Determination  of  some  Notable  Members  of  the  Family  of  Integrals 

found  in  §  4. 

Tlie  theoi-era  of  §  4  enables  us  to  express  tlie  connexion  between 
the  Legendre  and  Bessel  functions  in  a  variety  of  fomis  ;  for,  if  we 
write 

"p..i{t)df. 


="1'" 


it  has  just  been  shown  that  the  quantity  /is  a  solution  of  Bessel's 
differential  equation  of  order  n,  for  all  values  of  n,  real  or  complex. 
To  find  its  precise  relation  to  the  known  solutions  J„(z),  we  need 
onJy  find  the  first  term  of  the  asymptotic  expansion  of  /  for  large 
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positive  valnes  of  z.      This  is  obtained  in  the  following  way : — We 
have,  integrating  by  parts, 


7  =  ^«r'  ?:;:p„.,(o1-iP  e=" 


,udP„.,{t) 


dt 


dt. 


The  first  term  of  the  asymptotic  expansion  of  /  is  therefore 

^^{e'*-P.-»(l)-«-"-P«-.(-l)} 
1 


{«" 


," g-e»*(«-i)i"" 


}, 


or  2z-»e(-*^*"'  cos  |  iJ-(n-|-^)  |-  |  . 

Since  the  first  term  of  the  asymptotic  expansion  of  J^  {z)  is 

it  follows  that  I  =  (2ir)«  e"-*)*'*  j;  (z), 

80  J,  (r)  =  (|-)'e-<»-»)»*|'  e"'p,.,  (0  d«. 

Combining  the  parts  of  the  integral  which  arise  from  the  ranges  —1 
to  0  and  0  to  1  respectively,  we  have  a  connexion  between  the  Bessel  and 
Legendre  functions  expressed  by  the  formula 

J.  (2)   =  (  I)  '  j'^  cos  J  ^<-  («-i)    J  I  P,..  (0  dt  (II.) 

which  is  valid  for  all  values  of  z  and  of  n,  real  or  complex.  This  re- 
salt  was  previously  (in  §  3)  shown  to  be  true  for  the  particular  case 
in  which  n  is  half  an  odd  integer. 

The  general  theorem  of  §  4  enables  us  not  only  to  express  »7„  {z)  in 
terms  of  Legendre  functions  of  the  first  kind,  but  also  in  tenns  of 
Legendre  functions  of  the  second  kind — namely,  the  Q-functions 
which  are  defined  by  the  equation 

For,  in  the  plane  of  a  complex  variable  s,  let  S  denote  a  contour 
which  encircles  the  part  of  the  real  axis  between  the  points  s  =  1 
and  «  =  —  1,  and  which  begins  and  ends  at  infinity.  The  direction 
in  which  S  tends  to  infinity  will  be  supposed  t<o  b^  %vsi^Vl  ^»  \*i  \xiaitfc 
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the  real  part  of  szi  negative.  Then,  if  ^  be  a  real  quantity  lying 
between  1  and  —  1,  we  have 

where  r  =  2?  («—/),  and  where  V  denotes  a  contour  in  the  v-plane 
which  encircles  the  origin  and  begins  and  ends  at  infinity  in  the 
t;-plane. 

But,  from  Heine's  expression  for  the  Gramma-function,  we  have 


and  therefore 


»+J)       2»  J,. 


1 


If  we  substitute  this  result  in  Bessel's  integral 

which  is  valid  when  the  real  part  of  (n-h  J)  is  positive,  we  have 

•^.w =^J;tt^-  JJ  (i-0"-*(«-o-'e'"'fc<«. 

and,  on  substituting  the  expression  given  above  for  the  Legendre 
function  of  the  second  kind,  ive  obtaiti  the  formula 

Jniz)  =  ^^^-  j   e"^(l,.^is)ds.  (III.) 

This  integral  is  of  the  type  found  in  §  4  /  it  connects  the  Bessel  function 
./» (z)  toith  the  Legend/re  functions  of  the  second  ki^id.  It  is  valid  for  all 
values  of  z,  and  for  all  values  of  n  whose  real  part  is  greater 
than  —J. 

6.  The  Second  Solution  Y„  {z)  of  BeaseVs  Differential  Equation  ;  and 
the  General  Solution. 

We  now  pi-oceed  to  consider  the  second  solution  of  BesseFs 
differential  equation.  When  the  order  n  of  the  equation  is  not  an 
integer,  it  is  known  that  Jn{z)  and  /-»(a)  are  two  independent 
solutions ;  and  therefore  the  second  solution  when  n  is  not  an  integer 
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or,  by  (II.).         (7)'!' cos  (.<+ ^+  |)p.,.,(0*. 

Bat  the  Legendre  function  of  the  first  kind  satisfies  the  relation 

for  all  values  of  k,  real  or  complex  ;  and  therefore  we  have 

Since  the  general  solution  of  Bessel's  equation  (n  being  still  supposed 
to  be  not  an  integer)  consists  of  any  linear  combination  of  /«  (z)  and 
•^-n  («)»  it  follows  that  this  general  solution  is  represented  by  any 
linear  combination  of 


and 


2^^  cos  ztPn,^(t)dt 
«*  }^  sin  ztPn.^(t)dt. 


Consider  now  the  case  in  which  n  is  an  integer.     In  this  case  we  have 

and  therefore  the  function  /.„  (z)  no  longer  provides  an  independent 
second  solution  of  the  differential  equation.  We  take  therefore  the 
second  solution  Y„  {z)  introduced  by  Hankel,  which  is  defined  to  be 

lin,it...C-^)''^-<-'-.(^)-^"'-v(^). 

c 

Substituting  the  values  found  above  for  /_(„.«)  (z)  and  /(*..) (5?),  we 
have 

y.(.)=limit...(^)'£i{(-l)-C08(^+|-  +  f-f) 

^     .  --  2  sin  — 
=  limit..«  (^)'  ([  —^  sin  {zt+  3.  _  |r)  P..,(i)  dt ; 

and  therefore  we  have  the  formula 

r.  iz)  =  (2«)»  ('  sin  J  rf- («-i)  -|  J  P..,  (0  dt,         (IV.) 


206    Prof.  W.  Burnside  on  Groups  which  are  Linear  and  [Nov.  13, 

which  expresses  the  Bessel  function  of  the  second  kind  in  terms  of  the 
Legendre  function. 

Since  the  most  general  solution  of  Bessel's  differential  equation  of 
order  n  consists  of  a  linear  combination  of  J„  (z)  and  T^  (z),  it  follows 
that  this  can  be  expressed  as  a  linear  combination  of 


and 


z^V  COS  ztP^.^(t)dt 
:^\^  sin  ztP^.^{t)dt. 


But  this  result,  which  is  thus  obtained  for  the  case  in  which  n  is 
integral,  is  the  same  as  the  result  already  obtained  for  the  case  in 
which  n  is  not  integral ;  and  therefore  we  see  that  in  all  cases  the 
general  solution  of  BesseVs  equation  is  a  linear  combination  of 


and 


;:*  \   cos  ztP^.^(t)dt 

Jo 

s^  I    mnztP„,^(t)dt 
Jo 


(V.) 


On  Groups  which  are  Linear  and  Homogeneous  in  both  Variables 
and  Parameters  *  By  W.  Burnside.  lleceived  and  B^ad 
Novembor  13tb,  1902. 

In  this  paper  I  propose  to  discuss  the  nature  of  tlie  characteristic 
determinant,  first  of  any  simply  transitive  linear  homogeneous  group, 
and  secondly  of  any  transitive  linear  homogeneous  group.  The 
result  of   this  discussion,   leading  to  a  quite  general  form  for  the 

*  Prof.  L.  E.  Dickflon  has  called  my  attention  to  two  crrora  in  my  paper  *'  On 
the  Continuous  Group  defined  by  any  given  Grroup  of  Finite  Order"  {Froc.  Lond. 
Math.  Soc.t  Vol.  xxix.,  pp.  546-565).  These  occur  in  ^}  5,  6,  dealing  with  particular 
cases  of  the  characteristic  determinant  of  a  simply  tmnsitive  linear  homogeneous 
group.  The  induction  in  §  5  is  faulty ;  and,  as  Trof .  Dickson  has  shown,  it  is  not 
the  case  that,  if  the  characteristic  deU^rminant  is  the?  power  of  a  single  linear  factor, 
the  group  is  necessarily  Abelian.  The  error  in  §  6  oceurs  in  the  third  line  from  the 
bottom  of  p.  553.  The  correct  inference  from  the  previous  reasoning,  there,  should 
obviously  be  not  y  =  /i,  but  that  y  is  a  multiple  of  /*.  The  resultfl  of  §§5,  6  are  used 
in  §  10  in  establishing  one  of  the  main  results  of  the  paper.  In  order  that  this 
should  rest  on  a  sound  basis  it  is  essential  that  those  errors  should  be  corrected. 
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determinant  in  each  case,  is  given  in  the  first  two  sections  of  the 
paper.  A  short  third  section  is  added  to  apply  the  results  so 
obtained  to  giving  a  materially  simpler  and  shorter  proof  of  the 
main  propositions  contained  in  the  second  section  of  my  paper  "  On 
the  Continuous  Group  defined  by  any  given  Group  of  Finite  Order" 
{Proc.  Lond.  Math,  Soc,  Vol.  xxix.,  pp.  546-565). 

The  question  considered  in  the  first  section  of  this  paper  has  been 
dealt  with  at  considerable  length  by  Herr  Molien  in  his  memoir 
"Ueber  Systeme  hOherer  complexer  Zahlen"  {Math.  Ann.,  Vol.  XLi., 
pp.  83-156,  1892)  ;  and  most  of  the  results  arrived  at  in  that  section 
are  contained  in,  or  may  be  deduced  from,  those  given  by  Herr 
Molien,  1  do  not  think,  however,  that  this  is  the  case  with  all  of 
them.  For  instance,  Herr  Molien  nowhere  shows  that  the  character- 
istic determinants  of  two  reciprocal  simply  transitive  groups  are 
identical.  It  is  not,  in  fact,  very  easy  to  find  exactly  what  is  and 
what  is  not  contained  in  Herr  Molien^s  memoir;  for  he  treats  the 
different  parts  of  what  is  one  subject  from  the  point  of  view  first 
of  complex  numbers,  then  of  ilinear  groups,  and  lastly  of  matrices. 
The  methods  used  here  are,  in  any  case,  quite  distinct  from  those  of 
Herr  Molien  :  they  depend  solely  (i)  on  the  existence  of  the  re- 
ciprocal group,  and  (ii)  on  the  fact  that  the  only  self -conjugate  sub- 
group of  the  general  linear  group  is  the  cyclical  group  multiplying 
each  variable  by  the  same  factor. 

I. 

By  a  linear  homogeneous  group  in  the  following  pages  is  meant  a 
group  whose  finite  equations  are  linear  and  homogeneous  both  in  the 
parameters  and  in  the  variables.  When,  of  the  parameters  entering 
in  the  equations,  the  number  that  are  linearly  independent  is  equal 
to  the  number  of  variables,  the  group  is  called  simply  transitite. 
Corresponding  to  any  simply  transitive  group  there  is  always  a 
second  linear  homogeneous  group  (identical  with  the  first,  if  the  first 
is  Abelian,  but  not  otherwise)  simply  transitive  in  the  same  variables, 
every  one  of  whose  operations  is  permutable  with  every  operation  of 
the  first  group.     This  is  called  the  reciprocal  group. 

Let  0  and  G'  be  reciprocal  simply  transitive  groups  in  n  variables. 
An  arbitrarily  chosen  substitution  of  ^'may  be  reduced  to  the  canonical 

^^^"^      y;  =  \,t/„    y'2  =  (hyi-^Kyv     ••»    yv  =  %yp-\-^\y,^ 
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where  X„  X,, . . . ,  are  the  difEerent  roots  of  the  characteristic  eqaation 
of  the  substitution  and  p,q,  ...,  their  multiplicities.  Every  sub- 
stitution which  is  permutable  with  this  substitution,  and  therefore 
every  substitution  of  G,  must  transform  the  y^s,  z%  ...,  separately 
amonpf  themselves.  Hence  G  is  certainly  reducible.  The  linear 
transformation  of  the  y's  effected  by  G  will  constitute  a  group  which, 
since  G  is  transitive,  is  certainly  transitive,  but  is  not  necessarily 
simply  transitive.  This  may  or  may  not  be  reducible.  If  it  is  so, 
similar  considerations  will  apply  to  the  transitive  group  of  trans- 
formations on  the  p'(<  p)  linear  functions  of  the  y's  which  are  trans- 
formed among  themselves.  Continuing  thus,  we  must  eventually 
arrive  at  a  set  of  independent  linear  functions 

»i„  aj,j,  ...,  Xi^     (r  ^  1) 

of  the  original  variables,  which  are  transformed  among  themselves 
by  every  operation  of  G  such  that  it  is  impossible  to  form  r(<  r) 
linear  functions  of  them  which  are  transformed  among  themselves. 
In  other  words,  the  group  of  transformations  on  the  r  functions  is 
irreducible. 

Suppose  now  that  some  substitution  S*  of  the  reciprocal  group  G 

changes  «„,  aju,  ...,  aji^ 

into  ajjb  «M»  ...»  av- 

Since  the  first  set  are  linearly  independent  among  themselves,  so  also 
must  the  second  set  be ;  but  the  2r  symbols  may  possibly  be  con- 
nected by  one  or  more  linear  equations.     If  the  linear  equation 

ibiXii  =  2a<a;H 

holds,  /ST  changes  the  linear  function  Sfe.jri,  of  the  first  set  into 
another  linear  function  Sa.aju  oi  the  first  set.      Now,  S  being  any 

operation  of  G,  S'8  8'    =  S. 

Hence,  if  /S  changes  ^aiXu  into  2c, a?, j,  and  2 6iiCu  into  2(?,aj,„  then 
8'  changes  ^diXu  into  2c,aj,<.  Now  G  contains  operations  which 
severally  change  2  6, ajj.  into  r  linearly  independent  functions  of  the 
first  set.  Hence,  since  S'  changes  each  of  these  into  another  function 
of  the  first  set,  S'  must  transform  the  first  set  among  themselves. 
Unless  S'  replaces  each  of  the  symbols  a*,!,  a?i2,  ...,  ^ir  by  the  same 
multiple  of  itself,  G,  so  far  as  it  affects  this  set,  would  be  reducible, 
which  is  contrary  to  the  supposition  made.     Hence  either 

aj2.  =  «Pi<,     (i  =  1»  2,  ...,  r), 
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where  6  is  a  constant  maltiplier,  or  the  second  set  is  independent  of 
the  first.  Further,  since  S'  is  permutable  with  every  operation  of  (?. 
every  operation  of  O  efEects  exactly  the  same  transformation  on 

^ll»    ^Z2»    •••>    ^hr> 

as  it  does  on  aji,,  ajj,,  ..,,  a;,^. 

If  some  other  transformation  S"  of  O'  changes  the  first  set  into 

«S1»    ««»    ...»    i»3r» 

precisely  similar  reasoning  shows  that  either  these  are  linearly  in- 
dependent of  the  first  two  sets,  or  else 

a-fli  =  exu-^fx2i,     (i  =  1,  2,  ...,  r), 

where  e  and  /  are  constant  multipliers.  Moreover,  the  third  set  are 
transformed  among  themselves  by  0  in  exactly  the  same  way  as  the 
first  and  second  sets.  By  considering  further  substitutions  of  0'  this 
process  can  be  continued  till  no  new  independent  set  can  be  formed. 
Suppose  that  just  s  sets  thus  arise 

^11 »    ^Ji     •••-.    *lr» 
X^U    3Ja,     ...,    X2rj 


•^jll    ^aj     •••»    •''tr* 

The  symbols  in  each  line  are  transformed  among  themselves  by  each 
substitution  of  G  in  exactly  the  same  way,  and  the  most  general 
substitution  of  0'  changes  Xu  into 

e,a;H+e,a',,-|-...  +  e,a*„,     (i  =  1,  2,  ...,  r). 
Further,  the  substitutions  S'"*  and  S"^  8''  of  ti^' change 

•^ii»  ^it»  •••»  ^'j" 
into  ar„,  ajj,,   ...,  ari^ 

and  aj,i,  aj„,  ...,  ar,^ 

respectively.  Hence  the  most  general  substitution  of  Cf  changes  Xft 
into  /i«i<+/8«2<+ ...  +/,»«,     (t  =  1,  2,  ...,  r). 

It  follows  thus  that  the  symbols  in  each  column  of  the  preceding 
scheme  are  transformed  among  themselves  by  every  operation  of 
G\  and  that  any  operation  of  0'  gives  the  same  transformation  for 
the  set  of  symbols  in  each  column.      The  groups  of  transformations 
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effected  hj  0  and  (?'  on  the  sr  symbols  in  the  scheme  mast  each  be 
transitive,  since  0  and  0'  are  transitive ;  and,  since  O  and  ff  are 
reciprocal,  the  two  groups  must  each  be  simply  transitive.  Hence, 
if  p  is  the  number  of  independent  parameters  in  the  group  of  trans- 
formations of  a^ii,  ar,,,  ...,  Xir, 
and  (T  the  number  in  that  of 

'll»  ^11   •••»  *«u 
p  =  <r  =  r«. 

But,  in  any  case,  p  <  r*,  <r  <  «*. 

Hence  r  =  « 

and  pz=a'=i7^. 

Whatever  the  simply  transitive  group  6?  in  n  variables  may  be,  it 
must  therefore  be  possible  to  choose  r*  (r  ^  1)  independent  linear 
functions  of  the  variables  and  an  equal  number  of  independent  linear 
functions  of  the  parameters,  so  that  the  first  r*  of  the  finite  equa- 
tions of  the  group  take  the  form 

ft-r 

x\f  =  2  ej^Xu,     (i,j  =  1,  2,  ...,  r)  ; 
while  those  of  the  reciprocal  group  are 

kmr 

«J/  =  S  e^Xk      (ij  =  1,  2,  ...,  r). 

So  far  as  it  afEects  this  set  of  variables  O  is  simply  isomorphic  with 
the  general  linear  homogeneous  group  in  r  variables. 

2.  If,  when  0  and  G'  have  been  transformed  so  that  the  first  r* 
equations  of  each  have  the  form  arrived  at  in  the  preceding  section, 
*ii»  ^i2»  •••»  ^m  ^ib  *i2»  "-y  x'rr  SLTQ  all  made  zero,  the  fii'st  r*  equations 
of  each  are  satisfied  identically,  and  the  remaining  n—r^  equations  of 
each  are  the  equations  of  linear  homogeneous  groups  in  n—r^  vari- 
ables. Tl;iese  groups  must  be  transitive,  or  G  and  G'  themselves 
would  be  intransitive  ;  and,  since  G  and  G'  are  reciprocal,  they  must 
be  simply  transitive.  Hence  the  process  of  the  preceding  section 
may  be  applied  to  them  It  is  therefore  possible  to  find  r^  (r  ^  1) 
linear  functions  of  the  original  variables,  t/^  (i,J  =  l,2,  ...,  rj, 
J/neai'ljr  independent  of  each  other  and  of  the  preceding  ir  functions 
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sach  that  when  the  xj'a  are  made  zero  the  ^'s  undergo  the  sub- 
stitntion 

ft-r. 

yh  =  ^S  fjki/ik     (ij  =  1,  2,  ...,  ri), 

corresponding  to  the  general  substitntion  of  (?,  and 

Vii  =  2^  fikViu     {iyj  =  1,  2,  ...,  r,), 

corresponding  to  that  of  G\  The  rj  symbols  /^  represent  linearly 
independent  functions  of  the  original  parameters ;  but  whether  the 
y^'s  are  independent  of  the  e^'s  requires  further  discussion.  The 
general  equations  of  the  group,  so  far  as  these  symbols  are  con- 
<*emed,  will  contain  for  each  yj^  a  linear  function  faix)  of 
the  ;r^'s  with  linear  functions  of  the  original  parameters  as  coef? 
£cient8. 

The  process  already  used  may  be  repeated  for  the  simply  transitive 
group  that  arises  on  making  all  the  x^^s  and  y^'s  zero,  leading  to 
r,  new  variables  independent  of  each  other  and  of  the  x*b  and  the 
y\  whose  transformations  are  given  by 

ft.r. 

4  =  9ii{^)  +  ^</  (y)  +  ^2  gjkXik     (t, 3  =  1,  2,  ...,  r,), 

where  g^  (x)  and  6?^  (y)  represent  linear  functions  of  the  a^^'s  and 
y^f^B  with  coefficients  which  are  linear  functions  of  the  original 
parameters  ;  and  the  process  may  be  continued  till  the  whole  of  the 
original  variables  are  accounted  for. 

3.  To  discuss  the  question  of  the  independence  of  the  parameters 
^ifi  fii^  •••t  consider  first  the  two  sets  of  equations 

kmr 

■  S  i 

kml 


x{j  =  S  ejMXn     (j  =  1,  2,  ...,  r), 


*-r, 

yv  =  S  fjkVik    (j  =  li  2, ...,  n). 
*-i 

These  constitute  a  group.  Suppose  first  that  r  and  r^  are  not  equal, 
and  let  r,  be  greater  than  r.  The  totality  of  the  substitutions  which 
replace  each  x  by  the  same  multiple  of  itself  form  a  self -con jugate 
fiub-group-     For  this  sub-group 

^U  ^  ^«  ^^  •••  ^^  ^rn 

e„=0     (r^«). 
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The  r\  /'s  are  linearly  independent  among  themselves,  and  hence, 
even  when  there  are  as  many  linear  relations  as  possible  between 
them  and  the  e's,  at  least  rj— r'+l  of  them  remain  arbitrary  when 
the  e's  are  snbject  to  the  above  r*— 1  relations.  The  gronp  in 
the  y's  wonld  therefore  contain  a  self -conjugate  snb-gronp  of  order 
rj— r'+l  at  least.  Now  the  general  linear  group  has  no  self- 
conjngate  sub-group  except  that  which  replaces  every  symbol  by 
the  same  multiple  of  itself.  Hence,  if  r  and  r,  are  unequal,  the  e's  and 
the/'s  are  linearly  independent.  If  r^  =  r,  and  if  the  e's  and  the/'s 
are  not  independent,  suppose  that  there  are  s  linear  relations  con- 
necting them.  Then  when  the  e's  satisfy  the  preceding  relations  at 
least  r*— «-f-l  of  the  /'s  remain  arbitrary.  Hence  the  condition  as 
regards  the  self -conjugate  sub-group  can  only  be  satisfied  if  *  =  r*, 
i.e,j  if  the  /'s  are  linearly  independent  functions  of  the  e's.  But 
when  this  is  the  case  to  every  operation  of  the  group  in  the  a;'s  will 
correspond  a  definite  operation  of  the  group  in  the  ^*s.  Hence  the 
group  of  the  y's  can  be  so  transformed  that  each  /  is  equal  to  the 
corresponding  e. 

Suppose  next  that  r  ^  r^  =  r^.  If  each  /  is  equal  to  the  corre- 
sponding e,  then  from  the  previous  case  either  the  ^'s  must  be  in- 
dependent of  the  e*s  or  the  z's  can  be  so  chosen  that  each  g  is 
equal  to  the  corresponding  e.  If  the  e's  and  the  /'s  are  distinct,  the 
possibility  arises  that  the  g'B  may  be  functions  of  the  e's  and  /'s 
together.     If  this  is  so,  consider  the  sub-group  given  by 

Cjj  =  e,j  =   ...   =  Crrj      fii  ^  fti  ^   •••   ^fm 

Of  the  g's  then  just  two  would  be  independent,  and  the  group  of  the 
z's  would  have  a  self -con  jugate  sub-group  of  order  2,  which  is  not 
the  case.  Hence  the  ^'s  must  be  independent,  or  each  g  must  be 
equal  to  the  corresponding  e,  or  each  g  must  be  equal  to  the  corre- 
sponding /.  The  same  method  may  be  used  to  deal  with  any  number 
of  equalities  among  the  r's,  each  fresh  set  of  parameters  being  shown 
to  be  either  independent  of  the  preceding  ones  or  identical  with  one 
of  the  preceding  sets. 

4.  The  linear  functions  denoted  in  the  second  section  by  /^  (a?), 
gij{x)j  Gij{y)y  ...,  remain  now  to  be  discussed.      For  this  purpose  sup- 
pose again  that  all  the  variables  except  those  of  two  sets,  say  the 
y*s  and  the  z'a  (these  are  taken  to  preserve  the  notation,  and  not  as 
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representing  necessarily  the  second  and  the  third  sets),  a2«  made 
zero.  Suppose  also  that  the  /'s  and  the  ^'s  ai*e  independent.  The 
equations  of  O  for  the  y'n  and  z's  then  become  a  set  of  r,+r,  equa- 
tions constituting  a  linear  group,  as  also  do  those  of  0\  Since  the 
/'s  and  the  q'b  give  r\-\-rl  pai^ameterpj.  these  groups  are  transitive, 
and,  since  0  and  G'  are  reciprocal,  they  must  be  simply  transitive. 


The  equations 


ya 


ii  =  2/,»y«     (i,j  =  1,  2,  ...,  r), 


4  =  ^</  (y)  +  2  gjkZik     (i,  j  =  1,2,...,  r,), 

in  which  the  /'s  and  the  ^'s  are  linearly  independent,  constituting  a 
simply  transitive  group,  the  coefficients  of  the  y's  in  O^  (y)  must  be 
linear  functions  of  the  fa  and  ^*s. 
Now  the  values  of  the  parameters 

9n  =  9ti="'=  9>v.  =  A    9v  =  0, 

constitute  a  sub-group  of  order  2,  all  of  whose  operations  are  self- 
oonjugate.     For  these  values  the  above  equations  become 

4=^^9ii(y)'^PK(y)^P^ij. 

where  9i/(y)  and  hij  (y)  represent  certain  linear  functions  of  the  y's; 
and,  unless  all  the  functions  g^  (y)  and  7^^  (jy)  are  zero,  these  equations 
have  not  the  group  property.  This  is  verified  at  once  by  combining 
the  substitutions  with  a,  fi  and  a',  fi'  as  parameters.  Hence  the  self- 
conjugate  operations  are 

yij  =  oy</i    4  =  ^%- 

Every  operation  of  the  group,  being  permutable  with  these  opera- 
tions, must  interchange  the  y's  and  z'b  separately  among  themselves. 
Hence  all  the  f auctions  denoted  by  0^f  (y)  are  identically  zero.  From 
this  it  follows  that  no  two  sets  of  the  variables  which  occur  in  con- 
nection with  distinct  sets  of  parameters  can  appear  in  each  other's 
equations. 

To  carry  the  discussion  further  than  this  would  involve  the  dis- 
cussion and  discrimination  between  part\c>i\».T  ^^ae^^Vc^Ocv'^^^  ^'^Js. 


...  v^^iiiR'C'tion  with  kr  svis,  (»f  /•  vaiial)K*s 

the  finite  equations  corresponding  to  these  vari 
preceding  discussion,  be  written  in  the  form 

(%yj=  1,  2,  ...,  r;   . 
where/J;*(a5,)  represents  a  linear  function  of  the  s; 

«</.     (*,i  =  l,  2,  .. 

with  coefficients  depending  on  the  original  paramet 

Corresponding  to  each  distinct  set  of  parame 
irreducible  factor  of  the  determinant  of  the  originc 
will  be  a  similar  system  of  equations  ;  and  the  nat 
tion  of  the  group  is  then  determined,  so  far  as 
distinct  factors  of  the  determinant.  How  far  the 
which  correspond  to  a  particular  iiTeducible 
further  simplified  or  modified  will  depend  on  the 
case,  and  will  lead  to  a  discussion  similar  to  that  1 
for  the  case  r=l  and  the  crronn  av-^ 
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^IW     ^12t»      •••»     ^iTft 

ktr, 

D.  =  n 

tml 

^2W    ^22t^     •••»     ^2r^t 

=u/r. 

where 

n=  S  ktVt, 

tml 

and  the  v, 

e-i 

symbols  e^k  &i*e  linear  and  independent  functions  of  the  n  parameters 
entering  in  the  equations  of  the  group. 

(ii)  The  variables  may  be  chosen  so  that  both  0  and  the  reciprocal 
group  ff  interchange  them  among  themselves  in  the  same  s  sets,  the 
number  in  the  ^-th  set  being  httt.  The  finite  equations  for  Q  as 
regards  the  ^-th  set  are  of  the  foim  given  near  the  end  of  §  4 ;  and 

their  determinant  with  respect  to  the  variables  is  N^^^*,  the  power  of 
a  single  irreducible  factor. 

Both  O  and  O'  interchange  among  themselves  the  symbols  of  the 
f-th  set,  while  the  determinant  of  the  equations  of  O  for  this  set  is 

the  power  of  a  single  irreducible  function  Ef^^*^\  Now  the  determ- 
inants of  any  two  reciprocal  simply  transitive  groups  differ  only,  if  at 
all,  in  the  power  to  which  the  different  irreducible  factors  enter  into 
them.  Further,  the  determinant  of  O  with  respect  to  the  parameters 
is  obtained  by  writing  variables  for  parameters  in  the  determinant 
of  G*  with  respect  to  the  variables.     Hence — 

(iii)  Dt  and  D«,  the  determinants  of  the  finite  equations  of  6^  and 
0'  with  respect  to  the  variables,  are  identical  with  each  other ; 
and  D„  the  determinant  of  Q  with  respect  to  the  variables,  is 
obtained  from  D,  by  replacing  each  symbol  e,,*  by  the  x^k  defined 
in  §4. 

To  these  three  general  results  the  following  special  ones  are  added 
on  account  of  their  impoi*tance  : — 

The  determinant  B,  is  expressed  as  a  function  of  v  independent 
linear  functions  of  the  original  n  parameters.  If  no  linear  relation 
connects  the  n  differential    coefficients  of  D^  with  re^^^^t  ti?i  ^\^<ik 
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original  parameters,  v  must  be  equal  to  n  and  tlien  eacli  of  the  A;'8 
mast  be  unity.     Hence — 

(iv)  If  I>«  cannot  be  expressed  in  terms  of  less  than  n  linear 
functions  of  the  original  parameters,  every  irreducible  factor  of  D, 
enters  into  I>«  to  a  power  equal  to  its  degree  ;  and  Q  is  then  the  direct 
product  of  a  number  of  groups  each  of  which  is  simply  isomorphic 
with  a  general  linear  group. 

(v)  If  D«  cannot  be  expressed  in  terms  of  less  than  n  linear  func- 
tions of  the  parameters,  and  if  D«  is  a  power  of  one  irreducible 
factor,  then  n  must  be  a  square,  and  O  is  simply  isomorphic  with 
the  parameter  group  of  the  general  linear  group  in  y/n  variables. 

II. 

The  preceding  results  may  be  applied  to  deal  with  the  determinant 
of  any  transitive  linear  group,  homogeneous  both  in  the  variables 
and  in  the  parameters,  and  with  the  reduction  of  such  a  group. 

Let  G  be  such  a  group  in  n  variables  and  m{n^>m> n)  parameters. 
The  parameter  group  of  (?  is  a  simply  transitive  linear  homogeneous 
group  in  m  variables.  Denote  its  determinant  with  respect  to  the 
variables  by  B^  and  that  of  G  by  A,.  Since  A,  =  0  determines  the 
systems  of  values  of  the  parameters  for  which  the  finite  equations  of 
G  cannot  be  solved,  while  D,  =  0  gives  all  inadmissible  systems 
of  values  of  the  pai'ametera,  the  irredacible  factors  of  A,  must  be  some 
or  all  of  the  irreducible  factors  of  D,.  The  form  of  A,  is  thus  determ- 
ined from  the  previous  sections  as 

I  ^lU    ^nt    •••1    ^\r  I 

A,  =  n  ^"'  ^«'  •••»  ^^  , 

^rl»    ^r2»     •••»    ^rr   I 

where  all  the  e*8  in  the  different  factors  of  the  detenninant  are 
linearly  independent  linear  functions  of  the  original  parameters. 
Hence  A,  must  have  more  than  one  irreducible  factor ;  for,  being 
of  the  n-ih.  degree,  it  would,  if  irreducible,  be  a  detenninant  of  n  rows 
and  columns  all  of  whose  elements  were  independent ;  and  this  is 
impossible,  7/1  being  less  than  n*.  Choose  now  new  parameters,  so 
that  the  set  e,,,  ...,  e,,.  occur  among  them.     When  we  make 

^11  =  ^ij  =  ...  =  eir  =  0, 
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the  finite  equations  of  the  group  cannot  be  solved  for  the  original 

variables.     Hence  these  values  of  the  parameters  must  either  make 

one  at  least  of  the  original  variables  disappear  from  the  equations,  or 

must   involve  at  least  one  linear  relation  among  the  transformed 

variables.      If    together  with  the  original    group   we  consider  the 

"  transposed "  group  that  arises  on  interchanging   the    rows    and 

columns  of  coefficients  in  the  finite  equations,  when  of  these  two 

possibilities  one  holds  for  the  original  group,  the  other  must  hold  for 

the    "  transposed."      It  is  therefore    sufficient  to  consider   one     of 

them.     Suppose  then  that  the  assumed  conditions  for  the  e's  lead  to 

the  relation  ^       . 

Sa.aj.'=0 

among  the  transformed  variables.     If  new  variables  are  taken,  of 
which  .        _, 

is  the  first,  then  fi  vanishes  when 

^11  =  ^12=  ...  =  e,.  =  0, 

whatever  the  other   pai*ameters   may  be.     Moi'eover,   since  to  the 
identical  operation  of  the  group  there  correspond  the  values 

«ii  =  e„  =  ...  =  e^  =  1,   e„  =  0     (r:^  s), 

of  the  e's,  it  follows  that  when 

e„  =  1,     ei,  =  ...  ^  eir  =  0, 

(,[  must  be  equal  to  £,.     Hence  we  may  take 

it,  izi  ...»  ir  being  linearly   independent  functions    of     the    original 
variables. 

If  now  the  transformations  corresponding  to  accented  and  un- 
accented values  of  the  e's  are  carried  out  in  succession,  the  resulting 
substitution  is  that  for  which 

eJJ  =  fill  eu  +  e„  621 4-..-  +  ei,,e^i, 

ej'j  =  e,ie,'2+ei,ei+ ...  -f  e,^e^, 

are  the  first  r  parameters ;  this  being  given  directly  by  the  parameter 
group.     But 
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where  £,£,...,  ^  are  the  transformed  values  of  dt  £„  ...,  ^r  corre- 
sponding to  accented  values  of  the  e's.     It  follows  that 


The  first  r  variables  are  therefore  transformed  among  themselves  by 
every  operation  of  G,  and  the  group  so  far  as  it  affects  these  variables 
is  the  general  linear  group  in  r  symbols. 

If,  in  the  equations  of  (?,  fi,  ij,  ...,  fn  fi>  ...»  fi  are  made  zero,  the 
remaining  »— r  equations  give  a  transitive  group  in  n—r  variables, 
and  this  may  be  dealt  with  as  O  has  been.  Moreover,  as  in  the  case 
of  the  simply  transitive  group,  this  process  may  be  continued  till  all 
the  variables  are  accounted  for.  Further,  exactly  as  in  §  4  of  the 
first  section,  it  may  be  shown  that,  if 

*i»  *i>  .••>  *»•» 
>7ii  ViJ  •••»  ^9 

are  two  sets  of  variables  thus  arising  in  connection  with  two  distinct 
sete  of  parameters  (or,  in  other  words,  in  connection  with  two  distinct 
irreducible  factors  of  A,),  neither  set  can  occur  in  the  equations 
giving  the  transformed  values  of  the  other.  The  results  thus  ob- 
tained may  be  summarized  in  the  following  form : — 

(i)  The  determinant  with  respect  to  the  variables,  A„  of  a  transitive 
linear  homogeneous  group  in  n  variables,  other  than  the  general  linear 
group,  is  never  an  irreducible  function  of  the  parameters.  It  can 
always  be  expressed  in  the  form 


A.  =  n 


^nn     <^i2/» 


^2W      ^22t» 


;  ^ffW    ^r,«»      •••»      ^r^rtt 


where  the  symbols  e^k  repi'esent  independent  linear  functions  of  the 
original  parameters. 

(iij  The  variables  may  be  so  chosen  that  they  are  transformed 
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among  themselves  in  s  distinct  sets.     The  number  in  the  <-th  set  is 
ktrt ;  and,  if  they  are  denoted  by 

Xijt     (i  =  1,  2,  ...,  r, ;  y  =  1,  2,  ...,  kt), 

the  general  operation  of  G,  so  far  as  it  afEects  the  symbols  of  this 
set,  is  J.  =  rt 

(i  =  l,2,  ...,r,;i  =  l,  2,  ...,  fe,), 

where /^.i  represents  a  linear  function  of  the  symbols 

Xi^     (t  =  l,  2,  ...,  n;  jp  =  l,  2,  ...,y— 1), 

with  coefficients  linear  in  the  parameters. 

(iii)  An  irreducible  homogeneous  function  of  degree  m  in  fi  vari- 
ables, between  whose  first  different  coefficients  with  respect  to  the 
variables  no  linear  relation  with  constant  coefficients  exists  cannot  be 
a  relative  invariant  for  a  transitive  group,  linear  both  in  the  variables 
and  in  the  parameters,  unless  fi  ss  m* ;  and  the  function  must  be  of 
the  form 

•'^111     ^i»«     •••«     •I'liM 


111     *»> 


«2lN 


where   the  elements  of    the    determinant  are  linearly  independent 
linear  functions  of  the  variables  which  are  transformed  by  the  group. 


III. 

I  Avish  to  draw  attention  to  the  great  simplification  which  the 
results  of  the  first  section  of  the  present  paper  permit  in  proving  the 
main  propositions  of  the  second  section  of  my  paper  "  On  the  Con- 
tinuous Group  defined  by  any  given  Group  of  Finite  Order"  (Proc. 
Lond.  Math.  Soc,  Vol.  xxix.,  p.  526)  already  referred  to. 

If  Dy  is  the  determinant  with  respect  to  the  variables  of  the 
group  O,  <.„ 

*'  =.S  Vsi-^^i     (}  =  1»  2,  ...,  n). 


220 


Prof.  A.  W.  Conway  on  the 


[Nov.  13, 


there  considered,  and  if 


are   the   values    of   the 

operation  T  of  0  and  to  its  inverse  T"V 

exactly  as  on  pp.  556,  557,  that 

1  ap, 


parameters    corresponding  to  an  arbitrary 


it  may  be  shown,  almost 


51,-1 


Now,  if  the  y's  have  arbitrary  values,  so  also  have  the  z's ;  and  there- 
fore the  n   differential  coefficients   -^-^    are    linearly  independent. 

Gyi 
Hence,  by  (iv)  of  §  5,  every  irreducible  factor  of  D„  enters  into  D^  to 
a  power  equal  to  its  degree ;  and,  if  there  are  s  such   in*educible 
factors,    G    is   the   dii*ect  product    of  s  general    linear  groups    in 
7n^,  m,,  ...,  m,  variables,  where 

2  3  2 

This  being  the  case,  the  self -conjugate  operations  of  G  constitute  a 
sub-group  of  order  s.  But  it  had  previously  been  proved  that  this 
sub-group  had  r  for  its  order.  Hence  s  =  r,  and  the  variables  may 
be  chosen  so  that  every  operation  of  both  G  and  (?'  interchange  them 
in  the  same  r  sets,  the  number  in  each  set  being  a  square.  These  are 
the  main  results  on  which  the  remainder  of  the  discussion  turns. 


The  Propagation  of  Light  in  a  TJalaxal  Crystal.  By  A.  W. 
Conway.  Received  November  5th,  1902.  Read  November 
13th,  1902. 

Introduction, 

The  following  paper    is    an  adaptation   of  the  analysis  used  by 

Prof.  A.  P].  H.  Love  ("  Integration  of  the  Equations  of  Propagation 

of  Electric  Waves,"  Fhil.  Trans,,  Series  A,  1901)  to  the  case  of  a 

aniaxal  crystalline  medium,  together  with  some  deductions  from  the 
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general  equations  and  applications  to  physical  optics.  §§  1,  2,  and  3 
are  occupied  in  integrating  the  equations  of  motion  in  terms  of 
certain  boundary  conditions.  §§4  and  5  treat  of  the  dii*ection  of  the 
vibration  and  the  flow  of  energy.  §§6,  7,  and  8  are  applications  of 
the  general  integral  obtained  in  §3  to  Huygens'  principle  for  a 
crystalline  medium  with  a  plane  face,  and  to  the  passage  of  parallel 
and  divergent  beams  of  light  through  a  thin  crystalline  plate.  A 
note  is  added  on  Huygens*  principle,  which  was  suggested  by  some 
of  the  results  in  §  6. 

1.  Particular  Solutions, 

If  the  medium  be  considered  to  be  magnetically  isotropic,  but  to 
possess  an  axis  of  electric  symmetry,  and  if  the  magnetic  permeability 
be  taken  to  be  unity,  the  differential  equations  of  wave  propagation 
on  the  basis  of  the  electromagnetic  theory  of  light  are 


dy 

dz 

az 

Ox 

da 

-dy 

•    dz 

ar 

Sz 

A    ax 

dz 

'dx 

VX 

dx 

(1) 


where  (X,  Y,  Z)  and  (a,j8,y)  denote  the  electric  and  magnetic  forces 
respectively  in  electromagnetic  units. 
From  these  equations  we  can  deduce 

a  *--   +a  «-■-  +c  ^,.     =0, 
ox  oy  oz 

dx     dy      Sz 


wherever  these  functions  have  no  singularities.     For  light  waves  it 


222 


Prof.  A.  W.  Conway  on  th-e 


[Nov.  18, 


is  known  that  the  constants  a  and  e  vary  with  the  wave-length.  In 
what  follows  they  will  be  taken  to  be  constants,  and  the  results  ob- 
tained will  then  be  applicable  to  the  case  of  monochromatic  light. 

If  we  pnt  a  =  c  in  equations  (1),  we  get  the  case  of  an  isotropic 
medium.  In  this  case  there  are  two  classes  of  solutions  which  are 
infinite  only  at  the  origin.  The  simplest  of  these  solutions,  from 
which  all  the  others  can  be  derived,  are  (a)  the  case  of  a  Hertzian 
oscillator  or  vibrating  electric  doublet,  and  (h)  the  case  of  a  vibrating 
magnetic  doublet. 

If  F(t)  and/(0  are  arbitrary  functions  which  are  uniform,  finite, 
and  continuous  for  all  real  values  of  t,  and  if  we  denote  by  x  tlie 
function 


Z***!^  adk 


{F(a-VX«+««  +  0-l^(v^c-»X«+a-V+0 


4-/(a-VA»+«»-0-/(^^c-V^-a-V-0], 


we  can  show  that  x  bas  no  infinity  for  real  values  of  ^/a^-^-y^  and  z, 
and  that  near  the  i!;-axis  it  can  be  expanded  in   positive  integral 

powers  of  ix?+y\  and  hence  that  expressions  of  the  form  — x 

oa;'3y"*  Be- 
have no  singularity  on  the  ^axis.     We  have  also  the  relations 


where  ^  denotes  the  part  involving   y/x^-^-y'^-^-z^  and  »//  denotes  the 
part  invol ving  v  c "  '^  («'  +  »/*)  +  a "  V> 


Cx^  vy^  d:?  dt^ 

(iz'         a/*    ^    a*  ^' 


(3) 
(4) 
(5) 
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Using  the  above  notation,  let  us  consider  the  following  values  for 
the  oomponents  of  magnetic  force : — 


a,  =      a" 


3*Y 


dxdy  dz 


OZ  031?  OZ 

dy 
Using  the  equations  (1),  we  find  for  the  electric  force 


(6) 


dxdy      dxdydi^ 


d^dt' 


a'  Bxdz      a*  \dgfdz      dx^Bz'  , 


(7) 


which  take  the  simpler  forms,  on  making  use  of  equations  (2),  (3), 
and  (6), 


.Y,  =  -a-»<^+ 


a*  a** 


dx' 


a'o- 


^. 


"    dxoy  OxOy 

av 


«'  a^az 


(8) 


On  taking  the  curl  of  (X„  F,,  Z,)  in  the  above  forms  we  find  that  it 
is  identical  with  —  (a„  p^,  y,).  Hence  these  expressions  satisfy  equa- 
tions (1).  On  examination  of  the  terms  it  will  be  seen  that  they  are 
of  two  kinds.  The  first  kind  involves  arbitrary  functions  of 
a~^y/x^-\-y*+s^^t,  whicli  refer  evidently  to  a  radiation  travelling 
with  a  velocity  a.  The  second  kind  involves  arbitrary  functions  of 
\/c'*(iC*-h2/*)-f  a'V  ±  f,  which  refer  to  a  radiation  travelling  with  a 
velocity  [c~^(Z*4-i?i*)+a"*w^]"*  in  the  direction  Z,  m,  ?t.  Hence  the 
wave  surface  corresponding  to  this  disturbance  consists  of  two  sheets. 
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one  being  a  sphere  and  the  other  a  spheroid.  To  see  the  physical 
meaning  of  the  expressions  (6)  and  (7),  we  may  let  F  and  /  be 
simply  periodic  functions  with  a  long  period,  and  we  see  that  the 
disturbance  is  due  to  an  electric  doublet  whose  axis  is  along  the  axis 
of  X,  On  letting  a  =  c  the  functions  ^  and  yp  become  identical  and  x 
vanishes,  and  we  obtain  the  well  known  solution  of  Hertz. 

In  a  similar  manner  the  electric  and  magnetic  vectors  for  a  doublet 
along  the  axis  of  y  are  given  by  the  equations 

flt'  dxdy  dxdy 


^av^„-,<>i 


oy' 


(9) 


a,  =  —  a 


■tH 


A  =  -« 


dz 


Oy^vz 


y«  = 


—  «    2 


SxOydz 


dx 


(10) 


For  an  electric  doublet  along  the  axis  of  z  the  components  take 
the  simpler  forms 


A',= 


«*  dzdz 
a'   BySz 


(11) 


a*    9y 


B,  =  -- 

y,  =  0 


(12) 
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It  may  be  noticed  that  an  electric  doublet  along  the  axis  of  z  gives 
rise  only  to  a  single  wave  surface — a  spheroid — ^and  it  will  be  seen 
from  the  forms  below  (15)  that  a  magnetic  doublet  along  the  same 
axis  gives  rise  only  to  a  spherical  wave  surface. 

Besides  electric  doublets  we  can  have  magnetic  doublets,  which 
can  also  be  regarded  as  currents  flowing  around  small  circuits.  If 
the  moment  or  the  current  varies  with  the  time  in  any  manner,  a 
disturbance  is  propagated.  We  give  below  in  (13),  (14),  and  (15) 
the  electric  forces  due  to  doublets  of  this  kind  having  their  axes 
along  the  axes  of  a*,  y,  and  z  respectively, 


(13) 


X{  = 

oxdyoz 

' 

r;  =  • 

dz 

Sy'dz 

Z{  = 

Xi  = 

oz 

clx^dz 

Yi  =  - 

Sxdydz 

Z',= 

1 

K= 

Yi  = 

Bx 

y, 


(14) 


(15) 


^3=0 


Introducing  a  vector — the  magnetic  displacement — which  is  con- 
nected with  the  magnetic  force,  thus 

(M,t5,t(;,)  =  (a,^,yi), 

(ttjVjirj)  =  (a,Ay,)» 

(wji-.i:,)  =  (ojAy.), 

we  see  that  the  expressions  Jf,,  Y„  Zj,  Wj,  Vj,  w^  are  identical  with 
VOL.  xixv. — NO,  804.  Q 
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X„  X„  X„  Xu  Xt,  XJ,  respectively  ;  and  that  X„  Y„  Z„  «„  tf„  w,  are 
identical  with  r^,  r„  F,,  I^,  YJ,  YJ,  respectively  ;  and  that  X„  F,,  Z„ 
f^i  Vj,  tr,  are  identical  with  Zj,  Z„  Z„  ZI,  Zj,  Z^,  respectively. 

2.  I%«  Beciprocal  Theorem, 
If  J7  and  V  satisfy  the  relations 

T*U  =  0,     V*F  =  0, 
it  was  shown  hy  Qreen  that 

provided  that  the  surface  integrals  are  taken  over  the  honndary  of  a 
region  not  containing  singularities  of  U  and  V,  Similar  theorems 
have  been  proved  by  Poisson  and  Eirchhoff  for  solutions  of 


a^V^U  = 


dt' 


For  the  equations  (1),  if  (X,  F,  Z),   {K\  Y,  Z')   be  two  possible 
solutions  of  the  same  period,  we  can  verify  the  theorem 


(11 


3n  " 


By  taking 
Gh^en  has  shown  that 


On  On  On  on  9» 

+  {lX'+mT+nZ'){^  +  |Z  +  I?)  j  rfS  =  0.    (16) 
^  ox       oy       Oz'  ) 

F=  {{x-x'y-V(^y-yy+{z-zy}-^, 


\\\ 


u 


dn 


4^U\ 


where  V  is  the  value  of  ^  at  a  point  »',  y\  z  outside  the  boundary 
which  encloses  the  singularities  of  TJ,  This  equation  can  be  in- 
terpreted in  the  theory  of  electrostatics  and  of  hydrodynamics,  just 
as  the  theorems  of  Kirch  hoff  and  Poisson  have  interpretations  in  the 
theory  of  sound.  In  like  manner,  by  properly  choosing  X\  Y*,  Z\ 
we  might,  by  the  aid  of  (16),  obtain  the  value  of  the  electric  force 
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at  an  external  point  in  terms  of  a  surface  integral.  Such  a  theorem 
would  be  open  to  the  objections  ui-ged  by  Prof.  A.  E.  H.  Love.*  We 
shall  therefore  make  use  of  the  reciprocal  theorem  given  by  him. 

Let  (X,  r,  Z),  (w,  V,  w)  and  (X\  T,  Z'),  (u\  v\  w')  be  two  solu- 
tions of  equation  (1).  Then,  if  the  surface  integration  extends  over 
the  boundary  of  a  region  which  is  free  from  the  singularities  of 
these  functions, 

P'  dt  ff  {l(vZ'^v'Z'-wT^-w'Y)-\-m{wX'-wX-^u7/-\-u'Z) 

-fu  (ur-ur-t;Z'+t;'X)]diSf 

=Mfl*s-(|-l)-(|-l)-f-r)-i 

(17) 

But  ^ —  =  a  'X, 

oy      oz 

Oy       oz 
therefore  the  expression  becomes,  on  changing  the  order  of  integration, 

if  we  take  u\  v',  w'  to  be  insensible  at  the  times  t^^  t^ 


3.  The  Integration  of  the  Equations  and  Huygens*  Principle, 

Let  us  take  for  (X',  T,  TT),  (u\  v\  w)  the  forms  (X„  Yi,  Z^), 
(uj,  r„  w^  given  in  (6)  and  (7).  We  have  at  our  disposal  two 
arbitrary  functions  F  and  /.     Let  /  =  0,  and  let 

Then  we  shall  give  C  {x)  the  following  two  properties.     J  («)  is  very 
nearly  zero  except  in  the  interval  from  —  i|o  ^  ^i>  where  i/o  and  iij  are 


♦  **  The  Integration  of  the  Equations  of  Propagation  of  Eleotrio  Wavee,**  Fhil. 
Trans,  f  Series  A,  1901,  from  which  this  section  and  the  next  are  adapted. 
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very  small  positive  qnantities,  and 

f"    iix)dx=l. 

If  e  is  a  small  positive  number,  and  x,  y,  z  refer  to  any  point  on  the 
small  spheroid 

c'        r        or 


we  can  find  f,  such  that 


a-Va-.«+2r4-«'+^     and     -v/c-'-^  (aj*4-y^)  +  a-V+^  > 


Vi, 


and  ^0  such  that 


Then  [   J(a-V^MV+^  +  0^^=  r    {  (a?)  (te  =  1, 

J  -  no 


v/a;«  +  y«+«'t('*''v/a;*  +  7/-h2»-f0^^ 


1  /_ 


if  \/a^  +  2/'4-2'  is  sufficiently  small,  and  similar  relations  hold  for 
f  {\/c'*(a5*  +  y*)  +  «"*^  +  0-  Making  use  of  this  function  {(  ),  it  is 
clear  that  (17)  is  satisfied.  An  example  of  a  function  fulfilling  these 
conditions  is 

provided  that  /i  is  very  lai'ge  and  e  is  small  of  order  /a®.  The 
surface  of  integration  in  (17)  is  a  surface  {S^)  surrounding  the 
singularities  of  (X,  F,  Z),  (?/,  r,  w),  and  a  surface  {S^)  suiTounding  the 
origin  which  is  the  only  singularity  of  {X^,X^,Z^\  (^i»^'i,"'i).  This 
latter  surface  we  shall  take  to  be  the  small  spheroid 


/»■  /*•  ft* 


We  shall  proceed  now  to  find  the  value  of  the  integral  on  the  left- 
hand  side  of  (17)  when  taken  over  S,.  Referring  to  (7)  and  (8),  con- 
sider first  the  terms  arising  from  differentiations  of  the  function  x- 
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J  to     J  J        ^       Ox^  Oxdy 

Oxoycz  oaroz  J 

On  integrating  with  respect  to  t  and  letting  c  become  very  small,  we 
find  that  the  only  term  which  does  not  vanish  is 

which,  from  symmetry, 


where 
and 


The  contribution  from  the  other  t«rms  of  X^,  Yj,  Z„  u^  Vi,  Wi  will, 
in  like  manner,  be  found  to  be 

Jr^  i"^* (m«-nr)-  ^ (m+my)). 
On  expanding  v  and  w  near  the  oHgin  in  the  form 

..a.,      -|l^«i=^=-t{(|).-(|)J 


=  --a-'A' 
3  • 
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-(I  {  JiC'^+wty)-*  ^^ »w }  dS  =  - 2»a-»X, 


and 


-»l^«a$=- 


2Ta- 


X,. 


Hence  the  integration  over  8^  gives  altogether  —  4Ta"'Xo,    when 
^  =  0. 

We  have  next  to  consider  the  integration  over  the  sm-face  S,.  By 
making  use  of  the  following  theorems  we  can  integrate  at  once  with 
respect  to  t.  Let  U  be  any  function  of  t  which  does  not  become 
infinite  for  any  real  value  of  t. 

In  a  similar  manner, 


i: 


a    \  ?t  ft'-rl. 


dr 


U  — 


d^ 


dt 


=      1 1^\ 


h^'t"^' =  -©.-■ 

Thus  of  the  terms  in  the  surface  integi'al,  one  set  is  formed  at  the 

time  t  = ,  whilst  the  other  set  is  formed  at  the  time  t  =,  —p. 

a 

If  the  origin  be  outside  the  closed  surface  <S„  it  will  be  necessary  to 
add  a  third  boundary,  an  infinite  sphere  having  its  centre  at  the 
origin.  Its  contribution  will  vanish  if  we  take  the  initial  dis- 
turbance to  be  confined  to  the  region  S^. 

Taking  a  new  origin  so  that  the  old  origin  becomes  x\  y\  z\  and 
reckoning  t  from  a  different  time,  we  can  now  write  down  the  values 
of  X,  Y,  Z  at  the  point  x\  y\  z  and  time  t  in  terms  of  a  surface 
integral.  The  notation  [  ]/.r,v„  [  ]«-p  will  be  used  to  denote  that 
the   quantities  inside  the  brackets  are  to  be  formed   at  the  times 

^—  —  and  f — p  respectively  ;  we  shall  also  use  the  symbol 


• 
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(20) 

Thus  we  have  expressed  the  valae  of  X,  Y,  Z  at  a  point  x\  y\  z  in 
terms  of  a  8ui*face  integral.  This  is  the  analytical  expression  of  the 
principle  of  Huygens.  The  disturbance  at  any  point  at  a  time  t  is 
expressed  in  terms  of  the  values  of  the  electric  force  and  magnetic  dis- 
placement on  any  given  surface  at  times  t—       and  t—p.      In  other 

words,  each  element  of  the  surface  can  be  regarded  as  a  source  of 
disturbance  sending  out  two  waves,  one  with  velocity  a  and  the 
other  with  velocity  {(?  +  m')c"'+n'a"'}  *.  Let  us  consider,  for 
example,  the  parts  of  (18),  (19),  and  (20)  which  involve  (mZ^nY) 
under  the  sign  of  integration.  On  examination  they  will  be 
ound  to  differ  only  from  the  expression  X„  Yj,  Z^,  (7),  by  having 

[m^-nr],.,./«and[mZ— nY]<_^inplaceof  ^fI''  -k-t)  and|.F(pH-0; 

Ot     ^^        '  ot 

so  that  these  portions  of  the  integral  can  be  interpreted  as  the  electric 

force  due  to  a  magnetic  doublet  of  moment  proportional  to  mZ—nY 

and  having  its  axis  along  the  axis  of  x.     Taking  the  other  terms  in 

like  manner,  we  shall  find  that  the  electric  force  at  any  point  can  be 

regarded   as  due  to  a  double  system   of    sources  situated  on   the 

surface,  one  system  being  electric  doublets  of  moments  proportional 

at  each  point  to  the  vector  mw — n\\  nu — /«',  Iv—mu,  and  the  other 

system  being  magnetic  doublets  of  moments  proportional  to  mZ—nY, 

nX-lZ,  lY-mX. 
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4.  The  Direction  of  Vibration, 

If  the  components  of  electric  force  at  anj  point  due  to  a  system  of 
planewsLYeshedenotedhy  Xftf(lx-^my-\-nz^kt),  Yf^fQx-^my+nz  —  kt), 
Z^f{lx-\-my-\'nz—kt)  where  ^-hm'+n*  =  l  and  Xq,  Y^^  Zq  are  inde- 
pendent of  Xy  y,  z^  and  ^  then  on  substituting  in  equations  (1)  we  find 
either 

(I.)  ^•*  =  c'(?^-mO+aV 

or  (II.)  A-«  =  a', 

showing  that  the  plane  waves  at  any  time  t  touch 

or  (II.)  .r*-hy'+«*  =  a'^*. 

These  are  the  extraordinary  and  ordinary  wave  surfaces  respectively. 
It  will  also  be  found  that  the  direction  of  electric  vibration  (or 
electric  displacement)  is  the  trace  of  the  radius  vector  on  the  tangent 
to  the  wave  surface  at  the  point  where  the  radius  vector  meets  it. 
This  is  the  well  known  construction  of  Huygens  and  Fresnel  for 
plane  wave  trains.  In  questions  dealing  with  a  divergent  disturb- 
ance it  ifl  usually  assumed  that  this  construction  holds  also  for  such 
cases.  But  we  shall  now  examine  if  any  solution  of  the  equations  (1) 
exists  infinite  only  at  one  point  and  having  the  electric  displacement 
obeying  this  law  of  Huygens  and  Fresnel.  We  shall  consider  first 
an  extraordinaiy  wave  diverging  from  a  point.     Putting 

we  have  to  determine   TJ  such  that  ]  -^  ^»  *^-^  ^»  —  Z7  f   are  possible 

values  for  the  components  of  electric  force,  and  that  they  are  infinite 
only  at  the  origin.     From  these  values,  since 

a-«  —  +rt  *  ^— +c  -   -  =  0, 
ex  vy  cz 


we  have 


cU 


w  3ti 


c^  dU, 

z     dz  ' 


therefore 


U'=:/(c-V'  +  a-V)=/(p),  say. 


1902.]         Propagation  of  Light  in  a  Uniaxal  OryKtal. 

^  .        d'z.d'z_^  d'z   ^., d'z  _  d  (dx  ,dY  ,  dz\ 


235 


therefore 


or 


therefoi-e 


,d'Z.,d'Z.^ 

,d'Z^ 

a^ 

2. 
p 

$""> 

d>z 

r^-fAp- 

-t)+f,(p+t) 

P 

» 

dt* 


m  p 

Hence  the  only  solutions  we  can  find  obeying  Haygens'  con- 
struction have  X  and  Y  infinite  along  the  optic  axis.  These 
solutions,  it  may  be'  seen,  represent  waves  diverging  from  a  source 
and  running  along  a  perfectly  conducting  wire  extending  along  the 
axis  of  z  in  both  directions  or  else  the  disturbance  due  to  a  con- 
tinuous stream  of  electrons  being  projected  from  the  origin  along 
the  axis  of  z  with  velocity  a*  We  can  find  solutions  for  the 
ordinary  wave,  and  they  will  also  be  infinite  along  the  axis  of  z. 
It  does  not  therefore  seem  legitimate  to  make  any  statement  about 
the  direction  of  vibration  in  a  divergent  beam  close  up  to  the  source. 
It  may  be  seen,  however,  from  the  forms  (8),  (9),  and  (10)  given  for 
simple  singular  solutions  that  at  a  vety  great  distance  from  the 
origin  the  vibration  will  satisfy  the  same  laws  as  for  plane  waves.  In 
§  7  an  attempt  is  made  to  treat  a  problem  in  convergent  light  Avith- 
out  any  assumption  as  to  the  directioi^  of  vibration. 

6.  The  Ray  Direction. 

It  is  usually  defined  that  the  ray  direction  is  the  direction  in 
which  the  energy  of  radiation,  as  defined  by  the  Poynting  flux,  travels. 
We  shall  now  consider  if  any  solution  exists  which  has  a  singularity 
only  at  the  origin  and  in  which  the  Poynting  flux  is  radial  in  the 


*  Cf,  Heaviside,  Blectrotnagnetie  Theory ^  pp.  53  et  seq. 
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immediate  neighbourhood  of  the  ongin.  Considering  the  case  of 
frequency  p,  the  most  general  solution  is  of  the  form 

a  =  (a,+pai+^«a,+  ...)  e*' <'-'^'«> +(«;+/?«;+ ...)  e»'^'-\ 

with  similar  forms  for  Y,  Z,P,y;  X^  X\, ...,  «o,  a\^ ..,  are  functions  of 
a*,  y,  and  z.    We  can  assume  that  the  twelve  terms  X^,  X©,  Fq*  ^o»  ^oi  ^o> 
"oi  "o»  /3o»  /^o»  701  >o  are  not  simultaneously  zero.      If  they  were,  we 
could,  by  integrating  with  respect  to  t,  restore  the  above  forms. 
Since  the  Poynting  flux  is  assumed  to  be  radial, 

a;X+yr+2;Z  =  0, 

«aH-y/3+«y  =  0. 

We  have  also  „-«  |^  +  a"*  |l  +  c  '  |?  =  0, 

ox  Oy  vz 

X       Oy        Oz 

With  respect  to  these  relations  the  portions  multiplying  y^''*""^  (and 
g»>{'-p)  must  separately  vanish.  For,  since  they  must  [hold  at  an}^ 
point  for  every  value  of  ^  on  putting 


a         2t 


or 


=  /'+^. 


we  can  deduce  the  above  I'esult,  and  the  i^esults  must  also  hold  on 
putting  p  =  0,  i.e.,  making  the  period  infinitely  long. 
Considering  first  a^,  j^o,  yo,  we  have 

Oy       Oz        \chj        OZ' 

=  a  quantity  multiplied  by  p; 

dy        oz 


therefore 


Hence  we  can  put    a^  = 


X  Oy  Oz 


and  we  find 


0.r         Oy         oz 


dx* 


dz* 
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U  therefore  is  independent  of  r,  and  depends  only  on  the  direction 
angles  6,^  (cos  ^  =  -*  ,   sin  0  sin  <^  =  ^  ,    ...  j .     Pntting 

tan  ^  cos  <^  =  ^, 
tan  ^0  sin  <t>  =  t}, 

we  have  ^' -  +  -—-  =  0, 

and  CT  is  finite  for  all  real  values  of  i  and  ly.  From  this  it  follows 
that  U'  is  a  constant.  Hence o^  =  0,  /3o  =  0,  yo  =  0,  ... ;  in  like  manner 
ai  =  0, /3J  =  0,  ...,  contrary  to  our  hypothesis.  Hence  no  solution 
exists  in  which  the  Poynting  flux  is  radial  and  which  has  a 
singularity  only  as  the  origin.  (The  type  of  solution  found  in  §  4 
can  be  shown  to  satisfy  this  condition.*) 

6.  Ajpplicatioii  of  Huyge^is  Principh  to  a  Crystalline  Medium  with 

a  Plane  Face, 

Let  us  take  the  plane  of  xy  to  be  the  surface  of  a  crystalline 
medium,  the  positive  direction  of  the  z  axis  coinciding  with  the  axis 
of  the  crystal,  and  let  us  suppose  the  face  of  the  crystal  to  be  dis- 
turbed by  plane  waves  which  travel  in  the  outside  medium  with 
velocity  V  and  fall  on  the  face  in  the  direction  (0,  sin  i,  cos  i).  If 
the  values  of  electric  foree  and  magnetic  displacement  at  the 
origin  just  inside  the  crystal  be  represented  by  the  real  parts  of 
{X^e*^,  FoC*'^,  Zf^e*^)  and  (tf^e''",  ro^v^i  ^■o®*'^)  respectively,  then  the 
values  at  any  other  part  of  the  face  of  the  crystal  will  be  XoC*"^''^*^*^'^ ', 
^^g<p[*  (yino/n^     Yoe"'''-'''"'"'  ''^      and     t/oe*''f'-^»'»*"*^''T,     Vf^e*"^''^^*^^^-^-, 

With  these  values  let  us  evaluate  the  integrals  on  the  right-hand 
sides  of  (18),  (19),  and  (20),  the  region  of  integration  being  an 
infinite  rectangle  on  the  plane  xy  with  the  origin  as  centre.    We  have 

Z  =  0,     m  =  0,     n  =  1,     dS  =  dx  dy, 

lmZ''nY]t.,=  -y^e'>l'--(vi«o/n  _  . 


*  It  has  been  pointed  out  to  me  by  one  of  the  referees  that  the  results  of  §§  4 
and  5  amount  to  saying  that  the  wave  fronts  (if  defined  as  containing  in  the 
tangent  plane  both  the  electric  displacement  and  magnetic  foroe)  near  a  source  are 
not  ellipsoidal. 
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f  = 


-ip{rlo~t) 


a   e 


-ip{p-t, 


-ip\/c-»A«+o-«z»+fpe_   -f-pa  V'A«+a«+<p< ) 


i» 


it  will  be  found  that  f ',  \p\  x  are  connected  by  the  same  relations 
(2),  (3),  (4),  and  (5)  as  ^,  ^,  and  x^  and  we  can  write  the  expressions 
for  the  electric  force  at  any  point  x\  y\  %  in  the  crystal  in  the  forms 

4tJJ  t        a*    dy  .  «     3a!  9a:d;3 

We  shall  now  show  that  the  inte^ations  de])end  on  the  two  integrals 
1 1  ff>e-^'^'^'''^''' dxdy  =  P  (say), 


We  have 


11 


3^ 


X_e-(wrin.)/r^^,^  __0, 


3d;3y 
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l\ 


fe 


-(■wila*);'' 


V'P 


d^dy=-^ 


8<'' 


Il(-I'^a%)^— "^^ 


=ll(-|'-a^1>-'^'^"'^^^^=S-- 


80  that  the  integ^ls  become 


-LL^^ 


dxdy. 


Transform  the  variable  a*,  thus 


*-*'=!  (^-oS)' 


so  that 

where 

Then 

Making  use  of  the  theorem 


(where  «  is  real  and  positive),  and  putting  ^  =  iy',  we  get 
Bat  re-'<"'**"^<iB  =  i^-^-. 


-2i«/9- 
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p  ^  _  2^r     _ 


a 


>('-'''r--;V'-"^5^) 


v^ 


We  may  notice  that,  if  we  integrate  first  with  respect  to  x,  we  get 

in  the  usual  notation  of  Bessel  functions.     In  fact  we  are  replacing 
the  point-souixjes  by  line-sources.     In  like  manner,  we  find 


Q  =  -^'-    ^ 


'K'-''r-?v/'--?^') 


P        L      r*  sin*  * 
Using  these  values,  we  get 


/,      a  sin'i  / 


(/.*- cl.iS /\       ■    /,    v'sini     r'      /,    c* gin* % \ 


XT'    /t      rsin-i 


J' 


The  quantities  Xq,  Yq,  Mq,  r^,  caused  by  two  trains  of  waves,  one 
incident  and  the  other  reflected,  are  not  independent.  We  can  in 
this  case  find  the  relation  between  them  by  noticing  that  the  above 
expi^essions  for  X  and  Y  must  be  equal  to  X^  and  Y^^  at  the  origin. 
This  leads  to  the  following  simplified  expi'essions : — 


^  c*  ^r  a  sin  I 

"        V     1      c  sm' i 
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The  diRturbance  in  the  crystal  thus  consists  of   two  parts,  one 
refracted  at  an  angle  r  given  by 

«inr=  —  sint, 

the  vibration  {i.e.,  electnc  displacement)  being  perpendicular  to  the 
plane  of  incidence  and  travelling  with  a  velocity  a,  the  other  re- 
fracte<l  at  an  angle  r  given  by 

8in  r'=  y  «i» '  n  +  -y^  sin' t  ^ 

with  velocity  a  ]  1 H -^  sin*  I  >     ,  the  vibration  being  in  the  pli 

of  incidence.  It  is  to  be  noticed  that  the  electnc  doublets  and  the 
magnetic  doublets  which  we  imagine  to  be  on  the  suHace  each  con- 
tribute half  the  total  amount  of  the  disturbance. 


7.  The  Passage  0/ Plane  Warett  through  a  Thin  Crystalline  Plate. 

If  we  consider  any  set  of  plane  waves  which  fall  on  a  plate  of 
crystal  with  parallel  sides,  the  axis  of  the  crystal  being  noimal  to 
both  faces,  on  reaching  the  crystal  a  reflected  system  is  set  up,  whilst 
the  i-emainder  is  divided  into  two  plane-polarized  beams,  each  of 
which  gives  rise  to  reflected  beams  on  i-eaching  the  other  face  of  the 
crystal,  whilst  we  get  Anally  an  emergent  beam  travelling  in  the 
same  dii-ectiim  as  the  incident  beam.  It  is  unnecessary  to  consider 
the  effect  of  uiultiple  reflections  if  the  plate  we  are  considering  is 
taken  to  be  much  thickei*  than  those  which  give  nse  to  the  phen- 
omena of  interference  analogous  to  Xewton's  nngs.  The  emei-gent 
beam  consists  of  two  parts  in  diffei'ent  phases.  In  fact,  we  may 
easily  see  fi-om  the  equations  above  that  the  difference  in  phase  is 

pd  (     / 1      c'  sin-  i  ,  -.      a'  sin''  %  ) 

where  d  is  the  thickness  of  the  crystal;  the  amplitudes  of  the 
electric  displacement  in  those  tw(j  beams  may  be  shown  to  be  nearly 
pmportional  to  the  parts  of  the  incident  vabration  i-e-soived  in  and 
pei-pendicular  to  the  plane  of  incidence  (Pi*eston's  Liyhf,  chap.  xiii.). 
Making  use  of  these  considerationB,  we  And  that  a  train  of  plane 
waves  travelling  in  the  direction  l,m,  n  and  having  the  trace  of  the 
VOL.  XXXV. — xo.  805.  K 
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vibration  on  the  plane  xy  parallel  to  the  axis  of  x  will,  after  travers- 
ing the  crystalline  plate,  yield  components  of  electric  force  given  by 

X^  —  n  ^"^^^**  /3g*[<-('*+iiiir+Hi)/n 
where  G  is  independent  of  x,  y,  z,  and  t,  and 


1      7>d  ^     U      c*  sin*  %  /,      a*  sin*  i ) 

sint  =  \/l  — n*. 

8.  T^e  Passage  of  a  Divergent  Beam  of  Plane-polarized  Light  through 
a  Thin  CrystaUine  Plate, 

It  is  an  easy  deduction  from  the  fandamental  electro-magnetic 
equations  in  free  aether  that  no  solution  exists  infinite  at  a  point 
and  having  the  electric  force  in  a  given  direction.  E.  T.  Whittaker 
(^Brit.  Assoc,  Bep,,  1902)  has  shown  that  any  solution  of  these 
equations  can  be  made  up  of  a  series  of  plane  waves.  We  shall 
consider  a  plane-polarized  divergent  beam  to  consist  of  an  infinite 
series  of  plane  waves  having  their  vibrations  when  resolved  along 
the  face  of  the  crystal  parallel  to  a  fixed  direction,  which  we  may 
take  to  be  the  axis  of  x.  Taking  the  origin  on  the  side  from  which 
the  light  is  coming,  and  the  axis  of  z  parallel  to  the  optic  axis  which 
is  parallel  to  both  faces,  we  get  for  the  emergent  beam 

P-\-7n'e'' 


-Ih 


■  Qe*'^*'^^'*""*****^'^  dw 


P'\-m'^ 

with  similar  values  of  T  and  Z  where,  to  secure  generality,  we 
take  G  =f(l,m,n)  to  be  an  arbitrary  function  of  Z,  w?,  n,  and  dw  is 
the  element  of  solid  angle.  The  region  of  integration  is  determined 
by  the  aperture  of  the  incident  beam,  and  does  not  depend  on  x,  y> 
or  z.     Here 

-«  ^^T^'  =  -» (?+«t'e-)(l+n'+«'+  ...), 
r-\-m 

whilst  B  can  be  expanded  in  positive  integral  powers  of  n.     If  we 

replace  Z,  m,  n  by  — .     x^,    —  —  x~  »   ""  •    -^  »  a^d  suppose  o  to  be 
^P  Cx         ^P  Cy         ^P  Cz 
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what  ^  becomes  when  we  put  —  t-  ^  for  n,  we  get 

V      tp  9a;'        ip  9y '        »>  3-5/  ip  32J  \jp'  3aj*      p'  By*      ^ 


where 


-l\ 


x(i-Z2£h.J;'|L-...W, 


^ip[t^{lx*my*nz)ir]  ^ 


To  find  I,  let  Ix-^-my-^nz  =  r  cos  ^, 

and  let  9  be  the  angle  made  by  any  plane  throagh   the  direction 

— ,   ^  ,  —  a  fixed  plane,  so  that 
r       r       r 

dm  =  ^\n$  dO  dip. 


Then       I=\{  e'^^''^'"^*^'^  ain  6  dddf 


2irF  e''^'-'^ 


tp 


+  a  term  independent  of  x^  y^  and  z. 


If  we  now  consider  points  at  a  considerable  distance  from  the  origin, 
we  have 

ip  dx       r    ' 

_  F  3l_  £f   ^ 

T"  ;r~  —  *"■  ■*» 


Now,  putting  X,  /i,  F  for  — ,    2^-  ,  — ,  we  get  finally  (on  writing  v  for 
n  in  the  values  of  8) 


A'  +  /i' 
Z  =  X/(\,M,«')/. 

B   2 
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These  are  the  expressions  for  the  electric  foroe  due  to  a  beam  of 
divergent  plane-polarized  light  which  has  passed  throngh  a  thin 
plate.  For  directions  near  the  axis  of  Z  we  can  neglect  Z,  and,  if 
we  suppose  an  analyzer  to  be  an  instrument  which  allows  to  pass 
only  vibrations  in  a  certain  plane,  we  can  find  an  expression  for  the 
resultant  analyzed  vibration  which  will  coincide  with  the  usual  ex- 
pression given  in  text-books  of  physical  optics.  For  instance,  if  the 
principal  planes  of  the  analyzer  and  polarizer  are  at  right  angles, 
the  resulting  vibration  is  given  by 

and  /  (A,  /i,  v)  never  vanishes,  as  the  plate  is  taken  of  a  certain  thick- 
ness. We  have  then  a  black  cross  given  by  X  =  0,  fi  =  0,  and  a 
series  of  rings  given  by  (1  —  e**)  7  =r  0. 

Note  on  Euygens*  Principle, 

Prof.  Loye,  in  his  paper  already  quoted^  has  discussed  the  question 
of  the  intensity  at  any  point  of  the  wave  front  of  a  secondary 
wavelet  as  used  in  Huygens'  principle.  The  question  is  inde- 
terminate, and  in  this  note  I  propose  to  point  out  the  relationship 
between  the  varioas  solutions. 

In  the  case  of  an  isotropic  medium,  putting  a  =  c=i  V  and  taking 
the  incident  radiation  to  be  given  by 

X  =  Xoe'"  '--^'^     Y  =  0,     Z  =  0, 

'  pV  '  pV 

Putting  *  =  , 

r 

then  the  values  of  X,  Yj  Z  at  a,  point  x\  y\  z  on  the  positive  side  of 
the  plane  of  xy  are  given  by  ^  - 
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The  terms  —  and  ^—  are  due  to  magnetic  doublets,  whilst  the 

oz  ox 

others   are   due  to  electric  doublets.     All  these  integrals  vanish  if 

«',/,  2' be  on  the  negative  side  of  («,  y)  and  —-  and  ^-^  change  sign 

oz  oxoz 

otL  <3rossing  the  plane  ay ;  hence  the  electric  and  magnetic  doublets 
each  contribute  half  the  total  amount  of  the  magnetic  force.    Putting 

r  r  r 

we  find  that  at  a  great  distance  the  electric  force  contributed  by  a 
magnetic  doublet  is  proportional  to  ( —  r,  0,  X),  whilst  the  electric  force 
contributed  bj  an  electric  doublet  is  proportional  to  [ — (/a* + »'')» V»  ^]  • 
If  we  take  the  sources  as  they  stand  in  the  integrals  above,  we  find 
that  the  electric  force  contributed  by  an  element  of  the  surface 
varies  as  1  +  k.  This  is  Prof.  Love's  expression.  If  we  took  only  the 
magnetic  doublets,  the  force  would  vary  as  >/k*+X*.  If  we  took  only 
the  electric  doublets,  we  should  get  Lord  Rayleigh's  form  N/ft'+»^. 
Since  X,  Y,  Z  are  independent  of  x,  y,  z,  then 

Oz  oz  oz 

This  means  that  a  certain  system  of  electric  quadruplets  distributed 
on  the  surface  have  a  null  effect.  Combining  these  sources  with  the 
electric  doublets,  we  find  Sir  G.  Stokes's  expression  V^/?-fT*(l -r-i'). 
The  region  of  integration  is  supposed  to  be  an  infinite  rectangle. 


Sets  of  Intervals   on   the   Straight   Line.      By   W.   H.  YouMO. 
Received  October  4th,  1902.     Read  November  18th,  1902. 

The  consideration  of  the  theory  of  linear  sets  of  points  leads,  in  a 
natural  manner,  to  that  of  sets  of  intervals  on  a  straight  4ine. 
Indeed,  in  some  respects  it  is  more  natural  to  begin  with  the  latter 
than  with  the  former.      For  example,  every  set  of  non-overlapping 
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intervals  defines  a  set  of  points,  (namely,  those  points  which  are 
not  interior  to  the  intervals)  ;  whereas  the  converse  is  not  necessarily 
tme  unless  the  set  of  points  be  closed. 

A  branch  of  the  theory  where  this  latter  order  seems  the  more 
natural,  as  well  as  the  simpler,  is  that  of  the  theory  of  content.  We 
propose  in  the  present  paper  to  investigate  certain  fundamental 
theorems  on  sets  of  intervals,  with  the  object  of  subsequently  apply- 
ing our  results  to  the  general  theory  of  closed  sets  of  points. 

The  sequence  of  thought  here  presented  runs,  to  some  extent,  on 
parallel  lines  to  that  of  Borel  in  his  Lemons ;  *  but  the  mode  of  pre- 
sentation is  different,  and  some  of  the  results  have,  we  believe,  never 
been  formally  stated.  The  introduction  of  the  explicit  distinction 
between  external  and  semi-external  points  and  the  avoidance  of  the 
Heine-Borel  theorem ,t  (which  is  the  key-stone  of  BoreFs  account), 
may,  perhaps,  be  said  to  characterize  the  present  introductory 
account.  The  proof  of  this  theorem  given  by  Borel  in  the  Let^ons^ 
(Borel's  second  proof),  is  very  elegant  in  conception ;  but  it  can 
scarcely  be  said  to  give  the  reader  an  insight  into  the  raison  d^etre  of 
the  theorem. 

§  1.  We  define  the  cmUent  7,  of  a  finite  number  of  intervals  to  be  the 
sum  of  their  lengths.     With  this  definition  we  see  at  once  that 

(1)  the  content  J«  is  positive  and  less  than  or  equal  to  the  length  I 
of  the  8e"gnrent  (A^  B),  (supposed  finite),  of  the  straight  line  in  which 
the  set  lies. 

(2)  If  the  content  I^  be  less  than  Z,  then  there  exists  a  comple- 
mentary set  of  intervals,  whose  content  Ip  is  equal  to  the  excess  of 
I  over  the  content  of  the  given  set,  i.e., 

(3)  If  the  content  J«  be  equal  to  Z,  then 

(i.)  There  are  no  complementary  intervals ; 
(ii.)  There  are  no  points  of  (A^B)  exterior  to  all  the  intervals  ; 
(ill.)  There  are  no  end  points  (except,  of  course,  A  and  B),  which 
do  not  belong  to  two  intei*vals. 


*  Emile  Borel,  Leeotu  tur  la  Theorie  des  Fonetions,  1898. 
+  {  11,  footnote. 
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§  2.  Next  consider  an  infinite  number  or  set  of  non- overlapping 
intervals  in  the  segment  (A^B).  What  are  analogous  theorems  to 
(1),  (2),  and  (3)  of  the  previous  article  ?  Cantor  has  proved  *  that 
in  this  case  the  set  of  intervals  is  countable ;  they  will  therefore  have 
a  definite  sura  *  less  than  or  equal  to  Z.  This  we  define  as  the  content 
I^  It  then  follows  at  once  that  (1)  holds  as  it  stands  for  any  set  of 
non-overlapping  intervals. 

When  /,  =  Z  it  follows  from  the  meaning  of  this  equation  *  that 
no  complementary  interval  can  exist.  (2),  however,  falls  en- 
tirely to  the  ground ;  for  not  only  is  it  not  necessary  for  the  com- 
plementary points  to  fill  up  a  set  of  intervals,  but  it  may  even 
happen  that  there  is  no  single  complementary  interval,  t.6.,  no 
interval  whatever  of  (A,  B)  free  from  interior  points  of  the  intervals  5. 
Indeed,  given  any  quantity  e,  however  small,  it  is  possible  to  construct 
a  set  of  non -overlapping  intervals  whose  content  7,  is  less  than  e,  yet 
such  that  no  complementary  inten^al  exists  at  all. 

Incredible  as  this  at  first  sight  appears,  this  is  not  the  only  para- 
doxical circumstance  connected  with  such  a  set  of  intervals. 

In  spite  of  the  absence  of  even  one  complementary  interval,  the 
relation  I^  <l  will  be  found  sufficient  to  necessitate  the  existence  of 
a  more  than  countable  set  of  points  exterior  to  every  interval  h\\ 
indeed,  the  potency  %  of  the  exterioi'  points  is  that  of  the  linear  con- 
tinuum, provided  only  /,  <  Z,  (whether  or  no  there  are  complementary 
intervals). 

It  is,  perhaps,  even  moi*e  surprising  that,  whereas  this  must  be 
true  if  7^  <  Z,  it  may  be  true  when  7,  =  Z.  In  this  case,  as  already 
stated,  no  complementary  interval  exists ;  so  that  (3,  i.)  holds  as  it 
stands ;  but  (3,  ii.)  falls  to  the  ground,  since  not  only  may  exterior 
points  exist,  but  they  may  even  be  more  than  countable  in  number, 
(of  potency  c).  This  shows  that  the  familiar  relations  between  the 
interior,  end,  and  exterior  points  of  a  finite  set  of  non-overlapping 
intervals  cannot  be  assumed  in  dealing  with  an  infinite  set.  We 
proceed  to  investigate  these  relations  in  the  most  general  case. 


*  See  §§  3  and  4.  f  }  22  and  {  29.  %  Machtigkeit, 
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^S.  Cantor's  The&rem* 

Every  set  of  intervals  on  a  straight  line  is  countable,  provided  no  two 
overlap. 

For  let  e„^„6,, ...  be  any  sequence  of  numbers  having  zero  as 
limit,  and  let  ns  consider  only  the  case  when  the  intervals  all  lie 
in  a  finite  segment  (A,  B)  of  length  Z.  There  is  in  this  way  no  loss 
of  generality,  since  we  can  bring  the  whole  infinite  straight  line  into 
(1,  1) -correspondence  with  (A,  B),  The  number  of  intervals  of  the 
given  set  whose  magnitude  lies  between  e^ande^^i  must  be  finite, 
since  the  intervals  do  not  overlap.  Let  these,  arranged  in  any  order, 
be  denoted  by  Or*  Then  Or  is  finite  and  the  whole  set  can  be 
arranged  in  the  order  0„  O,,  ...,  and  ^'  counted  "  as  they  stand ;  which 
proves  the  theorem. 

Cob. — From  the  above  it  is  evident  that  the  intervals  can  be 
arranged  in  order  of  magnitude  ^p  ^ti  •••)  ^^^  that,  if  (A,  B)  be  a 
finite  segment,  given  any  positive  quantity  c,  we  can  assign  an 
integer  m  so  that,  for  all  values  of  w  ^  m,  i„  <  c. 

§  4.  Now  the  sum  of  any  number  of  the  intervals  cannot  be  greater 
than  I.  There  must  therefore  be  an  upper  limit  I,,  leas  than  or 
equal  to  Z,  sach  that  the  sam  of  any  finite  number  of  the  intervals 
is  always  less  than  7^,  but  can  be  made  as  near  as  we  please  to  I^  by 
taking  sufficient  of  the  intervals  when  an^anged  in  order  of  magni- 
tude.     That  is  to  say,  given  any  c,  we  can  find  an  integer  vi  such 

N 

that,  for  all  values  of  n  ^  m,   J,— e  <  XB^  <  /,. 

1 

In  the  usual  manner  we  express  this  fact  in  other  words  by  saying 
that  the  series 

S^  =  5i  +  a,+  ...  ad  inf. 

is  convergent,  and  has  7,  for  its  sum.  7,  we  c  "  *he  content  of  the  set 
of  intervals.  This  evidently  agrees  with  the  c .  nition  of  the  con- 
tent in  the  case  when  the  set  consists  of  a  finite  n  ^mber  of  intervals 
only. 

It  now  follows  from  the  corollary  of  §  3  that,  given  any  small  positive 
quantity  c,  we  can  assign  a  small  quantity  c  such  that  the  sum  of  all  the 


•  Stated   and   proved  in  precisely  this  way   by   Cantor,   **Ueber    unendliche 
lineare  Pimktmaunig^altigkeiten,''  Ann.,  Vol.  xx.,  p.  117,  1882. 
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intervals  of  the  set  which  are  less  than  e  is  less  than  cr.  Denotin^if  this  sum 
bj  i^(e),  we  have  i2(e)  <  a-, 

§  5.  Having  so  defined  the  content,  we  can  at  once  prove  the  follow- 
ing theorem : — 

The  content  J,  of  a  set  of  intervals  in  a  finite  segment  (A ,  B)  is  equal 
to  the  sum  of  the  contenta  in  any  set  of  segments  inside  (-4,  B)  such  that 
ea^h  one  of  the  given  intervals  is  interior  to  some  one  of  the  segments. 

For  let  any  small  quantity  <r  be  assigned  ;  then  we  determine  c  so 
that  R{€)  <  cr.  Let  the  segments  be  denoted  by  Di,  D^,  ...  in  order 
of  magnitude,  and  let  us  determine  m  so  that,  for  all  values  of  n  >  m, 
2>„  <  €.     Then  every  interval  of  the  given  set  which  is  not  less  than  c, 

lies  in  J>,,  D, D„„  and  the  sum  of  these  intervals  is  less  than  the 

content  /^  by  less  than  cr.  A  fortiori  the  sum  of  the  contents  of  all  the 
intervals  in  D„  D„  ...,  D„,  is  less  than  7,  by  less  than  cr ;  which  is  what 
we  wanted  to  prove.* 

§  6.  We  proceed  to  discuss  6rst  the  case  when  J,  =  Z.  As  already 
stated,  (3,  i.)  holds  universally.  An  example  will  best  prove  that 
(3,  ii.)  falls  to  the  ground,  and  it  will  be  seen  that  the  possibility  of  the 
presence  of  external  points  is  due  to  the  fact  that  it  is  in  the  neigh- 
bourhood of  certain  points  that  the  intervals  8  become  smaller  than 
any  assignable  quantity. 

Ex.  1. — In  the  interval   (0, 1)  consider  the  intervals  (0,  J),  (J,  f), 


/2*--l     2* 1\ 

(    'oi~  '      o*    )'  ""'  ^"^  *^^  *^®  intervals  got  by  reflecting  these  in 

the  point  \,     Then  we  shall  have  a  (countably)  infinite  set  of  intervals 
in  the  segment  (0,  1),  and  the  sum  of  them  is 

and  yet  the  point     m  exterior  to  every  interval. 


*  The  moflt  general  form  of  this  theorem,  which  can  be  immediately  deduced 
from  the  results  of  this  paper,  is  the  following : — 

/,  in  {Af  B)  i«  eqtuil  to  the  sum  of  the  eontentt  in  any  set  of  segments  contained 
in  {A,  B)^  provided  the  sum  of  those  segmmts  and  parts  of  segments  xchich  lie  inside 
each  interval  8  is  equal  to  the  content  of  that  interval  8. 

In  particular,  by  Theorem  3,  this  will  be  the  case  if  there  is  no  external  point  of 
the  segments  which  is  not  exterior  to  the  intervals. 
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In  fact,  if  we  consider  the  given  set  as  the  "  limiting  set  "*  O  of 
the  finite  sets  O^,  G^,  ...,  where  O^  consists  of  the  two  intervals 
(0,  J),  (f,  1)  ;  G^,  ...  of  the  four  intervals 

(O    }]     (1    2«-l\,    /2H1   2_tl\     (2  +  1,  j\ 
l^'    2»/'    \2«'      2»    /     \    2»    '     2«  /'    V    2-         r 

and  so  on,    the    complementary   set  of  G^  always  consists  of  one 

interval,  of  length  successively  -^  »  "T »    oi  ♦  •  •  * »  ^^  *'^*^  ^^  *^®  limit 

the  complementary  interval  evanesces,  leaving  as,  however,  with  the 
point  J,  which  is  interior  to  the  complementary  interval  of  Gn  for  all 
values  of  w. 


§  7.  Ex.  2. — Instead  of  reflecting  all  the  intervals  to  the  left  of  the 
point  i  in  that  point,  we  might  take  as  a  new  interval  (J,  1),  the 
intervals  to  the  left  of  ^  being  the  same  as  before.  In  this  case 
7^  is  still  equal  to  1  ;  but  the  point  ^  is  no  longer  external  to  every 
interval.  It  is,  in  fact,  the  left-hand  end  point  of  one  interval.  On 
the  left  of  it,  however,  there  is  no  interval  of  which  it  is  an  end 
point ;  so  that,  although  (3,  ii.)  is  not  violated,  (3,  iii.)  is  so. 

We  shall  find  it  convenient  to  use  a  new  term  to  denote  that  a 
point  is  an  end  point  of  one  interval  only  of  the  set. 

Definition. — A  point,  other  than  A  or  J5,  is  said  to  he  semi-external 
to  a  set  of  non-overlapping  intervals  in  a  segment  (A,  B)  tvhen  it  is  an 
end  point  of  one  interval  only  of  the  set.  A  or  B  is,  however,  regarded 
as  only  semi-external  when  it  is  an  end  point  of  no  intei'val ;  other- 
wise ^  or  J5  is  an  ordinary  end  point.  This  agi*ees  with  the  de- 
finition if  we  consider  the  whole  straight  line  extenor  to  (A,  B)  as 
being,  like  the  intervals,  black. 


§  8.  Since  a  semi-external  point  is  an  end  point  of  one  interval,  it 
follows,  by  Cantor's  theorem,  that  the  number  of  semi-external  points 
of  a  set  of  no n- overlapping  intervals  is  at  most  countably  infinite. 


*  That  is  to  say,  any  interval  of  G  occurs  aa  an  interval  of  Gn  for  all  values  of  n 
greater  than  a  certain  determinable  integer  tn. 
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It  is  easy  to  construct  examples  where  the  number  of  semi-external 
points  is  actnally  countably  infinite.     For  instance,  as  follows : — 

Ex,  3.— Take  the  set  of  intervals  of  Ex.  2,  viz.,  (^,  iV  (o,-i), 

(I      2' 1\  .       1  . 

- rj^ ,   — -J     },  ...,  having  the  point  —  as  semi-external  point,   and 

divide  each  of  these  intervals  similarly  to  the  division  in  Ex.  2  of 
the  segment  (0,  1).     Then  in  each  of  the  above  intervals  the  middle 


point  will  be  a  semi- external  point,  and  there  will  be  no  external 
points.  The  semi-external  points  will  be  f,  -J,  |,  ^,  f^,  ...,  and  will 
be  countably  infinite  in  number. 

§  9.  Similarly  we  might  generalize  Ex.  1,  and  obtain  a  set  of  con- 
tent I  having  a  countably  infinite  set  of  external  points.  We  content 
ourselves  here  with  giving  these  simple  examples  illustrating  the 
truth  of  the  statement  that  when  the  content  7,  =  Z  there  may  be  an 
infinite  number  of  external  points,  violating  (3,  ii.),  and  there  may  be 
a  countably  infinite  number  of  semi-external  points,  violating  (3,  iii.). 
We  defer  the  introduction  of  examples  of  a  more  complicated  nature 
illustrating  the  other  statements  till  after  the  enunciation  and  proof 
of  some  general  theorems. 


§  10.  Theorem  1. — *'  Of  External  and  Semi-External  Points.'^ 

If  ive  have  a  {countably)  infinite  set  of  non-overlapping  intervals 
^1,^,,...,  lying  in  the  segment  {A,  B)  of  length  Z,  then,  (even  when 
1^  =  1)^  there  must  heat  least  one  point  external  or  semi-extemal  to  the 
set. 

If  there  be  any  complementary  interval,  the  theorem  is  obvious. 
If  not,  let  the  ^'s  be  arranged  as  in  §  3  in  order  of  descending 
magnitude.  Mark  the  interval  ^,  black.  There  remain  over  two 
segments  or  one ;  in  any  case  there  remains  over  at  least  one 
s^ment  such  that  in  it  there  lie  intervals  ^j  with  index  k  higher 
than  any  assignable  integer.  Let  (A^,B^)  be  this  segment  if  de- 
terminate, or  the  left-hand  segment  if  there  are  two  possessing  this 
pi-operty. 

We  treat  (/1„J5,)  precisely  as  we  did  (A,B),  marking  black  the 
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interval  of  lowest  index  in  it,  and  passing  on  to  that  one  of  the 
segments  left  in  (^„  B^  which  contains  intervals  Ik  with  index  A; 
higher  than  any  assignable  integer,  and  taking,  if  both  segments 
have  this  property,  the  left-hand  one. 

Proceeding  thus,  we  get  an  infinite  series  of  segments  (J.,  5), 
(/!„  /:?j),  (-Aj,  5,),  ...,  each  contained  within  the  preceding  and  having 
with  it  one,  and  only  one,  end  point  common.  These  segments  de-  • 
crease  without  limit  in  length,  since  there  is  no  interval  of  (-4.,  B) 
free  of  internal  points  of  ^'s.  They  define,  therefoi^e,  a  definite 
limiting  point  L,  which  is  either  internal  to  aZZ  the  segments  {A„  Br), 
or,  from  and  after  a  fixed  integer  m,  is  an  end  point  of  every  segment 

(Ar,  Br),  r  ^  m. 

This  point  L  cannot  be  interior  to  any  interval  8* ;  for,  if  it  were, 
denoting  by  h   the  distance  of  L   from  the  nearer  end  point  of  S^ 

(or  /i  =  --*  ,  if  iy  lies  in  the  middle),  h  will  be  finite,  and   we  can 

Si 

determine  an  integer  m  such  that  for  all  values  oi  n  ^  m  the  length 
of  (A,„  B„)  is  less  than  h.  The  interval  (il,„  -B,,),  of  which  L  is  an 
interior  or  end  point,  will  then  lie  entirely  within  ^t,  which,  since 
the  ^'s  do  not  overlap,  is  contrary  to  the  hypothesis  that  (A„j  B„) 
contained  c's  with  indices  higher  than  k. 

L  may,  however,  be  an  end  point  of  a  determinate  ^i,  while  the  ^'s 
with  indices  as  high  as  we  please  crowd  themselves  on  the  other 
side  of  L  from  5*.  L  will  then  be  an  end  point  of  every  (A„,  B„)  for 
all  values  of  n  from  and  after  a  determinable  one  m.  For  instance, 
L  might  coincide  with  B„,  n  ^  m,  and  be  the  left-hand  end  point 
of  ^ifc,  as  in  the  figure. 


The  point  L  is  therefore  either  exterior  to  all  the  black  intervals  S 
or  an  end  point  of  only  one  of  them,  i.e.,  semi-exterior ;  which  proves 
the  theorem. 

§  11.  The  above  proof  shows  that  the  point  L  is  such  that,  at  least 
on  one  side  of  L,  the  intervals  ^  with  indices  higher  than  any  assign- 
able quantity  crowd  themselves  together.  The  lengths  of  these  in- 
tervals become,  as  we  saw  (§  3,  Cor.  1),  indefinitely  small  ;  so  that 
the  point  L  is  a  limiting  point  of  ends  of  black  intervals  h,  or,  if  we 
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please,  of  the  right-liand  end  points  of  ^'s  by  themselves,  or  of  the 
left-hand  end  points  by  themselves. 

If  2/  is  a  limiting  point  on  hath  sides,  it  will  certainly  be  external  to 
all  the  black  intervals.  The  two  following  theorems  will  show  nnder 
what  restrictions  every  point  external  to  all  the  ^'s  is  a  limiting 
point  on  both  sides  of  the  end  points.  In  the  meanwhile  we  may 
enunciate  the  preceding  theorem  in  the  following  more  precise 
form : —  * 

An  infinite  (countable)  set  of  non-overlapping  intervals  Sj,  83,  ...  has 
always  at  least  one  limiting  point  of  end  points  which  is  either  external 
or  semi-external  to  every  black  interval.  If  the  limiting  point  be  a 
limit  on  both  sides,  it  is  certainly  external  to  every  black  interval ;  other- 
wise it  is  semi-external. 

§  12.  Theorem  2.—"  Of  External  Pointsr 

Given  a  set  of  non-overlapping  intervals,  snch  thai  no  complementary 
intervals  exist,  in  a  segment  (A,  B),  then,  if  there  be  any  point  G  of 
(A,  B)  exterior  to  the  set  of  intervals,  C  is  a  limiting  point  on  both  sides 
of  intervals. 

For  let  e,  be  any  small  positive  quantity,  and  construct  on  the  left 
of  0  a  segment  of  length  e^.  Then,  since  no  complementary  in- 
terval exists,  there  must  be  at  least  one  point  within  this  segment 

<  i,  ' 

which  is  not  exterior  to  every  interval.  lict  Pj  be  such  a  point. 
Then,  since  G  is  exterior  to  the  interval  h  containing  P^,  there  must 
be  in  the  segment  (Pj,  0)  the  right-hand  end  point  of  the  interval  h 
to  which  P,  is  not  exterior.  Let  this  point  be  Q^,  where  Q^  is  either 
identical  with  P^  or  lies  between  Pj  and  G ;  then  OQi  <  c,. 

•  This  theorem  takeu  the  place  of  the  so-called  Heine-Borel  theorem,  the  proof 
being  of  the  type  of  BorePs  second  proof,  (Lemons  sur  la  Theorie  des  Fofictiofu,  p.  42), 
only  direct  instead  of  indirect.  The  enunciation  of  the  Heine-Borel  theorem  is  as 
follows : — 

Given  a  countable  set  of  intervals,  {of  course  overlapping),  such  that  each  point  of 
the  closed  segment  (A,  B)  is  an  intei-nal  point  of  at  least  one  interval,  then  it  is 
possible  to  choose  out  a  finite  number  N  of  these  intervals  having  the  same  property. 

This  theorem  may  be  deduced  easily  from  our  theorem.  For,  if  we  arrange  the 
Heine-Borel  intervals  in  coimtable  order,  then  omitting  any  interval  or  part  of  an 
interval  which  was  contained  in  any  of  the  preceding  intervals,  and  omitting  any 
parts  exterior  to  (A,  B),  we  g^t  a  set  of  intervals  sudi  that  everff  internal  point  of 
{A,  B)  is  an  interior  point  of  one  interval,  or  an  end  point  of  two  intervals,  while 
A  and  B  are  end  points  each  of  one  interval.  By  our  theorem  the  number  of  these 
intervals  cannot  be  infinite.  But  each  of  these  is  the  whole  or  a  part  of  a  definite 
interval  of  the  given  set,  and  these  have  the  required  property. 
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Xow  let  e,  be  smaller  than  the  length  of  (0,  Q|).  We  determine 
similarly  a  right-hand  end  point  Q,  snch  that  CQ,  <  e^  Proceeding 
thus,  we  determine  a  sequence  Qi,  Qt, ...  of  right-hand  end  points  of 
intervals  B,  lying  on  the  left  of  C  and  having  C  as  limiting  point. 

Similarly  we  constract  a  sequence  of  left-hand  end  points  of  in- 
tervals d,  Ijring  on  the  right  of  G  and  having  C  as  limiting  point. 
Thus  C  is  a  limiting  point  on  both  sides  of  end  points  of  intervals. 

Q.  B.  D. 

Cob. — If  Is  =  I,  then,  if  there  he  any  exterior  pointy  it  u  a  Umiting 
point  on  both  tides  of  intervals.  For  in  this  case,  (§  4r),  no  comple- 
mentary interval  can  exist. 

§  13.  In  the  case,  then,  when  the  complementarysetof  iWerro^does 
not  exist,  the  whole  continuum  (J.,  B)  is  made  up  of  the  given  set  of 
non-overlapping  intervals  of  content  I^  ^  L  and  the  limiting  points, 
(if  any),  on  both  sides,  (exterior  points).  As  to  these  exterior  points, 
since  they  are  not,  like  the  semi-exterior  points,  each  bound  to  some 
particular  interval,  we  cannot  assert  that  they  are  not  more  than 
countably  infinite. 

In  fact,  though  there  may  be  none  at  all,  or  only  a  finite  or 
countably  infinite  number  of  them,  they  may  be  more  than  count- 
ably  infinite,  as  we  will  now  show  by  examples. 

The  first  of  the  following  examples  where,  although  7,  =  I,  (so  that 
certainly  no  complementary  interval  exists),  the  exterior  points  have 
.  the  potency  of  the  linear  continuum  is  of  classic  interest. 

§  14  Consider  the  segment  (0, 1),  and  let  us  take  as  right-hand  end 
points  of  our  intervals  the  point  1,  and  all  those  points  whose  numbers 
expressed  as  fractions  in  the  ternary  scale  involve  a  finite  number  of 
O's  and  l*s,  and  do  not  involve  the  figure  2. 

The  number  corresponding  to  the  left-hand  end  point  of  any 
interval  is  got  from  the  number  corresponding  to  the  right-hand 
end  point  by  changing  the  final  one  into  Ol. 

Thus,  in  order  of  magnitude,  the  first  few  intervals  are  ('1,  1), 
(01,  1),  f(X)i,01),  and   (lOl,  11)  ;  or,  which  is  the  same  thing. 


•001      -01 
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using  the  everyday  notation,  (J,  1),  (J,  ^),  (^,  J),  and  (^  +  3^,  |  + J). 
It  is  evident  from  the  numbers  that  these  intervals  do  not  overlap 
nor  abut  anywhere,  and  that  there  are  no  complementary  intervals, 
so  that  every  end  point  is  a  semi-external  point.  These  semi-external 
points  correspond,  therefore,  by  construction,  to  all  the  terminating 
ternary  fractions,  involving  only  O's  and  1*8,  (right-hand  end  points), 
and  all  the  simple  recurrers,  involving  only  O's  and  I's  and  ending 
in  1,  (left-hand  end  points). 

Also  it  is  easy  to  show  that  all  the  interior  points  of  hlack  intervals 
correspond  to  ternary  /rations  involving  at  least  one  2,  and  vice  versa. 
For,  if  N  denote  any  combination  of  n  figures,  O's  and  I's  only,  and 
M  any  combination  of  O's,  I's,  and  2's,  the  ternary  fraction  NO'lM, 
as  well  as,  (for  all  integral  values  of  p)^  N0V2M^  lies,  whatever  M 
may  be,  between  '^Ol  and  '-^1).  These  numbers  correspond  there- 
fore to  internal  points  of  a  determinate  black  interval,  ('^Ol,  AT.). 
Vice  versa,  any  number  lying  in  this  interval  is  expressible  in  one  of 
the  two  given  forms. 

The  remaining  (exterior)  paints  consist  therefore  of  all  the  noti- 
terminating  ternary  fractions  involving  only  O's  and  Vs,  other  than  the 
simple  recurrers  ending  in  1.  Every  such  point  is,  as  follows,  easily 
shown  to  be  a  limiting  point  on  both  sides  of  the  semi-external  points. 

Given  any  such  non-terminating  fi*action,  we  can  form  a  sequence 
of  semi-external  points,  (tight-hand  end  points),  having  that  fraction 
as  limiting  point,  by  stopping  in  succession  at  each  1  inclusive.  A 
similar  sequence  on  the  other  side  of  the  point  in  question  is  de- 
termined by  stopping  short  of  each  0  and  appending  a  1. 

It  is  easy  to  see  that  these  external  points  are  more  than  countably 
infinite  in  number ;  indeed,  the  potency  is  actually  c,  (that  of  the 
linear  continuum).  For  we  only  have  to  interpret  these  ternary 
fractions  in  the  binary  scale  and  we  have  set  up  a  (1, 1) -correspond- 
ence between  these  points  and  the  whole  continuum  from  0  to  1,  with 
the  exception  of  a  coantable  number  of  binaiy  points,  which  do  not, 
of  course,  afEect  the  potency. 

We  can,  moreover,  show  that  tlie  sum  of  the  black  intervals  is  actually 
1.  Foi*,  since  N  consists  of  n  figures,  O's  and  I's,  the  number  of  semi- 
external  points  'Nl,  (for  the  same  n),  is  2".     Each  of  these  is  the 

right-hand  end  point  of  an  interval  of  length  ^  q-j^t-,. 

o 

Hence  the  sum  of  all  the  intervals  is 

4(iH+3.+f-^-)=*(^+Tr-i)  =  ^- 
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It  has  therefore  been  proved  that  tn  the  segment  (0, 1)  the  points 
corresponding  to  all  the  ternary  fractions  involving  the  figure  2fiU  up  a 
set  of  intervals  of  content  1,*  which  do  not  overlap  nor  abut  anytohere^ 
so  that  the  semi-external  points  are  countably  infinite  in  number.  The 
external  points  are  more  than  countably  infinite^  and  yet  are  not  dense 
in  any  interval,  however  small, 

§  15.  The  mode  in  which  we  have  treated  this  example  was  sug- 
gested by  the  context  as  throwing  light  on  the  preceding  theorams 
and  statements  about  exteimal  and  semi-external  points.  Historic- 
ally this  example — ^the  first  of  its  kind — mnst  be  referred  to  H.  J.  S. 
Smith,!  who,  however,  treated  the  subject  purely  geometrically 
and  from  a  somewhat  different  point  of  view.  H.  J.  S.  Smith's 
set  of  intervals  are  not  in  all  essentials  identical  with  those 
given  above, t  since  each  of  onr  black  intervals  is  replaced  in  his 
treatment  by  an  infinite  set  of  abutting  intervals  exactly  filling  it 
up.  Thus,  a  number  of  points  which  in  our  set  were  internal  points 
become  end  points,  and  a  number  of  semi-exterior  points,  (left- 
hand  end  points),  become  external  poiuts. 

The  law  of  formation  of  these  abutting  intervals  in  the  interval 
(•^01,  Nl)  is  that  the  ends  of  the  abutting  intervals  consist  of  the 
sequence  .¥02,  ^^^012,  N0n2,  ...,  NOl'%  ...,  (for  all  integral  values 
o{  p),  the  limiting  point  of  which  is  ^Ol.  The  intervals  are  plotted 
down  by  H.  J.  S.  Smith  successively  in  order  of  magnitude. 

On  account  of  its  historical  interest,  and  the  light  the  method 
throws  on  the  general  lie  of  the  set  in  its  relation  to  the  continunm, 
and  also  because  the  method  lends  itself  easily  to  a  form  of  general- 
ization which  will  be  exceedingly  valuable  to  us  in  the  sequel,  we 
shall  now  give  a  more  detailed  discussion  of  H.  J.  S.  Smith's  set  of 
intervals  from  his  point  of  view. 

§  16.  H.  J,  8.  Smith's  Ternary  Set  of  Intervals  of  the  First  Kind. 

Divide  first  the  segment  (0, 1)  into  three  equal  parts,  and  blacken 

the  right-hand  part.  At  the  second  division  divide  each  of  the  two  un- 

blackened  parts  into  three  equal  parts  and  blacken  the  two  right-hand 

parts.     The  two  black  intervals  which  abut,  if  amalgamated,  would 


*  So  that  certainly  no  complementary  interval  exists. 
t  Proc.  Lond.  Math.  Soc.,  Vol.  vi.,  1870. 

X  Cf.  W.  H.  Young,  *'  On  the  Density,  of  a  Linear  Set  of  Points,'*  Proc.  Lond. 
J^a/A.  Soc,  Vol.  XXXI7.,  p.  286,  footnote. 
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form  the  germ  of  the  first  of  the  black  intervals  of  the  preceding  section. 
At  the  third  division  divide  each  of  the  2*  unblackened  segments, 

of  length  ^  ,  into  three  equal  parts,  and  blacken  the  2'  right-hand 


3« 


parts. 


Grenerally  at  the  (n+l)-th  division  divide  each  of  the  2**  on- 

blackened  segments,  of  length  ^ ,  into  three  equal  parts  and  blacken 

o 

the  2"  right-hand  parts.     (See  G^  in  Fig.) 

That  this  set  of  intervals  is  dense  everywhere  is  almost  immedi- 
ately evident  from  the  mode  of  construction,  as  are  also  the  facts  that 
there  are  a  countably  infinite  set  of  simple  end  points,  (left-hand)  ,• 
and  another  countably  infinite  set  of  semi- external  points,  (right 
hand).  It  is  not,  however,  easy  to  see  geometrically  that  the  ex- 
ternal points  are  more  than  countable,  t 

These  facts  did  not  interest  H.  J.  S.  Smith  at  the  moment ;  the 
question  with  him  was  one  of  content  pure  and  simple. 

The  sum  of  the  intervals  blackened  in  the  first  n  processes  of 
division  is 

^  3  ^"        S"         3     l-§  V3/  • 

If,  therefore,  we  continue  the  division  ad  infinitum^  we  shall  get  a  set 
of  black  intervals  of  content  1. 

§  17.  This  method  of  H.  J.  S.  Smith  is  capable  of  a  natural  modi- 
fication which  does  not  suggest  itself  when  we  work  numerically. 
We  are  furnished  in  this  way  with  the  following  example,  among 
others,  given  also  by  H.  J.  S.  Smith,  without  use  of  number,  loc,  cit. 
This  example  serves  to  show  the  fallacy  of  the  naive  assumption 
that  when  Ig  is  less  than  I  at  least  one  complementary  interval  must 
exist. 

*  Whose  numbers  all  terminate  with  a  2,  and  involve  otherwise  (a  finite  number 
of)  0*8  and  I's  only. 

t  For  instance,  the  reasoning  in  Borel,  p.  44,  is  only  valid  when  /«  <  L 

YOL,  XXXV. — NO,  806.  8 
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§  18.  H.  /.  8.  Smith's  Ternary  Set  of  Intervals  of  the  Second  Kind. 
As  in  the  former  example,  divide  the  segment  (0, 1)  into  three 
eqnal  parts,  and  blacken  the  right-hand  part  ('2, 1),  omitting  it  from 
further  division.      The  origin  together  with  the  point  of  division  '1, 
which  lies  outside  the  omitted  segment,  we  shall  denote  by  (?,. 

At  the  second  division  we  shall  divide  each  of  the  two  segments 
not  blackened,  (0,  -1)  and  (-1,  -2),  into  3' equal  parts,  and  blacken  the 
right-hand  segment.     (See  T  in  Fig.  of  p.  257.) 
.  Denoting  by  O^  the  set  of  points  consisting  of  Oi  and  all  the  four- 
teen points  of  division  which  lie  outside  the  blackened  parts,  we  see 
that  the  numbers  of  O^  are  completetely  characterized  as  being  all 
the  numbers  of  the  form  'e^e^e^,  where 
f  (1)  e^  is  not  2, 
[(2)  6,  and  e,  are  not  both  2. 

At  the  third  division  we  divide  each  of  the  (3— 1)  (3*— 1)  seg- 
ments not  already  blackened  into  3'  parts  and  blacken  the  right-hand 
segment  in  each. 

Denoting  by  G,  the  set  of  points  consisting  of  O^  and  all  the 
(3— 1)(3*— 1)(3'— 2)  points  of  division  which  lie  outside  the  black- 
ened parts,  we  see  that  the  numbers  (?,  are  completely  characterized 
as  being  all  the  numbers  'Cie^e^e^e^e^,  where 

{(1)  e^  is  not  2, 
(2)  6,  and  e,  are  not  both  2, 
(3)  64,  eg,  and  e^  are  not  all  2 ; 

that  is,  where,  in  addition  to  the  conditions  -A,,  the  condition  A^  (3) 
is  satisfied  ;  and  these  conditions  together  are  denoted  by  A^. 

It  is  now  obvious  how  in  turn  G^,  G^,  ...  will  be  constructed  and 
will  become  in  turn  the  right-hand  end  points  of  black  intervals.  At 
the  n-th  division  we  divide  each  of  the  (3— 1)(32— 1)  ...  (3'-»— 1) 
segments  not  already  blackened  into  3"  equal  parts,  and  omit  in  each 
the  right-hand  segment.  G„  will  then  consist  of  (?„.i  and  all  the 
(3-l)(32-l)(3»-l)...(3'-*-l)(3'*-2)  points  of  division  outside 
the  blackened  parts,  and  the  numbers  of  (?„  are  therefore  completely 
characterized  as  being  all  the  numbers  'SiC^  ...  ejj„(„^i^3,  where, 
in  addition  to  the  conditions  A^.u  we  have  the  condition  A„(n),  viz., 
^i[{n-\in^.u  e^[u^n-i)U2,  ...,  ej[„(„,i^j  SLve  not  all  to  be  2.  These  conditions 
we  denote  by  -A„.     The  limiting  set  *  of  G^,  G^,  we  denote  by  G. 

*  That  ifl,  that  Ret  O  such  that  any  assigned  point  of  O  has  been  a  point  of 
every  ff„,  from  and  after  an  assignable  index  m. 
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§  19.  Each  point  of  (?  is  a  right-hand  end-point  of  a  set  of  abntting 
black  intervals.  If  we  consider  all  abutting  intervals  as  amalgamated, 
and  continue  these  intervals  up  to  their  limiting  points  on  the  left,  we 
obtain  a  set  of  intervals  analogous  to  those  of  §  14.  Those  limiting 
points,  which  were  external  and  have  now  become  semi-external,  can 
be  assigned  as  follows  : — 

Suppose  'P  to  be  a  point  of  G  which  belongs  to  O^,*  but  not  to 
On.\,  and  let  'Q  be  the  point  of  Gn  immediately  to  the  left  of  'P.t 
The  left-hand  end  point  of  the  interval  of  which  'P  is  the  right-hand 
end  point  is  obtained  by  appending  to  *Q,  if  necessary,  so  many  0*s 

as  to  make  the  number  of  figures    ^  ^   \    a^id   then    appending 

A,,  where  X,  =  21221222122221 . . . 

and  X,.  =  2'*12"*a2»^«l... 

the  number  of  2's  between  consecutive  I's  increasing  each  time  by 
one. 

Thus,  for  example,  the  black  interval  whose  right-hand  end  point  is 
•0  12  001  02  has  for  left-hand  end  point  0  12  001  0122  2*  12«  12«  1  ... . 
These  numbers  show  us  that  the  left-hand  end  points  are,  as  was 
asserted,  semi-external  points,  since,  stopping  at  any  figure  in  one  of 
these  numbers,  we  get  a  number  obeying  the  conditions  A^  for  a 
certain  definite  integer  n,  and  therefore  a  sequence  of  numbers  of  (?, 
having  the  given  left-hand  end  point  as  limit  on  the  right.  The  right- 
hand  end  points  are  also  semi-external,  since  we  can  add  on  at  the 
end  of  any  one  of  these  numbers  any  number  of  O's  followed  by  a  1, 
and  so  get  a  sequence  of  points  of  G,  having  the  desired  right-hand 
end  point   as  limit  on  the  left. 

Both  the  left-  and  the  right-hand  end  points  being  semi-external,  it 
is  evident  that  no  complementary  interval  can  exist.  This  could  be 
deduced  from  the  geometrical  construction. 

The  content  of  the  set  of  intervals  is,  however^  no  longer  1.     It  is, 


*  Given  'F,  it  is  quite  easy  practically  to  determine  n :  for  instance, 
•P=  •!  02  1012121  00011  12 
belongs  to  O^y  but  not  to  O^, 

t  'Q  is  known  at  once  as  soon  as  'P  is  given,  since 

1 


•P«'(3 — 


^  1 
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in  fact,  evident  from  the  geometrical  constraction  that  the  content  is 
1  +  (^=11  +  (3-1)  (y-l)  (3-l)(3'-l)...(3-'-l) 

which  is 

M('-i)-Jr(.-i)(l-i)-... 

whence  §  <  ^«  <  i- 

ilny  point  which  violates  the  condition  A^  (n)  for  any  value  of  nis 
evidently  an  interior  point  of  a  black  interval  which  we  can  at  once 
assign.     The  right-hand  end  point  of  this  black  interval  is  obtained 

by  stopping  at  the  first     '    ""  ^  figures  of  the  number  in  question : 

e.g. J  the  points  whose  nombers  begin  with  the  figures  1 02  001 2222  ... 
are  interior  to  the  black  interval  (1  02  000  2»1  2*1  ...,  .102  001). 

It  was  asserted  that  when  J^  <  I,  (that  is,  here  <  1),  there  must  be 
a  more  than  countable  set  of  exterior  points.  The  only  ternary 
fractions  at  present  unaccounted  for  are  all  the  infinite  ternary 
fractions  which  do  not  violate  the  conditions  A^  for  any  value  of  n, 
(other  than  those  ending  in  X^)-  These  are  the  exterior  points  of  the 
set.  That  they  have  the  potency  of  the  continuum  is  evident  when 
we  consider  that  all  the  non-terminating  ternary  fractions  involving 
onlyO's  and  Ts  are  among  them  (§  14). 

Numerically  we  have  proved  the  following  theorem : — 

Let    >,c,e,...e4[„(„.,),^ie4f„,«.,)j„...eji,(,^,)3     denote     any    ternary 

fraction  with     ^    — -  figures,  and  let  Af^  denote  the  conditions  that  for 
it 

no  positive  integral  value  of  r  ^  n  all  the  figures  e^[r{r-i)]*u  •••»  ^iir{r+i)] 
should  be  2's.  Then  all  the  ternary  fractions  which  violate  the  conditions 
Aft  for  some  value  of  n  fill  up  a  set  of  intervals  of  content  7„  wJisre 

which  do  not  overlap  nor  ahut  anywhere^  so  thai  the  semi-external 
points  are  countably  infinite  in  number.  The  external  points  are  more 
than  countably  infinite,  (of  potency  c),  and  yet  are  not  dense  in  any 
interval,  however  small.* 


*  The  numbers  corresponding  to  the  simple  end  points  of  H.  J.  S.  Smith's 
ternary  set  of  the  second  kind  are  evidently  those  terminating  fractions  which 
violate  some  condition  Any  but  only  in  the  final  stage  An  (n). 
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§  20.  H.  /.  8.  Smith's  Sets  with  Base  m. 

Instead  of  the  base  3,  we  might  take  any  base  m  ^  S  and  per- 
form the  construction  of  §  16,  or  that  of  §  18,  mutatis  mutandis. 
The  former  series  of  sets,  in  which  at  each  division  we  divide  the  un- 
blackened  parts  of  the  straight  line  into  m  equal  parts,  gives  us 
nothing  particular  of  interest  beyond  the  set  for  m  =  3.  But  the 
latter  series  of  sets,  in  which  at  the  n-th  division  we  divide  the  un- 
blackened  parts  into  m"  parts,  presents  this  new  and  highly  in- 
teresting feature,  that 


-1' 

the  other  properties  of  the  set  being  the  same  as  in  §  18. 

Hence  we  see  how  it  is  possible  to  construct  a  set  of  intervals  whose 
content  is  less  than  any  assigned  magnitude^  and  having  a  mare  than 
countable  set  of  exterior  points,  {of  potency  c),  which,  hou>ever,  are  not 
dense  in  any  interval,  however  small, 

§  21.  Similarly  by  using  any  base  m  ^  3,  we  can,  as  in  §§  14  and  18, 
construct  sets  of  non-abutting  intervals,  with  contents  ranging  from 
L  down  to  less  than  any  assignable  quantity,  and  yet  dense  everywhere. 

The  numerical  statements  of  these  facts  are  interesting. 

(1)  In  the  segment  (0,  1),  the  points  corresponding  to  all  the  m-ary 
fractions  involving  the  figure  (m— 1)  fUl  up  a  set  of  intervals  of  content  1, 
which  do  not  overlap  or  abut  anywhere ;  so  thai  the  semi-external  points 
are  countably  infinite  in  number.  The  extei-nal  points  are  more  than 
countably  infinite,  (of  potency  c),  and  yet  are  not  dense  in  any  interval, 
hovoever  small. 

These  semi-external  points  correspond  to  all  the  terminating 
fractions  not  involving  the  figure  (m— 1)  and  all  the  non-terminating 
fractions  ending  in  "  (m— 2)  circulating."  The  external  points 
correspond  to  all  the  other  non-terminating  fractions  not  involving 
the  figure(w  — 1). 

(2)  Let  '616,6,  ...  64[,(„.i)]+i ...  6|«(„^i)  denote  any  m-ary fraction^ andlet 
A^  denote  the  conditions  thai  for  no  positive  integral  value  of  r  K  n  aU 
the  figures  e^^rir-m^u  •••»  ^kr{r*\)  should  he  (m— 1)'«.  Then  aU  the  m-ary 
fractions  which  violate  the  conditions  A^  for  some  value  of  n  fill  up  a  set 
of  intervals  of  content  J„  where 

1 


m  m 
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which  do  not  overlap  nor  ahut  anywhere  ;  so  that  the  semi-external  points 
are  countably  infinite  in  number.  The  external  points  aie  more  than 
countably  ivfinite,  (pfpotewyy  c),  and  yet  are  not  dense  in  any  interval^ 
however  small, 

§  22.  The  properties  of  the  sets  which  we  have  denoted  as  H.  J.  S. 
Smith's  8et«  of  the  second  kind  are  of  the  most  general  character 
possible,  as  is  indicated  by  the  following  theorem  : — 

Theorem  3. — If  we  have  a  set  of  non-overlapping  intervals  \^^^  ..., 
whose  content  I^  is  less  thanl,  lying  in  a  segment  (A,  B)  of  length  2,  thenthe 
points  of  {Aj  B)  which  are  external  to  all  the  intervals  Sform  an  infinite 
non-countable  ret.*  (It  will  appear  from  the  seqael  that  this  set  has 
the  potency  c  of  the  linear  continnnm.) 

If  any  complementary  interval  exists,  the  theorem  is  obvioos.  If 
not,  every  external  or  semi-external  point  G  will  be  a  limiting  point 
of  intervals  ^,  and  there  will  be  at  least  one  snch  point.  The  nnmber 
of  semi-external  points  is  at  most  conntably  infinite. 

This  being  the  case,  let  as,  if  possible,  arrange  all  the  external  and 
semi-external  points  in  countable  order  (7j,  C„ Bound  0,  describe 

an  interval  d^  of  length     -  with  C^  as  middle  point,  where 

e  =  /-/,. 

Let  d  be  the  next  point  of  the  series  C„  (7„  ...  which  is  exterior  to  d^, 

and  describe  similarly  an  interval  of  length  — ^  with  Oi  as  middle 

point.  If  this  overlap  or  abut  with  (^„  we  amalgamate  them  into  one 
interval ;  if  not,  we  call  it  d^. 

Proceeding  in  order  with  the  points  G  which  are  not  already  in- 
terior or  end  points  of  intervals  d^  we  get  a  finite  or  countably  infinite 
set  of  non-overlapping  and  non-abutting  intervals  <2,  whose  content 
is  not  greater  than 

^  1  e 

^?2^=2-' 

containing  all  the  points  G.  Adding  to  these  such  intervals  ^,  or  parts 
of  intervals  ?,  as  are  exteraal  to  the  intervals  d^  and  amalgamating 
them  with  the  intervals  d  where  they  overlap  with  them,  we  ^ei  a  set 
of  non-overlapping  intervals  such  that  no  point  of  {A^  B)  is  exterior 
or  semi-exterior  to  them.      By  Theoi'em  1,  *'  Of  External  and  Semi- 


•  Borel,  LecoHA^  p.  41. 
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external  Points,"'  the  number  of  these  intervals  can  only  be  &iite. 
A  fortiori  the  number  of  intervals  d  is  finite.  Let  them  be  denoted 
hy  d^,d^y    .,<i«. 

Marking  these  black,  we  are  left  with  a  finite  number  (  ^  n— 1) 

of  segments  (A,B)  whose  content  also  lies  between  I — —  and  L      In 

each  such  unblackened  segment  there  is  no  external  or  semi-external 
point  of  the  intervals  L  Hence,  by  Theorem  1,  in  each,  and  there- 
fore in  all,  of  these  segments  there  is  &  finite  number  of  intervals  B 
entirely  filling  them  up,  and  whose  content  therefore  also  lies  between 

Z— -— and  Z.     But  this  is  inconsistent  with  the  fact  that  I^zl-^e. 

Hence  the  assumption  was  false,  and,  by  a  reductio  ad  ahsurdum, 
we  are  obliged  to  deny  the  possibility  of  counting  the  points  G. 

Q  .E.  D. 

§  23.  The  Typical  Ternary  Set  of  Intervals, 

We  have  seen  that,  given  any  set  of  intervals,  we  have  a  perfectly 
determinate  countable  set  of  semi-external  points,  and  that  any  end 
point  of  an  interval  where  it  does  not  abut  on  another  interval  is 
either  (1)  a  semi-external  point  or  (2)  not  a  limiting  point  at  all.  In 
the  latter  case  the  set  of  intervals  is  not  dense  everywhere. 

The  question  of  content  is  obviously  unaffected  if  we  amalgamate 
all  abutting  intervals,  in  which  case  the  end  points  of  the  new 
intervals  will  consist  entirely  of  the  two  classes  of  points  above  re- 
ferred to,  and,  if  the  original  set  of  intervals  be  dense  everywhere,  will 
consist  exclusively  of  semi-external  points. 

This  demonstrates  the  importance  of  considering  in  detail  the 
properties  of  sets  of  intervals  whose  end  points  are  all  semi-external 
points,  that  is,  sets  of  non-abutting  intervals  which  are  dense  every- 
where. 

The  sets  considered  in  §§  14  and  18  belong  to  this  class ;  but  we 
shall  find  it  desirable  to  modify  them  and  take  another  set*  as  typical 
of  the  class,  its  numerical  equivalent  being  the  most  convenient,  as 
giving  us  a  system  of  indices  for  the  ^'s  in  the  general  case,  by  means 
of  which  any  two  sets  of  the  class  are  arranged  at  once  in  (1, 1)- 
correspondence. 


*  Of,  G.  Cantor,  Math,  Ann,^  Vol.  xxi.,  p.  590,  and  Schoenflies's  JBerieht,  p.  102. 
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§  24.  Take  the  segment  (0, 1)  of  the  x  axis  and  divide  it  into  three 

eqnal  parts  and  bUcken  the  middle  one :  this  is  ('1,  '2),  or,  as  we 

prefer  to  write  it,  (O^,  '2).     This  we  denote  by  ^|.      In  each  of  the 

two  nnblackened  segments  repeat  the  process :  we  get  two  new  black 

intervals, 

^„  =  (004,-02), 

^„  =  (-202,-22). 

In  each  of  the  nnblackened  s^ments  repeat  the  process,  and 
so  on. 

Denoting  by  N  any  combination  of  n  figures,  O's  and  I's,  and  by 
(2^  the  number  got  by  multiplying  N  by  2,  we  see  that  any  black 
interval  obtained  by  our  process  may  be  denoted  by  ^j^,  and  charac- 
terized by  the  symbolic  equation 

ijn  =  i{2N)0i,  i2N)2l 

We  notice  that  the  order  of  the  intervals  is  precisely  that  of  the 
binary  fractions  'Nl.  The  internal  points  of  the  black  intervals 
are  characterized  by  the  appearance  of  a  proper  1,  not  ^.  in  their 
ternary  factions. 

Given  any  ternary  fraction  with  a  proper  1  in  it,  we  can  at  once 
assign  the  black  interval  to  which  it  belongs.  For  example,  the 
number  020022021  ...,  (where  the  dots  denote  any  subsequent  figures), 
lies  between  0200220202  and  '020022022,  and  therefore  is  interior  to 
the  black  interval  ^o^qohoii- 

The  only  numbers  unaccounted  for  are  the  n on- terminating  ternary 
fractions  other  than  the  simple  recurrers  ending  in  i  involving  only 
the  figures  0  and  2.  These  must  then  represent  the  exterior  points 
of  our  set  of  black  intervals.  Dividing  each  such  number  by  2,  and 
interpreting  in  the  scale  of  2,  we  evidently  get  the  whole  continuum, 
with  the  exception  of  a  countable  set ;  so  that  the  potency  of  this  set 
of  numbers  is  c.     Hence  the  potency  of  the  exterior  points  is  c. 

§  25.  If  we  are  given  any  set  c^  non-overlapping  and  non-abutting 
intervals,  dense  everywhere  in  an  interval  {A\R),  then  ^' and  5' 
themselves  may  be  ordinary  end  points  or  may  be  semi-external 
points.  In  the  former  case  there  are  black  intervals  (-A,  -4'),  {R,  B) 
belonging  to  the  set,  and  A'  and  B'  are  not  semi-external  points.  Such 
intervals,  if  they  exist,  do  not  materially  affect  the  character  of 
the  set;    they  may  therefore   be   conveniently   omitted   from   con- 
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sideration  in  the  present  section.  We  are  working,  then,  in  a  seg- 
ment (J,  B)  where  A  and  B  are  semi-external  points  of  our  set  of 
intervals.  We  now  propose  to  set  up  a  (1, 1)  correspondence,  maintadn- 
ing  the  order  between  the  given  set  and  the  typical  set  of  intervals, 
§24. 

§  26.  Divide  (A,  B)  into  three  eqnal  parts  at  C  and  D.  Then,  since 
the  set  is  dense  everywhere,  either  ((7, 2>)  forms  part  of  a  determ- 
inate black  interval  or  else  there  is  a  black  interval  inside  ((7,  2>), 
possibly  coinciding  with  it.  Let  ns  then  choose  some  particular  black 
interval,  for  instance,  the  largest  possible  in  (0,  D),  and  denote  it 
by  ^„  and,  in  the  first  case,  let  ^j  be  the  black  interval  of  which 
(0,  D)  forms  a  part. 

Since  A  and  B,  being  semi-external  points,  are  not  the  end  points  of 
any  black  interval,  there  will  be  two  unblackened  segments  left  after 
we  have  blackened  ^j.  The  end  points  of  each  of  these  two  segments 
are  semi-external  points ;  hence  we  may  repeat  the  process  in  each  of 
these  two  segments  and  choose  out  two  new  intervals  of  our  set,  one 
in  each  of  these  segments,  and  these  we  may  call  ^^i  and  B^i,  The 
order  of  the  three  intervals  ^o^,  ^i,  ^i,  is  evidently  the  same  as  in  the 
tjrpical  case,  (§  24),  and  the  same  as  that  of  the  binary  fractions 
•01,  1,   11. 

We  are  now  left  with  four  segments,  whose  end  points  are  all  semi- 
external  to  our  set  of  black  intervals ;  so  that  we  can  repeat  our 
process  in  each  of  them,  and  choose  in  each  a  black  interval  of  our 
set.  These  we  denote  by  ^oon  ^oii»  ^lon  ^m  ^^  order  from  left  to  right ; 
so  that  the  order  of  the  binary  fractions  is  maintained. 

Proceeding  thus,  we  can  evidently  use  the  terminating  binary 
fractions,  (omitting  the  point),  as  a  general  system  of  indices,  not 
merely  proving  the  countableness  of  our  set  of  intervals,  but  also 
indicating  exactly  their  order  in  relation  to  the  continuum.  This 
sets  up,  ipso  facto,  a  (1,  1) -correspondence,  maintaining  the  order, 
between  the  general  set  of  this  class  and  the  typical  set  of  §  24, 
enabling  us  to  solve  many  problems  for  the  general  set  by  means  of 
the  known  properties  of  the  typicaKset. 

§  27.  One  consequence  of  the  mode  adopted  for  determining  the 
indices  is  that,  given  any  positive  quantity  e,  we  can  determine  an  in- 
teger m  such  that,  for  all  vahies  of  n  ^  m,  iyi  <  €  (n  being,  as  always, 
the  number  of  figures  in  N),  For,  by  the  construction,  the  two  seg- 
ments left  after  the  blackening  of  5,  are  each  less  than  f  of  (A,  B), 
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and  at  each  sta^  a  similar  statement  can  be  made  as  to  the  length 
of  each  nnblackened  segment.  Thns  we  have  only  to  determine  m  so 
that  (f  )••  (-4,  B)  <  e,  and  this  m  will  certainly  satisfy  our  require- 
ments. 

§  28.  Since  the  order  has  been  maintained,  it  follows  from  the  above 
that  any  sequence  of  intervals  of  the  given  set,  defining  a  single 
limiting  point,  will  correspond  to  a  sequence  of  intervals  of  the 
typical  set,  defining  a  single  limiting  point,  and  vice  versa.  We  can 
most  easily  express  this  correspondence  between  the  limiting  points 
by  denoting  the  left-  and  right-hand  end  points  of  any  black  interval 
of  Sjn  by  PjvTOi  and  Pjn^  and  any  exterior  point  by  P,  with,  as  index, 
the  ternary  number  denoting  the  limiting  point  of  the  corresponding 
intervals  of  the  typical  set. 

We  see  that,  the  semi-external  points  being  in  (1, 1) -correspondence 
by  themselves,  the  exterior  points  will  be  so  also.  Hence  it  follows 
that  the  potency  of  the  external  points  is  c, 

§  29.  We  have  proved  by  our  correspondence  that  the  external  points 
of  a  set  of  non-abutting  intervals  have  the  potency  of  the  linear  con- 
tinuuniy  it  being  unnecessary  to  postulate  that  the  set  should  be 
dense  everywhere,  since,  when  at  least  one  complementary  interval 
exists,  the  theorem  is  obvious.     The  following  can  now  be  deduced : — 

Theorem  3'. — Of  the  Potency  of  the  External  Points. 

If  we  have  a  set  of  non-overlapping  intervals  8,,  Sj,  . . . ,  whose  content 
I^  <  Z,  lying  in  a  segment  of  length  Z,  then  the  points  which  are 
external  to  all  the  intervals  8  form  an  infinite  non-^ountahle  set  of 
potency  c. 

If  the  set  is  not  dense  everywhere,  the  theorem  is  obvious.  We 
assume,  therefore,  that  the  set  is  dense  everywhere. 

We  shall,  for  reasons  which  will  immediately  be  evident,  denote 
as  a  point  of  arrest  a  point  such  that  in  any  segment,  however  small, 
containing  it  as  internal  point,  there  is  a  more  than  countable  set  of 
external  points. 

Let  {A\  B^)  be  the  segment  in  which  the  set  exists.  If  A  and  B^ 
are  not  points  of  an^est,  we  will  show  how  to  replace  {A\  B')  by  a 
segment  (A,  B),  lying  within  it,  so  that  the  potency  of  the  external 
points  is  unaltered,  while  -4  and  B  are  points  of  arrest. 

Let  us  bisect  (A\  B')  at  M.     Then,  since,  by  Theorem  3,  there  is  a 
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more  than  conntable  set  of  external  points  in  (^A\  B'),  this  must  be 
the  case  in  one  or  both  of  {A\  M),  (M,  B'),  We  determine  whether 
or  no  (A\  M)  has  this  property.  Next  we  bisect  again,  and  deter- 
mine that  segment  which  (i.)  contains  a  more  than  conntable  set  of 
external  points,  and  (ii.)  lies  nearest  to  A\  Continning  this  process, 
since  there  is  nothing  to  prevent  our  doing  so,  ad  infinitum,  we  have 
a  series  of  segments,  each  contained  within  the  preceding,  and  of 
half  its  length.  This  determines  a  limiting  point,  which  will 
evidently  coincide  with  A\  if  A'  be  a  point  of  arrest,  and  will  other- 
wise be  the  first  point  of  arrest  on  the  right  of  A\  so  that  between  it 
and  A'  there  is  at  most  a  conntable  set  of  external  points.  This 
point  of  arrest  we  denote  by  -4,  and  blacken  the  whole  interval 
{A\  A),  In  amalgamating  all  the  intervals  between  A'  and  A  in 
this  way  we  have,  at  most,  affected  a  conntable  set  of  external 
points. 

We  notice,  then,  that  the  content  of  the  amalgamated  intervals 
is,  by  Theorem  3,  equal  to  that  of  {A\  A),  Similarly,  working 
from  right  to  left,  we  obtain  B  from  B\ 

Now,  as  in  §  26,  divide  (4,  B)  into  three  equal  parts  and  determine 
a  black  interval  of  the  given  set,  which  either  coincides  with  the 
middle  segment,  or  contains  it,  or  is  contained  in  it.  This  interval 
we  subject  to  the  already  described  process  of  amalgamation, 
blackening  up  to  and  including  the  first  point  of  arrest  on  the  right 
and  left  respectively. 

During  our  process  of  amalgamation  we  have,  as  before,  affected 
at  most  a  countable  set  of  exterior  points,  and  the  content  of  the 
amalgamated  intervals  is  the  same  as  that  of  the  new  interval  we 
have  constructed  and  blackened.  This  new  interval  does  not  abut 
with  {A\  A)  nor  (^,  B)  nor  with  the  remaining  intervals  of  the  given 
set,  and,  if  we  denote  it  by  (-4,,  5,),  each  of  the  segments  {A,A^ 
and  (-Bj,  B)  has  its  end  points  points  of  arrest,  and  the  length  of 
either  of  them  is  less  than  §  {A,  B), 

We  now  proceed  separately  with  {A,  Ay)  and  (fj,  B),  as  we  did 
with  {AyB),  Subsequently  we  repeat  the  same  process  separately 
with  the  2'  segments  left  after  the  amalgamation  and  blackening 
have  been  carried  out  in  {A^  A-^  and  {B^,  B)  ;  and  so  on. 

After  the  n-th  stage  we  shall  have  blackened 

l-|-2-|-22-|-...-|-2'-*  =  2**— 1 

distinct  intervals,  obtained  by  amalgamation,  without  affecting  more 
than  a  countable  set  of  external  points.     The  2**  segments  left  over 
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are  such  that  the  length  of  each  is  less  than  (J)"  {A,  B\  while  the 
end  points  of  each  are  points  of  arrest. 

Thus,  after  a  countably  infinite  series  of  steps,  we  determine  a 
definite  new  set  of  black  intervals.  By  onr  mode  of  construction 
these  black  intervals  are  dense  everywhere  in  {A,  B)  and  abut 
nowhere ;  while,  with  the  possible  exception  of  a  finite  or  oountably 
infinite  set  of  points,  our  new  set  of  black  intervals  has  the  same 
external  points  as  the  g^ven  set.  By  §  28  the  potency  of  the  external 
points  is  therefore  c,  as  was  asserted. 

§  30.  We  notice,  further,  that  in  each  of  the  2*— 1  new  black  in- 
tervals at  the  end  of  the  n-th  stage  the  content  of  the  amalgamated 
intervals  is  equal  to  that  of  the  new  black  interval  in  which  they  lie ; 
while,  since  in  the  remaining  segments  there  is  no  interval  of  the 
given  set  greater  than  (§)"(^,  B),  (which  may  be  made  as  small  as 
we  please  by  choosing  n  sufficiently  large),  the  sum  of  the  intervals 
of  the  given  set  in  the  remaining  s^ments  may  be  made  as  small  as 
we  please  by  choosing  n  sufficiently  large ;  for  the  same  reason  the 
sum  of  all  the  intervals  of  the  new  set  which  lie  in  one  of  these 
segments  can  be  made  as  small  as  we  please.  It  follows,  therefore, 
that  the  new  set  of  black  intervals  has  the  same  content  as  the  given 
set*  Thus  we  have  incidentally  proved  the  following  important 
theorem : — 

Theorem  4. — Of  the  Ultimate  Set, 

Any  set  of  non-overlapping  intervals  determines  uniquely,  {after  a  finite 
or  countahly  infinite  series  of  steps  of  the  type  described),  an  ultimate 
set  of  non-abutting  intervals  having  the  sams  content  and,  {with  the 
possible  exception  of  a  finite  or  countably  infinite  set  of  points),  the  same 
external  points. 


♦  C/.§5, 
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On  Closed  Sets  of  Points  defined  as  ths  Limit  of  a  Sequence  of 
Closed  Sets  of  Points.  By  W.  H.  Young.  Received  and 
Read  February  13th,  1902.  Received,  in  revised  form, 
October  3rd,  1902. 

§  1.  Let  Oi,  Of,  .,.,  Ou,  ...  be  a  countablj  infinite  sequence  of  sets  of 
points,  each  of  which  is  closed  and  nowhere  dense  and  is  contained 
in  all  the  succeeding  sets. 

This  sequence  of  sets  defines  a  limiting  set  G,  defined  by  the  two 
properties :  (1)  Every  point  of  O^  is  a  point  of  0  for  all  values  of  n ; 
(2)  no  point  of  G  exists  which  does  not  belong  to  some  definite  0^  of 
the  sequence.  This  limiting  set  G  may  or  may  not  be  itself  closed. 
Moreover,  if  we  express  it  as  the  sum  of  sets  of  points  thus, 

G  =  (?i  +  ((?,-Gf,)  +  (Gf,-GO+  ...  +(^--^-0+  ...,  ad  inf., 
the  terms  of  the  series  may  or  may  not  be  closed  sets. 

As  regards  the  latter  property,  we  make  no  assumption.  We 
assume,  however,  in  what  follows  that  G  is  closed  and  nowhere  dense. 
Notice  the  advantage  of  regarding  G  as  defined  by  a  sequence  instead 
of  by  a  series.  We  can  in  this  way  confine  our  attention  to  closed 
sets. 

§  2.  The  the  orem  we  propose  to  prove  is  the  following : — 
Given  any  small  positive  quantity  <r,  we  can  determine  an  integer  m 
and  a  small  positive  quantity  c  so  that,  for  aU  values  of  n^m,,  all  the 
intervals  ^  e  o/  (?„  are  identical  with  all  the  intervals  ^  e  of  G  ;    and 
the  sum  of  the  remaining  intervals  of  G^Ka-. 

This  result  throws  light  on  the  mode  in  which  Gn  approaches  its 
limit  G.  Moreover,  it  gives  us  as  an  immediate  corollary  Osgood's 
content  theorem  that  the  content  of  G  is  the .  limit  when  n  is  infinite 
of  the  content  of  Gn' 

§  3.  Since  each  set  is  closed  and  nowhere  dense,  the  complementary 
points  fill  up  a  set  of  intervals,  which,  in  the  enunciation  of  the 
theorem,  we  have  called  the  intervals  of  the  set.  We  shall  in  what 
follows  refer  to  them  as  the  "  black  intervals  '*  of  the  set,  the  points 
of  the  set  being  conceived  as  white  on  a  black  ground.     These  in- 
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tervals  are  ''open/'  or,  in  other  words,  the  end  points  of  the  in- 
tervals are  points  of  the  set. 

§  4.  It  is,  perhaps,  here  the  place  to  point  ont  a  confusion  which 
is  easily  made  in  the  case  when  O  is  open.  ^ 

Suppose  r  to  be  the  set  got  hy  closing  O.     Then  * 

where  O'  is  the  first  derived  of  O,     If  F  is  perfect, 

r  =  6?'. 

We  have  by  definition 

htO„  =  0; 
but  we  cannot  deduce  that 

LtGf;  =  (?'  =  r 

when  r  is  perfect.  In  fact,  as  (?„  is  closed,  O'^  will  be  contained 
in  O^,  and  cannot,  therefore,  generate  more  than,  at  most,  Q. 
Also,  since  by  hypothesis  O  is  open,  O'  contains  points  which  are 
not  contained  in  O.  Thus  Lt  On  cannot  be  O'  when  G  is  open  ; 
while  O'  and  V  are  not  identical  unless  T  is  perfect. 

It  is  probably  this  confusion  which  has  led  to  the  incorrect  pre- 
sentation of  the  subject  of  this  paper  in  Schoenflies*s  Bericht  uher  die 
Mengenlehre,  p.  91.  The  following  is  a  literal  translation  of  the 
passage  referred  to  : — 

"  If  r  be  a  closed  set,  and  G^  a  component  set  of  F,  and  if  (?„,  as  n 
increases,  becomes  dense  everywhere  t  in  F,  then  the  limit  of  the 
content  of  6r„  is  the  content  of  F.  For  the  content  of  G„  is  equal  to 
that  of  Gn,  (the  first  derived  of  G„).  And,  if  6?„,  as  n  increases, 
becomes  dense  everywhere  in  F,  then  G'^  converges  towards  F  itself, 
whence  the  theorem  follows." 

The  fallacy  in  the  proof  is  in  the  words  in  italics.  We  may  add,  it 
will  appeal'  from  the  sequel  that  the  statement  of  the  theorem  given 
b}^  Schoenflies  is  incorrect. 


*  That  is,  tho  mt  consisting  of  all  the  elements  of  G  and  0'^  common  elements 
being  counted  once  only,  Math.  Ann,,  p.  355,  Schoenflies,  p.  6. 

t  It  ifl  not  quite  clear  in  what  sense  tho  expression  **  If  ^«  is  dense  everywhere 
in  r"  is  used.  On  p.  80,  loc.  cit.y  Schoenflies  gives  the  definition  :  A  component 
set  17  of  a  closed  set  Q  is  said  to  be  dense  everywhere  in  Qy  if  the  first  derived  set  V 
of  U  coincides  with  Q.  This  definition  is  clearly  untenable,  however,  for,  in  the 
passage  referred  to,  Schoenflies  especially  includes  the  consideration  of  closed  sets 
which  are  not  perfect ;  now  for  such  a  set  Q  the  defiinition  could  have  no  meaning, 
for  no  component  set  of  it  could  possibly  have  Q  for  its  derived  set.  In  what  follows 
we  shall  ourselves  always  say  that  the  component  set  l^  of  a  closed  set  Q  is  dense 
everywhere  in  Qy  ii  U  coincides  with  Q  when  the  remaining  limiting  points  of  U  are 
added  to  U.     In  other  words,  when  Q  =  3R  (17,  W), 
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§  5.  A  simple  example  has  been  given  hj  Osgood,  in  which  0  is  un- 
closed. Let  Gn  stand  for  all  the  proper  fractions  with  n  as  de- 
nominator. Then  G  consists  of  all  the  rational  numbers  between 
0  and  1.  Evidently  the  content  of  G„  is  0,  however  great  n  may  be. 
Here  V  is  the  continuum  from  0  to  1,  and  its  content  is  therefore 
unity. 

§  6.  In  the  above  r  is  dense  everywhere.  In  the  following  example 
P  is  nowhere  dense.  We  give  it  at  some  length,  as  it  illustrates  the 
essential  features  of  the  matter  in  hand  and  throws  light  on  the 
mode  of  proof  adopted  in  the  sequel. 

It  will  be  noted  that  (1)6?'  may  contain  a  more  than  countable  set 
of  points  which  are  not  points  of  any  G'n ;  (2)  the  content  of  G^ 
may  be  different  from  the  limit  of  the  content  of  Gn  when  n  is  made 
infinite. 

§  7.  Consider  the  following  sequence  of  sets  : — 

Gi  is  H.  J.  S.  Smith's  ternary  closed  set  •  of  the  first  kind  in 
the  segment  (0,  1). 

By  means  of  repetitions  of  the  processes  by  which  Gi  was  constructed 
in  the  segment  (0,  1),  we  propose  to  construct  a  series  of  closed  sets 
whose  limit  G,  when  closed  by  the  addition  of  those  limiting  points 
not  already  included  in  it,  is  identical  with  H.  J.  S.  Smith's  ternary 
closed  set  of  the  second  kind.  This  we  denote  by  T,  For  this  pur- 
pose the  following  should  be  noticed  : — 

(1)  If  we  divide  the  segment  in  which  an  H.  J.  S.  Smith's  set 
of  the  first  kind  is  given  into  3"  equal  parts,  certain  of  them  will  be 
entirely  black  for  the  set,  and  in  each  of  the  others  there  is  an 
H.  J.  S.  Smith's  set  of  the  first  kind. 

(2)  If  we  divide  the  segment  in  which  an  H.  J.  S.  Smith's  set 
of  the  second  kind  is  given  into  3***^***^^  parts,  certain  of  them 
will  be  entirely  black  for  the  set,  and  in  each  of  the  others  the  given 
set  has  precisely  the  same  form,  though  this  form  is  not  an  H.  J.  S. 
Smith's  set  of  the  second  kind,  because  the  largest  black  interval  in 
each  part  is  not  ^  of  that  part. 


*  Froc.  Lond,  Math,  Soe^  Vol.  vi.,  p.  948  ;  ef.  Pt-oe,  Zwtd,  Math.  Soo,,  Vol.  xxxiv., 
p.  286,  footnote,  for  the  reason  of  the  insertion  of  the  term  **  closed,*'  i,e,,  the  set 
in  question  is  that  got  by  adding  to  H.  J.  S.  Smith's  ternary  set  of  the  first  kind  its 
limiting  points.  See,  for  a  full  discussion  of  these  sets,  the  preceding  paper  by  the 
present  author  on  "  Sets  of  Intervals." 
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HaTiBg    pivmiMd    this,  we  paocccd  to  tlie 
Fig.  1.)     Tbe  Imrgect  black  interrml  <rf  (?,  is  tlie 
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black  intenral  of  F,  and  in  each  of  tbe  two  remaining  s^ments  (0,  '1) 
and  (1  to  '2)  in  tbe  ternary  notation,  T  bas  tbe  same  form,  and  O^ 
consists  of  an  H.  J.  S.  Smitb's  set  of  tbe  first  kind.  We  need,  there- 
fore only  consider  what  modification  is  necessary  in  the  segment 
(0,  '1),  tbe  same  modification  being  supposed  made  in  tbe  segment 
(1,  -2),  and  tbe    segment    ('2, 1)    being   left  unaltered.      In  tbe 

segment  (0,  -1)  T  has  its  largest  black  intenral  of  length  -j^  on 
the  extreme  right ;  in  all  the  other  segments  of  the  same  length. 


6', 


Pig.  2. 

(0,  O*!),  Ac.,  it  has  the  same  form,  whereas  G,  has  the  form  of  an 
H.  J.  S.  Smith's  set  of  the  first  kind  in  only  some  of  these  segments, 
(0*2,  01),  (012,  02),  and  (02, -1)  being  entirely  black.  If,  how- 
ever,  in  each  of  these  three  largest  black  intervals  of  Q^  we  insert 
an  H.  J.  S.  Smith's  set  of  the  first  kind,  then  the  extreme  right-hand 
segment  (022,  1)  will  be  entirely  black  for  the  new  set  (?„  and  in 
each  of  the  other  eight  segments  (?,  will  consist  of  an  H.  J.  S.  Smith's 
net  of  the  first  kind. 
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We  can,  therefore,  as  before,  consider  what  modifications  are 
necessary  in  the  segment  (0,  'O'l)  onlj,  the  same  modification  being 
supposed  made  in  the  other  seven  segments,  and  the  segment 
(022,  -01)  being  left  unaltered. 
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Pig.  3. 

By  a  precisely  similar  argument  as  before,  it  is  easily  seen  that,  if 
we  form  O^  by  inserting  in  each  of  the  three  largest  intervals  of  (?,  an 
H.  J.  S.  Smith's  set  of  the  first  kind,  and  0^  by  inserting  in  each  of 
the  3*  largest  intervals  of  G^  an  H.  J.  S.  Smith's  set  of  the  first  kind, 

the  extreme  right-hand  segment  of  length  ^yt^,  (•0'222,  0*1),   will 

be  entirely  black,  as  it  is  for  F,  and,  in  all  the  other  segments  of 

length       .^^3,  G^  will  consist  of  an  H.  J.  S.  Smith's  set  of  the  first 

kind. 

The  general  law  is  now  obvious.  We  shall  only  have  to  con- 
sider the  modifications  necessary  in  6J^ui*j*t+...*»  in  the  segment 
(0,  O**'*- *"1),  in  which  it  consists  of  an  H.  J.  S.  Smith's  set  of 
the  first  kind,  the  same  modification  being  made  in  all  the  other 
segments  of  the  same  length  except  those  which  are  by  our  con- 
struction already  black  for  F. 

The  modification  will  consist  in  inserting  H.  J.  S.  Smith's  sets  of 
the  first  kind  in  the  3,  3*,  3*,  ...  3"**  largest  intervals  in  turn  to  form 

^4[n(»fl)J*2»    ^ifM(»  +  l)]«.8»  ^P  to   U^ 4 [(»♦!)(« +2)]  + 1« 

8.  Comparing  this  series  of  sets  with  H.  J.  S.  Smith's  ternary 
closed  set  of  the  second  kind,  we  see  that,  g^ven  any  small  (yi&ntit;^  c^ 

TOL.  XXXV, — NO.  807,  T 


274  Mr.  W.  H.Toatigon  Closed  Sets  of  Points  definedas  [Nov,  18, 

we  can  assign  a  stage  m  in  the  series  such  that  for  all  valnes  of 
n  ^  m  all  the  black  intervals  of  O^  which  are  ^  e  are  identical  with 
those  ^  c  of  H.  J.  S.  Smith's  ternary  closed  set  of  the  second  kind. 
Bat  the  content  of  G^  is  always  zero  ;  while  that  of  H.  J.  S.  Smith's 
ternary  closed  set  of  the  second  kind  lies  between  \  and  \, 

The  set  Q  obviously  consists  of  all  the  isolated  points  and  limiting 
points  on  one  side  only  of  H.  J.  S.  Smith's  ternary  set  of  the  second 
kind,  together  with  some  of  its  limiting  points  on  both  sides.  The 
set  got  by  closing  G  is  therefore  H.  J.  S.  Smith's  ternary  closed  set 
of  the  second  kind ;  that  is,  F. 

We  will  now  prove  that  G  does  not  contain  all  the  points  of  F, 
and  is  therefore  unclosed.  To  do  this  it  is  sufficient  to  prove  that 
the  point 

P=  1212212221... 

(where  the  right-hand  side  of  the  symbolic  equation  represents  a 
ternary  fraction,  the  number  of  2*8  between  consecutive  I's  increasing 
each  time  by  one),  which  is  a  limiting  point  on  both  sides  of  F  (and 
a  limiting  point  on  one  side  only  of  F'),  is  an  internal  point  of  a 
definit-e  black  interval  of  6r„  for  every  value  n,  and  is  therefore  not 
a  point  of  G,  This  interval  is  (12,  2 )  of  6?„  ('1212,  -122)  of  G„ 
(12122,  122)  of  6?„  (1212212,  121222)  of  G„  (12122122,  12122)  of 
6^5,  (121221222,  121222)  of  6^^,  (12122122212,  1212212222)  of  (?,, 
and  so  on.  The  general  law  is  now  evident,  and  hence  the  assertion 
is  proved.  Similarly  it  is  evident  that  any  ternary  fraction  of  F 
which  involves  an  infinite  number  of  2*8  *  cannot  belong  to  any  (?,, 
since,  apart  from  a  finite  number  of  figures  at  the  beginning,  the 
numbers  of  G^  involve  only  the  figures  0  and  1.  Each  such  point 
is  a  limiting  point  on  both  sides  of  F  and  is  interior  to  a  black  in- 
terval of  (?„  whose  length  diminishes  indefinitely  as  n  increases 
indefinitely. 

Hence  the  set  G  which  we  have  constructed  as  the  limiting  set  of  a 
sequence  of  closed  sets,  nowhere  dense,  is  open,  and  the  content  of  the  set 
obtained  by  closing  G  is  different  from  that  of  the  limit  of  G»  when  n  is 
made  infinite. 

9.  In  the  following  sections  we  proceed  to  prove  the  theorem 
enunciated  in  §  2.  To  do  this  we  shall  first  state  and  prove  a  series 
of  simple  facts  about  the  sets  of  the  sequence. 

♦  Other  than  2,  of  ooune. 
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10.  Any  hlack  interval  (P,  Q)  of  G  or  of  0^  ^^  leads  up'^  to  a  definite 
black  interval  (P',  Q')  of  O^  {m  ^  w),  which  is  either  identical  mth 
(P,  Q)  or  of  which  (P,  Q)  forms  a  part. 

This  follows  at  once  from  the  fact  that  no  point  of  G^,  can  lie 
between  P  and  Q,  since  every  point  of  G^  is  a  point  of  G^  and  of  G, 

11.  Hence  the  sum  of  any  number  of  black  intervals  ^  the  sum  of 
the  black  intervals  to  which  they  lead  up, 

12.  To  ea^h  positive  quantity  e  there  corresponds  a  perfectly  definite 
finite  integer  m  such  that  for  all  values  of  n^m  all  the  black  intervals  of 

G^  which  are  ^  c  are  identical  with  all  those  ^£  of  G, 

For  let  (P,  Q)  be  any  black  interval  of  G,  Then,  by  the  definition 
of  6r,  there  is  a  definite  integer  m^  snch  that  P  and  Q  are  points  of 
G«,,  but  not  both  of  (?,«,.,.  The  black  interval  (P,  Q)  will  then 
belong  to  the  set  of  black  intervals  of  G^  for  all  values  of  n  ^  m|. 

Now  the  number  of  black  intervals  of  (?  ^  c  is  finite,  and  hence  it 
follows,  by  an  immediate  extension,  that  we  can  assign  a  definite 
finite  integer  m,  such  that  all  the  black  intervals  (P,  Q)  ^  c  of  G 
belong  to  the  set  of  black  intervals  of  G^  for  all  values  of  n  ^  m^. 
But  Gj^^  may  have  other  black  intervals  ^  c. 

Let  (P',  Q')  be  such  an  interval.  Then  P*  and  Q'  are  both  points 
of  G ;  but  (P*,  Q')  is  not  a  black  interval  of  G^  nor  does  there  lie 
between  P'  and  Q'  any  interval  ^  c  of  G.  Between  P'  and  Q  we 
can  mark  a  finite  number  of  points  of  G^  say  Pj,  P„  ...,  P*, 
such  that  no  one  of  the  distances  between  successive  points 
PT^.P^P^,  ...jPjtQ'  is  ^c.  Treating  each  such  interval  (P',  Q')  in 
the  same  way,  we  shall  get  a  finite  number  of  such  points  Pi^Pn  ..., 
since  the  number  of  all — a  fortiori,  of  some — of  the  black  intervals  G^^ 
which  are  ^  c  is  finite.  We  can  therefore  determine  a  definite  in- 
teger tn^  ^  m^  such  that  G^^  contains  all  these  points,  and  G„^  will 
thei'efore  have  no  black  interval  ^  c  other  than  those  belonging  to 
G.  G^^  will  be  the  first  of  our  sequence  of  sets  having  this  property, 
or  else  there  will  be  a  definite  first  set  between  it  and  G^  (this  in- 
clusive) having  this  property.  Call  this  set  G„,  Then  m  is  evidently 
the  integer  sought. 

13.  To  each  positive  quantity  c  we  have  shown  to  correspond  adefinite 
integer  m  such  that  the  black  intervals  of  G^  (n  ^  m)  and  Q  diSAi:  ^vsl-^ 

T  2 
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in  those  intervals  which  are  <  c.  It  remains  to  show  that  we  can 
choose  c  so  that  the  sum  of  the  black  intervals  which  are  <  c  is  less 
than  0-.  Denote  these  snms  by  B„  (c)  and  R  (c)  respectively.  We 
have  only  to  refer  to  the  example  constmcted  in  §  7  to  convince  oar- 
selves  that,  without  restrictions  of  some  kind  on  the  nature  of  O^ 
this  will  not  be  the  case,  even  when,  without  O  being  closed,  the 
theorem  of  §  12  holds.  Examination  of  that  example  suggests  that 
the  validity  of  this  second  part  of  the  whole  theorem  enunciated  in 
§  2  depends  CHsentially  on  those  points,  which,  without  being  end 
points  of  black  intervals,  are  limiting  points  of  G,  and  therefore 
limiting  points  07i  hath  sides.  It  is,  in  fact,  evident  that,  provided  O 
contains  all  its  limiting  points  on  owe  side  only^  (end  points  of  black 
intervals),  the  first  part  of  the  theorem  (§12)  will  hold,  as  it  does  in 
the  example  of  §  7,  but  not  necessarily  the  second  part. 

14?.  From  the  theorem  of  §  12  it  follows  immediately  that,  con- 
versely, to  each  integer  n  there  corresponds  uniquely  a  positive 
quantity  €,.  such  that  all  the  black  intervals  of  On  which  are  ^  €„  ai-e 
identical  with  all  the  black  intervals  of  G  which  are  ^  €„,  and  c„  is 
the  least  quantity  of  which  this  is  true. 

15.  This  being  so,  c„.  ^  c„,  {n  >  m)^  aiid  the  quantities  c„  decrease 
without  hmit  as  n  is  increased  itidefinitely .  For,  n  being  >  m,  any 
black  interval  of  6/„  which  is  ^  c^  must  lead  up  to  a  black  interval 
of  ^T„,  which  is  ^  c„, ;  that  is,  to  an  interval  which,  being  itself  a 
black  interval  of  G^  contains  no  point  of  G  except  its  end  points  ; 
hence  any  black  interval  of  G„  which  is  ^  c^  must  be  identical  with 
the  black  interval  of  G,„  to  which  it  leads  up,  and  therefore  is  a  black 
interval  of  G.  On  the  other  hand,  any  black  interval  of  G  which  is 
^  €,„  must  lead  up  to  a  black  interval  ^  €„,  of  6r„  (§  10),  which  is, 
therefore,  identical  with  itself.  Hence  all  the  black  intervals  which 
are  ^  c,,,  of  G  and  of  G^  ai'e  identical,  and  therefore,  by  the  definition 
of  e„,  €,„  ^  e„. 

That  the  quantities  €„  form  a  sequence  with  zero  as  limit  follows 
from  the  fact  that,  however  small  c  be  taken,  we  can  find  a  correspond- 
ing integer  m,  as  in  §  12,  so  that,  by  the  definition  of  €„,  and  by  what 
has  just  been  proved,  e„  ^  «„,  ^  «^  {n  ^  m). 

16.  Now,  since  every  black  interval  of  JK„  (e„)  leads  up  to  a  black 
interval  of  ^„,  (f,„),  we  have  -B„(e„)  ^  iJ,„(€„,) ;  so  that  the  quantities 
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Bni^n)  form  a  sequence  whose  limit  is  not  greater  than  any  one  of 
them.  If  the  limit  of  this  sequence  is  zero,  then  it  is  evident  that 
the  theorem  enunciated  in  §  2  is  true,  and  we  have  a  method  of  de- 
termining the  integer  m,  while  the  quantity  there  denoted  by  c 
might  be  taken  as  no  other  than  €„„  where  we  have  determined  m  so 
that  E^(€,,)  <  0-. 

17.  Let  us  then,  assuming  that  all  that  we  have  proved  so  far 
remains  true,  leave  oiU  the  assumption  that  O  is  closed^*  and  assume 
that  the  limit  of  the  sequence  of  quantities  R^ie^)  is  other  than  zero. 
We  know,  by  the  example  of  §  7,  that  there  is  no  contradiction  in 
these  assumptions. 

We  ivill  now  show  that  it  is  a  consequence  of  the  last  assumption  that 
G  is  unclosed.  By  §  16  this  will  complete  the  proof  of  the  theorem 
of  §2. 

18.  Let  the  limit  of  the  sequence  B^  (e«)  be  the  positive  quantity  A. 
Then,  assuming  any  small  positive  quantity  r  <  —  and  any  integer  r, 

we  can  determine  an  integer  m^,  such  that,  for  all  values  of  n  ^  njy, 

Now,  taking,  instead  of  the  whole  sequence  JB^  (e„),  the  partial 
sequence  K„,,  (e^,), -B«,,  (€»^),  ...,  and  calling  them  for  convenience 
Bi  (c,),  B^i^^),  ...,  E„(c„),  ...,  we  have,  for  all  values  of  n, 

K(c.)-^<^„-.  (1) 

Now  take  any  small  positive  quantity  <r  <  — .      We  can  determine  a 

finite  number,  ^^„  of  the  intervals  B^  (e„),  say,  c^h.^  (^  =  !•  2,  ...,  A;„), 
such  that  the  sum  of    the  remaining  intervals  of    B^  (e^)   is  less 

than  ^  .     It  follows  that  the  sum  of  the  intervals  dn,  r>  being  greater 


•  The  assumptions  are,  stated  at  length,  as  follows  : — Oi,  G'j,  ...  are  such  that 
(1)  each  set  is  contained  in  all  the  preceding  sets,  (2)  in  any  given  segment,  how- 
ever small,  it  is  possible  to  specify  a  part  "M  it  iridoh.  is  entirely  black  for  every 
set  0„  (so  that  G  is  nowhere  dense),  and  (3),  given  any  positive  quantity  «,  there 
corresponds  a  perfectiy  definite  finite  integer  m,  such  that,  for  all  values  of  n  "^  m, 
all  the  black  intervals  of  On  which  are  ^  c,  are  identical  with  all  those  ^  c  of  6'. 
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than  B^  (c^)  —  — • ,  is  greater  than 

X- 


2" 


(2) 


Now  the  intervals    «^„     being    intervals    of  12,  (e,),  lead  up   to 
intervals  of  Bi  (c,)  ;  and  the  sam  of  those  intervals  of  Ri  (cj)  is,  by 

(2),  greater  than  A—  -^  ,  and  is  therefore  certainly  greater  than  — . 

Hence   some   of  these  intervals  of  Ri  (cj    must  be  intervals  di^r, 
because   the   sum    of  the  remaining  intervals   of    2^  (e^)    was  less 

than  —.     For  the  same  reason  the  sum  of  those  intervals,  (if  any), 

(^,  which  do  not  lead  up  to  intervals  dx^r  is  also  less  than     -  . 

Hence,  by  (2),  the  sum  of  those  intervals  d^,  which  lead  up  to  intervals 

di,r  is  greater  than  X — -^ ;  and  the  savne  is  true  of  those  intervals 

d,,  r  led  up  to  by  intervals  di, ,.  (3) 

Now  let  us  proceed  a  step  farther.     The  sum  of  the  intervals  d^t 

is,  as  before,  greater  than  X—  •-,- .     The  sum  of  those   intervals  of 

E^  (c,)  which  are  not  intervals  d,^„  or  which,  being  intervals  d^,,,  do 
not  lead  up  to  intervals  (/,,„  is,  by  (3),  less  than 

and  therefore,  by  (1),  is  less  than 

-^   +  ^+   "^  . 
2*       2        2' 

Hence  the  sum  of  those  intervals  d^  t  which  lead  up  to  such  intervals 
of  i?2  (^«)  is  ^^^^  l®ss  than 


0»     '      O  Q« 


Therefore  the  sum  of  those  intervals  d^t  which  lead  up  to  intervals  d^ ^ 
contained  in  intervals  d|,  ^  is  greater  than 


*2»^       2»        2        2* 


whichis  X-  ||-  +  2«  +i  I  ""  2«' 
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while  the  same  is  true  of  the  intervals  (ij^„  or  the  intervals  di^,  to  which 
they  lead  up. 

Similarly,  going  a  step  further,  the  sum  of  the  remaining  intervals 
of  Rf  (€,),  being  less  than 

is,  by  (1),  less  than 

~  4-  -^-  4-  /  ^-  +   ^   4-   "L] 
2*       2*        \  2        2*        2»/* 

It  follows  that  the  sum  of  those  intervals  d^^  which  lead  up  to 
intervals  d^ti  which  lead  up  to  intervals  di^„  contained  in  intervals 
di,  rj  is  greater  than 


*-f- 

r 

■  2'  ~ 

r 
2' 

{'i* 

1^ 

2»"; 

*-Sr- 

f+ 

i^ 

2«  i 

T 

i  2* 

*?}• 

while  the  same  is  true  of  the  intervals  d^t,  or  d^^  or  (i,,„  to  which  they 
lead  up. 

In  precisely  the  same  manner  it  now  follows  by  induction  that 
there  are  a  finite  number  of  the  intervals  d„, ,  which  lead  up  in  turn 
to  intervals  d^^r  for  all  values  of  m  <  n,  and  that  the  sum  of  these 
intervals  d^^,  is  greater  than 

while  the  same  is  true  of  the  intervals  d,^,.  (for  any  fixed  m  <  n)  to 
which  the  intervals  d^^  r  lead  up.  A  fortiori^  any  one  of  these  sums  is 
greater  than  X—c— t,  where  <r  and  r  are  as  small  as  we  please. 

19.  During  this  process  we  have  been  weeding  out  in  turn  (1)  those 
intervals  d^^  ^  which  do  not  contain  intervals  d,^, ;  (2)  those  which,  con- 
taining intervals  d^,.,  do  not  contain  intervals  d^t  inside  those  in- 
tervals d^,\  (3)  those  which,  containing  intervals  d,,,  with  intei-vals 
d^t  inside  them,  do  not  contain  intervals  d^^  inside  those  intervals 
d^t\  and  so  on.  The  sum  of  the  intervals  d^^r  which  are  not  weeded 
out,  however,  is,  and  remains  always,  greater  than  X— <r— r.  Hence 
the  weeding  process  cannot,  as  far  as  it  affects  the  intervals  dl,,^  go 
on  ad  infinitum ;  but,  after  a  finite  number  of  stages,  it  comes  to  an 
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end.     Let  those  intervals  d^^r  which  are  then  left  be  denoted  by 

A,n       {r  =  1,  2, ...,  cj ;  Ci  <  *i). 

Simaltaneouslj  we  have  been  weeding  out  the  intervals  d^^ «.  We 
have,  Rrstly,  weeded  out  intervals  d^,  which  are  not  contained  in 
intervals  2)i,r.  But  it  may  be  that  some  of  the  intervals  d^,  which 
lead  up  to  intervals  I>,,r  do  not  lead  down  to  intervals  <2^i  for  all 
values  of  n  >  2.  We  have,  however,  weeded  out  from  the  intervals 
d^,  those  which  have  not  this  property,  just  as  we  did  the  intervals 
di^ry  and,  since  the  sum  of  the  intervals  left  is  always  >  X—<r—r,  it 
follows,  as  before,  that  the  weeding  process,  as  far  as  it  affects  the 
intervals  d^,,  must  also  come  to  an  end  after  a  finite  number  of 
stages.  Let  us  denote  the  intervals  d^^  loft  at  the  end  of  the  weed- 
ing process  by 

^i.r,       (r=l,  2,  ...,«,;  IT,  <fc,). 

Similarly  we  determine  sets 

I>«,r,         (r  =  l,2,  ...,i:«;  ic»  <  &  J 

for  each  successive  value  of  n.  The  characteristics  of  these  sets  D„,,. 
are  (1)  each  interval  D„,^  leads  up  to  intervals  D^r  for  all  values  of 
m  <  n;  (2)  each  interval  D,^^  is  led  up  to  by  intervals  D„^r  for  all 
values  of  n  >  m ;  (3)  the  sum  of  all  the  intervals  D,,,,  r  for  given  in  is 
always  >  X— c— r  ;  (4)  the  upper  limit  of  the  length  of  the  intervals 
I>„,r,  for  given  n,  being  ^e,„  decreases  without  limit  as  n  is  inde- 
finitely increased.  Hence,  if  we  choose  one  of  these  intervals  for 
each  successive  value  of  n  so  that  each  of  the  chosen  intervals  lies 
within  the  preceding,  they  will  define  a  limiting  2^int  P  which  will 
not  be  exterior  to  any  one  of  the  defining  intervals.  The  end  points 
of  these  defining  intervals  being  points  of  G,  P  will  certainly  be  a 
limiting  point  of  O^  (that  is,  a  point  of  F),  so  that,  unless  P  is  an 
end  point  of  each  of  the  defining  intervals  after  a  definite  stage,  P, 
being  interior  to  a  black  interval  of  every  (r„,  will  belong  to  no  G^, 
and  therefore  not  to  G,  so  that  G  will  be  unclosed. 

Since,  however,  the  sum  of  the  intervals  2),^^  for  any  assigned  n 
is  greater  than  \—<r—T,  it  is  easy  to  show  that  there  must  be  limit- 
ing points  which  are  not  end  points  of  the  defining  intervals.  This 
is  a  consequence  of  a  theorem  which,  being  of  general  application, 
is  stated  and  proved  in  the  following  section. 

20.  Theorem. — If  we  have  a  finite  nuniber  of  non-overlapping  in- 
tervals D„,^,  (r  =  1,  2,  ...,  k„),for  every  integral  value  of  n  such  that  all  the 
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intervals  I>„,  ^j  for  given  n,  He  inside  the  intervals  D,«,r,  for  every  valtie  of 
m  <  n,  and  contain  intervals  D^r,  for  all  values  of  p  >  n,  then,  if  the 
sum  8n  of  all  the  intervals  D„,„  for  every  n,  is  greater  than  some 
assignahle  positive  quantity  A,  there  are  points  such  that  ea>ch  is  interior 
to  an  interval  D,^ ,.  for  every  value  of  n. 

Let  ft,  be  any  assigned  small  positive  quantity.     From  each  end  of 

each  interval  Z)„,^  let  us  cut  off  a  fraction  ^   of  its  length.     The 

sum  of  the  pieces  cut  off  is  less  than  ^ ,  and  that  of  the  curtailed 
intervals  is  greater  than  iS„—  ^ . 

Now  inside  the  curtailed  intervals  D«,, r,  (  whose  sum  is  <  /S„,—  ^  j 

there  will  fall  parts  of  some,  but  not  necessarily  all,  of  the  uncurtailed 
intervals  2)m^i,r-     But,  since  the  sam  of  the  parts  cut  off  from  the  I)^^ 

was  less  than  ~ ,  it  follows  that  the  sum  of  the  uncurtailed  intervals 
2*** 

and  parts  of  intervals  jD^fi,.  inside  the  curtailed  intervals  D„^,  is 
greater  than  /S„+i—  ^^*  Hence  the  sum  of  the  curtailed  intervals 
and  parts  of  intervals  I>»,^i,«  in  the  same  is  greater  than 


^«+i— S^  — 


2"'      2' 

The  sum  of  the  remaining  intervals  and  part  of  intervals  jD«+i,r 
(uncurtailed)  is   less  than    ^  +  -^ .     Hence  the   sum  of  the  un- 

curtailed  intervals  and  parts   of  intervals  P^^2,t   which  fall  inside 
those   curtailed    intervals   D,«+i,,  which    lie   in    curtailed   intervals 

I>^,  r  is  greater  than  ^••♦2—^(^  —  4^^;  and  the  sum  of  the  curtailed 

intervals  and  parts  of  intervals  Dm*i,t  in  the  same  is  greater  than 
o      __  A  _-    ^    ^^ 

In  this  way  it  appears  that  the  sum  of  the  curtailed  intervals  l^n,  ^ 
which  fall  inside  curtailed  intervals  D«_i,r,  which  themselves  fall 
inside  curtailed  intervals  I>„.2,n  and  so  on  back  to  D|,r,is  greater  than 

^^,—  ^- —  ^— ...  —  ^      and    is    therefore    certainly  greater  than 

8n—fJ^',  a  fortiori,  than  X — fi. 

Considering  then  the  new  sets  of  curtailed  intervals,  and  leaving 
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out  all  sach  as  do  not  lie  in  the  preceding  and  contain  all  the  follow- 
ing sets,  we  get  a  new  series  of  sets,  which  we  may  denote  by  D^n 
and  which  have  precisely  the  same  attributes  as  before,  except  that 
X — fi  is  substituted  for  A. 

If  we  now  choose  one  of  these  intervals  for  each  successive  value 
of  n,  so  that  each  lies  within  the  preceding,  they  will  determine  a 
limiting  point  P  or  a  limiting  interval  8.  In  either  case  they  de- 
termine one  or  more  points  which,  not  being  exterior  to  any  one  of 
the  defining  intervals  D^  rt  is  certainly  interior  to  the  corresponding 
uncurtailed  intervals  Dn,r-  Q.  E.  D. 

21.  Applying  this  theorem  to  the  results  of  the  preceding  article, 
we  see  that  6i^  will  be  unclosed  ;  that  is  to  say,  the  hypothefis  tJuU  the 
limit  of  the  sequence  of  quantities  B^  (e»)  is  other  than  zero  is  only  com- 
patihle  with  onr  other  conditions  if  O  is  unclosed^  which  proves  the 
theorem  of  §  2. 

22.  It  should  be  noticed  that  the  discussion  of  §  19  permits  us  to 
remove  the  restriction  as  to  the  finiteness  of  the  number  of  intervals 
D,,,  r.     The  more  general  theorem  is  as  follows  : — 

If  we  have  a  set  of  non-overlapping  intervals  A,  for  every  integral 
value  of  n  snch  that  all  the  intervals  of  A„  for  given  n  lie  inside  tfie  in- 
tervals  of  A^  for  every  value  of  m  <  n,  and  contain  all  the  intervals 
of  Ap  for  every  value  of  p  >  n,  then^  if  the  sum  S^  of  all  the  intervals 
A„  for  every  n  is  greater  than  some  assignable  positive  quantity  X,  there 
are  points  such  that  each  is  interior  to  an  interval  of  A„  for  every  value 
of  n. 

23.  It  remains  to  deduce  Osgood's  theorem.*  Denote  by  I  and  J„ 
the  contents  of  G  and  G„  respectively,  and  by  L  the  length  of  the 
finite  segment  over  which  they  extend ;  then  the  contents  of  the 
corresponding  sets  of  black  intervals  are  (L  — J)  and  {L'-'I„), 

By  the  theorem  of  §  2, 

L-J„-(L-J)  =  i?„(€)-i2(€)  <E,.(€)  <(r     (n^m), 
which  proves  the  theorem. 


Ainer.  Jour,  of  Math.,  Vol.  xix.,  1897. 
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A  Note  on  Unclosed  Sets  of  Points  defined  as  the  Limit  of  a 
Sequence  of  Closed  Sets  of  Points,  By  W.  H.  Young. 
Iteceived  October  4th,  1902.     Read  November  13th,  1902. 

1.  The  method  pursued  in  the  foregoing  paper,  "On  Closed 
Sets  of  Points,"  enables  us,  without  difficulty,  to  determine  the  most 
general  condition  that  the  limit  of  the  content  of  such  a  sequence  of 
sets  0^  should  be  the  content  of  the  closed  set  T  in  which  they 
become  dense  everywhere. 

2.  Let  G^,  G,,  ...  be  a  countably  infinite  sequence  of  sets  of  points 
each  of  which  is  closed  and  nowhere  dense  and  is  contained  in  all 
the  succeeding  sets,  and  such  that,  given  any  segment,  it  is  possible 
to  specify  a  part  of  it  which  is  entirely  black  for  every  set  (?„,  and 
let  G  be  the  limiting  set  and  T  the  set  obtained  by  adding  to  G  those 
points,  if  any,  which,  without  being  points  of  G,  are  limiting  points 
of  G.  G  and  V  will  then  he  dense  nowhere.  The  following  general 
theorem,  of  which  the  theorem  of  §  12  of  the  foregoing  paper  is  a 
special  case,  viz.,  when  G  and  T  are  identical,  is  the  key  to  the  whole 
matter. 

3.  Given  any  two  small  positive  quantities  e  and  cr,  we  can  assign  a 
definite  integer  m  such  that  for  all  integers  n^m  the  difference  between 
the  sums  of  all  the  black  intervals  of  T  and  of  G»  which  are  ^  e  is  less 
than  <r. 

The  proof  is  precisely  on  the  lines  of  that  of  the  corresponding 
theorem  of  §  12,  loc.  cit.  We  have,  however,  to  notice  that,  if  (P,  Q) 
be  a  black  interval  of  F  which  is  ^  e,  and  we  lengthen  (P,  Q)  at 

each  end  by  a  length  ^  (where  k  is  the  number  of  black  intervals 

of  r  which  are  ^  c),  there  must  be  a  point  Pj  of  G  in  the  little 
piece  added  on  at  P,  though  P  is  not  necessarily  a  point  of  G,  and 
similarly  there  must  be  a  point  Q,  of  G  in  the  little  piece  added  on 
at  Q. 

If  we  determine  m^  so  that  both  P^  and  Q,  are  points  of  6?^,, 
then,  since  (P,  Q)  is  certainly  entirely  black  for  G^^,  either  (P„  Q^) 
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is  a  black  interval  of  6?«,  or  else  there  is  a  black  interval  of  G„, 
whose  end  points  lie  in  (P,  P,)  and  (Q,  Q,)  respectively. 

Doing  this  with  each  black  interval  ^  e  of  F,  we  determine  an 
integer  m,  such  that  the  sum  of  those  black  intervals  of  (?«,  which 
are  led  up  to  by  all  the  black  intervals  of  T  which  are  ^  e  differs  from 
the  sum  of  the  latter  black  intervals  by  less  than  o. 

As  in  §  12,  loc.  cit.,  however,  (?«,  may  have  other  black  in- 
tervals ^  € ;  but  these  can  be  disposed  of  and  the  proof  completed 
precisely  as  was  done  there  for  the  closed  G. 

4.  Thus,  if  land  I^  be  the  contents  of  F  and  O^  respectively,  and 
R{€)  and  jB„(e)  be  the  sums  of  those  black  intervals  of  F  and  On  re- 
spectively which  are  <  e,  we  have 

/-/„-ie,(e)-hi?(€)  <or. 

Xow  we  can  choose  c  so  as  to  make  E  (c)  as  small  as  we  please,  so 
that  it  is  evidently  fiecessary  and  suficient  for  the  equality  of  I  avd 
Urn  /„  (  n  =  00  )  that  we  may  be  able  to  choose  e  so  that,  for  all  integers  n 
greater  than  a  certain  integer,  R^  (e)  viay  be  less  than  any  assigned  small 
quantity. 


Summation  of  a  certain  Seriea,     By  A.  C.  Dixon. 
Received  October  10th,  1902.     Read  November  13th,  1902.* 

The  object  of  the  present  note  is  to  find  the  sum  of  the  infinite 
'^"^^^  ,   .   a^y   .    a(a+l))S(/3+l)y(y  +  l)     . 

in  the  case  when  y8-f^  =  y-f  e  =  a  -h  1. 

Tlie  condition  for  convergency  will  be  supposed  satisfied  ;   that  is,  the 
I'eal  part  of  ^  +  €— a— yS — y  will  be  taken  to  be  positive. 


•  The  original  MS.  was  lost  in  transit.    The  paper  has  been  rewritten  by  the 
author,  January,  1903. 


1902.]  Summation  of  a  certain  Series,  285 

Let  F  (a,  j8,  y,  x)  and  F  (a,  )3,  y,  8,  c,  a?)  stand  for  the  two  series 

7  2!y(y4-l) 

.       «)8y  a(a-fl)/3(i8-H)y(y  +  l)^,  . 

ac    ^     2!;(a+i)€(€+i)     «^ -»"•••• 

Let    I        denote  integration  round  a  closed  path  consisting  of  four 

loops,  each  of  which  begins  and  ends  at  a  certain  point  c  on  the 
straight  line  between  a  and  h,  and  which  pass  respectively  round  b 
positively,  a  positively,  b  negatively,  a  negatively ;  the  subject  of 
integration  will  contain  powers  of  such  factors  as  a;,  1 — x  which  are 
initially  real  and  positive  ;  its  initial  value  will  be  fixed  by  taking 
the  logarithms  of  these  factors  to  have  their  real  values. 

Let   I       denote  integration  along  a  loop  starting  and  ending  at  o^ 

Jfl.(6) 

and  passing  positively  round  6,  the  initial  value  of  the  subject  being 
fixed  as  before.     Thus  we  have,  when  r  is  positive, 

J  (0,1)  J  (1,0) 

=  K  (1  -e*-*')  (1  -e'"-)  B  (m,  n) 
r 

4 
=  —  —  e^""*"^  *'  sin  rmir  sin  nir  B(m,  n), 
r 

and,  if  the  real  part  of  m  is  also  positive. 


;o(i) 


^r«-i  (l_af)"-»ia;  =  ~(l-c*"-)B(m,  n) 

T 

2( 
= e*'*'  sin  nir  B  (m,  n). 


Now     F(o,)8,y,8,e,0  f       z''-' (l-zy^'' dz 

J  (0, 1) 


i, 


=  I       F(a,  /3, 8,  tz) «'-'  (l-*)'-'-'  dz 

'(0.1) 


and      F(a,a-i+l,i,x)  =  (l+x)-F(^f,  '^ ,  8, 
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Hence 

2>'(a,a-8-fl,a-€-fl,8,€,of       2— (1- «)*•—*  (i« 

J  (0,1, 

JC|1-«),(I»«).>1        v^  *  / 

x(i-«.)-(u-i=-;)'--'i«, 

by  the  substitution         u  =  (1— fr)/(l  +  ^«). 
Now 

_        rar(8-a-i)         „/a     a+l         .,3     ,\ 
-r(al..)r(.--)<^--^-'^''") 

+  ■■8r(..  +  J-8)  ...... p(j_  •    s-"4J,  s-.+i,  .■). 

papa-fl  \2  2  '*/ 

2         2 

Let  this  substitution  be  made  in  the  integi'al,  and  consider  the  two 
parts  sepai^ately.      In  the  fii-st   the   subject  of    integration  has  no 

singulai'ity  at  0,  and  thus  the  loop  containing     ""     may  be  taken  to 

contain  0  as  well,  and  we  may  put  ^  =  1  at  once.     The  expi*ession 
to  be  calculated  is  thei'efoi'e 


f./(f '  "^'  "~*+^'  «')(i-'0"-«'^-'-' 


du 


or 


■4-1  .«*-'(l-^)»-'**(i;r. 


Jnu- 


In  the  double  integral  change  the  order  of  integration  and  use  the 
substitution  u' =  y'/(l-x+xy'). 
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The  expression  thus  becomes 

J(0,1)J(0,1) 
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J (0,1) 

thatis,  — 26-*8iii  (a— e)x8iii  (2e-a)irl?  L-e+1,  e—  ^^~') 

-  -4e.— -sin  (--±-3-a)  .sinf  B  (f.  ^-^). 

The  coefficient  of  this  in  F(a,  a—S+l,a—e+l,  i,  e,  1)  is 
2^.-2.-1  rST(i-a-i) 

-7 4e~'sm  (o—e)  v  sin  (2c— a)  r  5  (a— €-|- 1,  2e— a— 1). 

Hence  the  value  of  the  term  as  a  whole  is,  after  reduction, 

^r(5+€-o-.i)r(a-|-)r^r(|a-5-€+2)r(2€-a-.i). 

'  To  find  the  other  term  we  must  evaluate 


lim 

K-O 


LA'-^''-'-T'''-'*i''') 


where  «:  has  been  written  for  (1— ^)/(l  -h^). 

Take  «:  to  be  small  and  positive  and  let  the  loops  start  from  the 
point  Vk.  Then  on  the  loops  round  1  we  have  \u\  ^  y/x,  and  thus 
(u—k)/u  =  1  in  the  limit,  so  that  we  may  put  c  =  0  at  once  in  tbtt- 
subject  for  this  part  of  the  path.  The  loop  round  k  may  be  taken  to 
be  a  circle  having  the  points  ^/^:  and  ^  as  the  ends  of  a  diameter. 

On  this  circle  we  have    <  1  and  >  1 —  Vk  ;  the  integral  is  then 

I    tt    I 
a  quantity  of  the  same  order  of  magnitude  as  J  lit"  ♦*•"*•"•  du|  taken 
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round  the  same  circle ;  that  is,  it  yanishes  in  the  limit  if  the  real  part 
of  2^-f  2e— 3a— 2  is  positive.  Hence,  under  this  condition,  which  we 
have  already  supposed  fulfilled,  we  may  replace  the  integral  by 

since  the  subject  of  integration  at  the  end  of  the  second  loop  round  1 
has  its  original  value  multiplied  by  ^(^ -•)*•». 

The  value  of  this  integral  may  be  found  by  means  of  the  same 
substitutions  as  before,  and  the  second  term  of  the  expression 
^(a,  a— 5-1-1,  a— €-1-1,  B,  €,  1)  is  the  product  of  the  coefficient 


a 
~2 


F— r°"*"^ 


-. 4e*^sin(a  — e)Tsin(2e— a)TB(a— e-l-1,  2e— a  — 1), 

by  the  value  of  the  integral,  namely, 

(l__e(^-)2«)x-»e(— ->^-8in(a-€  +  l)^B(a-e+l,  5  +  e-'2''-l) 

X  -4e^*'  -*)-8in  (^---^U  sin  (a-i-€  +  2)7r 

xB(a-i+i,  a-5-€+2) 

^   -4e(— «)-8in(3-'*J-^)irsin(l~-|),r 

xi,{.-«±i.,-|). 

After  reduction  this  product  becomes 

^2^-2.-2g(j.-*-.).M^5r€r(a-a-i-i)r(a-«-i-i)r(5+€-|'-.i) 
^r(a+e-a-i)r(a-|-)r^r(^^-e)r(2c-a-.i), 

and,  adding  this  to  the  former  result,  we  have  as  the  sum  of  the 
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original  series 

.       r,r.r(a+.-|-i)r(.---±i) 


2'- 


r(a+e-a-i)r(«--°-)r^r(2e-a-i)  8m(i-a+i), 

[-  eIJ(«*J)-«)» 


The  expression  in  sqnare  brackets 

=  _  le[4(-i)-.]-  sin  (1^  -a-c)  x+  ^e^*-'-^-8in  (-J  -  -c) 

=  —  sin  (^— « -f  i)  x. 
We  also  have 

r(2e-«-l)  =  r(e--|.)r(.-^+l)2'--''»:'. 

Hence,  finally, 

F(a,  a— ^-1-1,  a— €+1,  5,  e,  1) 


=  2-'ir^. 


rarcr(^4-e~fa-i) 


^(^-i)^('-i)^^r-T(S+_.-a-l) 


if  the  real  part  of  5  +  e— fa— 1  is  positive. 

If  in  this  we  write  3  =  c  =  1,  we  arrive  at  Prof.  Morley^s  result 
{Proceedings,  Vol.  xxxiv.,  p.  401).  The  present  investigation  was 
suggested  by  the  reading  of  Prof.  Morley's  paper.  I  ieam  from 
Prof.  Morley  that  he  had  hoped  to  sum  the  series  of  this  paper  by 
his  method. 
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Thursday,  December  Uth,  1902. 
Prof.  H.  LAMB,  F.R.S.,  President,  in  the  Chair. 

Eighteen  members  present. 

Mr.  J.  H.  Grace  was  admitted  into  the  Society. 

The  Aaditor  (Mr.  J.  H.  Grrace)  having  made  his  report,  the 
President  moved  that  the  Treasurer's  report  (read  at  the  November 
meeting)  be  adopted,  and  that  the  thanks  of  the  Society  be  given  to 
the  Treasurer  and  the  Auditor.  The  motion  was  seconded  by 
Mr.  Sheppard,  and  carried  nem.  con. 

The  following  papers  were  communicated  by  their  authors : — 

Dr.  H.  F.  Baker:  (1)  On  the  Calculation  of  the  Finite  Equa- 
tions of  a  Continuous  G-roup.  (2)  On  the  Integration  of 
Linear  Differential  Equations.  (3)  On  some  cases  of  Matrices 
with  Linear  Invariant  Factors. 

Mr.  G.  H.  Hardy :  The  expression  of  the  Double  Zeta  and 
Gamma  Functions  in  terms  of  Elliptic  Functions. 

Prof.  M.  J.  M.  Hill :  The  Continuation  of  the  Power  Series  for 
arc  sin  x. 

Mr.  E.  T.  Whittaker:  The  Functions  associated  with  the 
Parabolic  Cylinder  in  Harmonic  Analysis. 

Lieut.-Col,  Cunningham  took  the  Chair  while  the  President  gave 
an  account  of  his  recent  researches  on  "  Wave  Motion  in  Two 
Dimensions." 

The  following  papers  were  communicated  from  the  Chair : — 
Prof.  L.  E.  Dickson  :  (1)  The  Abstract  Group  Simply  Isomorphic 

with  the  Group  of  Linear    Fractional  Ti-ansformations  in  a 

Galois  Field.     (2)    Generational    Relations    of    an    Abstract 

Simple  Group  of  Order  4080. 
Mr.  H.  M.  Macdonald :  Some  Applications  of  Fourier's  Theorem. 
Rev.  F.  H.  Jackson :  Series  connected  with  the  Enumeration  of 

Partitions. 
Mr.  W.  H.  Young  :    Sets   of  Intervals,   Pai»t  II.,  Overlapping 

Intervals. 
Mr,  J.  H,  Grace  :  Perpetuants. 
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The  following  presents  were  made  to  the  Library : — 


"  Educational  Times,"  Vol.  lv.,  No.  500  ;  1902. 

<<  Indian  Engineering/'  Vol.  xxxn.,  Noe.  17-20  ;   1902. 

<*  L'Enseignement  Mathematique/'  Ann^e  iy.,  No.  6  ;  Paris,  1902. 

*'Societe  des  Naturalistes  de  Varsovie,  Comptes  Rendus,"  1901. 

Martin,  Emilie  Norton.— <<  On  the  Trnprimitive  Substitution  Qroups  of  Degree 
15,"  4to;  Baltimore,  1901. 

Mittag-Leffler,  G. — **Sur  la  representation  analytique  d'une  branohe  uniforme 
d'une  fonction  monog^e,"  4to  ;  1902. 

The  following  exchanges  were  received : — 

'♦Bulletin  of  the  American  Mathematical  Society,"  Vol.  nt..  No.  3; 
New  York,  1902. 

<*  Proceedings  of  the  American  Philosophical  Society,"  Vol.  zli.,  No.  170; 
Philadelphia,  1902. 

«  Jomal  de  Sciencias  Mathematicas,"  Vol.  zv.,  No.  1 ;  Coimbra,  1902. 

♦'Beibliitter  zu  den  Annalen  der  Physik,"  Bd.  zzvi..  Heft  11;  Leipzig, 
1902. 

<<Periodico  di  Matematica,"  Anno  xvni.,  Fasc.  3  ;  Livomo,  1902. 

**  Supplemento  al  Periodico  di  Matematica,"  Anno  vi.,  Fasc.  1  ;  Liyomo,  1902. 

«  Proceedings  of  the  Physical  Society,"  Vol.  zym.,  Pt.  3  ;  London,  1902. 

**  Bulletin  des  Sciences  Mathematiquee,"  Tome  xxvi.,  Oct.,  Nov.,  1902; 
Paris. 

''Reale  Accademia  dei  Lincei— Rendioonti,"  Vol.  xi.,  Sem.  2,  Fasc.  9,  10; 
Roma,  1902. 

**  Praoe  Matematyczno-Fizyczne,"  Tome  xm. ;  Warsaw,  1902. 
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The  Abstract  Oroup  Simply  Isomorphic  with  the  Group  of  Linear 
Fractional  Transformations  in  a  Oalois  Field.  By  L,  E. 
DiOKBON,  Ph.D.  Received  November  13th,  1902.  Bead 
December  11th,  1902. 

1.  The  object  of  this  paper  is  the  determination  of  a  simple  set  of 
generational  relations  for  the  abstract  groap  O  m.^..  simply 
isomorphic  with  the  group  of  all  linear  fractional  transformations  on 
one  variable  with  coeflBcients  belonging  to  the  G^^  [/>"],  />>2,  and 
having  determinant  anity.  The  group  is  known  to  be  simple,  except 
for  !>"  =  3. 

For  n  =  1,  the  group  may  be  generated  by  two  operators  T  and  /S>, 
subject  to  the  generational  relations  (§  20) 

T*=J,     S^-l     (8Ty  =  l     (S'TS'-'Ty  =  I, 

where  r  =  3,  4,  ...,  ^(p— !)•  However,  only  one  of  the  positive 
residues  of  t,  2/t,  —21 1  need  be  taken  as  a  value  of  r.  Thus,  for 
p  =  3,  or  for  p  =  5,  r  takes  no  values,  so  that  only  the  first  three 
relations  occur.  For  ^  =  7,  r  =  3  ;  for  ^  =  11,  r  =  3,  4 ;  for  jp  =  13, 
r  =  3,  4 ;  for  2>  =  17,  r  =  3,  4,  6,  7  ;  for  p  =  19,  r  =  3,  4,  5,  6  ;  for 
^  =  23,  r  =  3,  4,  5,  6,  9. 

For  general  w,  the  group  may  be  generated  by  the  operators  T  and 
S^  (where  X  runs  through  the  series  of  p"  marks  of  the  field)  subject 
to  the  generational  relations 

(1)  T^l    S,  =  I,    S,S,=^S,,,     (A,  Ai  any  marks), 

(2)  (S,Tr=I, 

(3)  {SrTS2trTy=I    (t  any  mark  ijt  0). 

Owing  to  redundancies  in  these  relations,  we  may  restrict  X,  fi,  r  to 
a  part  of  the  marks  of  the  field  (compare  §§  20,  21). 

While  the  preceding  statements  are  doubtless  true  for  any  prime 
p  >  2  and  any  positive  integer  n,  they  are  here  proved  only  when 
p''  <  49 ;  viz.,  for  p''  =  3,  5,  7,  9,  11,  13,  17,  19,  23,  25,  27,  29,  31,  37, 
41,  43,  47.  Hence  they  hold  at  least  for  the  groups  of  orders 
<  58800.     For  the  general  case,  the  validity  of  the  theorems  is  made 


1902.]  Linear  Transformations  in  a  Galois  Field.  298 

to  depend  upon  a  problem  in  the  theory  of  nambers.  While  the 
latter  is  readily  treated  in  any  particalar  case,  its  general  solution  is 
not  undertaken.  Perhaps  direct  proofs  of  the  above  theorems  may 
be  given ;  for  example,  by  showing  that  the  order  of  the  abstract 
group  defined  by  (1),  (2),  and  (3)  is  at  most  ^p**  (j?*"— 1). 

2.  The  group  O  n,  2i._,v  may  be  generated  by  the  operators  T  and 
8x  subject  to  the  relations  (1)  and 

(4)    s»  T8^  rS(x .  i)i(x^ - 1)  Ts .  (;^_,)  !rS(^.i)/(;^_i,  r  =  I, 

where  X  and  fi  are  arbitrary  marks  such  that  \fi  ^  1.*  Relation  (4) 
will  be  designated  briefly  by  either  of  the  symbols 

(4-)      [A,M],     [^  ^.  xTE^'   -^^''-^)'  XT^J- 

3.  For  X  =  0  or  1,  or  for  /i  =  0  or  1,  relation  (4)  reduces  to  (2)  in 
view  of  (1).  One  of  these  cases  arises  if  any  subscript  in  (4)  equals 
Oor  1. 

If  X  and  fi  each  differs  from  both  0  and  1,  the  product  of  any  two 
consecutive  subscripts  in  (4)  differs  from  1  (the  first  subscript  being 
regarded  as  consecutive  with  the  last),  so  that  the  following  symbols 
may  be  employed  for  (4)  : — 

(5) 

"Eojch  relation  (5)  has  the  same  five  subscripts  and  in  the  saane  cyclic 
wder  as  the  five  subscripts  in  [X,  /i].  Hence  each  follows  from  [X,  fi] 
by  simple  transformation,  upon  applying  (1).  To  prove  the  first 
statement,  we  need  only  verify  that  the  operationf  C  which  replaces 

X  ^  fi.  hy  fjL,  -,    respectively,    will   replace    the  latter    pair    by 


*  A  more  general  theorem,  valid  for  an  arbitrary  field,  was  establiahed  by 
Prof.  E.  H.  Moore,  and  communicated  fwithout  proof)  to  me  in  1899.  I  then  con- 
structed the  proof  for  finite  fields  given  m  my  Linear  Grouptf  }  278,  CoroUary. 

t  Note  that  we  have  a  birational  transformation  of  period  5, 

Then  C,  (J*,  C,  (?*  replace  A.  by  the  remaining  four  subscripts  in  (4). 
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~^Y,  —  X^  +  1;  the  latter  in  turn  by  —  A^i-f  1,  /*"  ,  ;    tbe  latter 
A/i  —  1  A/i  —  1 

by  j~-^,  >  ^;  and  the  latter  by  X,  /i.     Hence  (7  produces  a  crjrdic 

permutation  of  the  subscripts  in  (4).     Hence  the  relations  (5)  vte 
derived  from  [X,  fi]  by  applying  (7,  C,  C*,  C*,  respectively. 

4.  For  fi  =  —  1,  so  that  X  ^  —  1,  relation  (4)  becomes 

upon  replacing  TS.i  T  by  /S,TiSi,  as  may  be  done  by  (2).     Giving  to 
X  all  possible  values,  we  obtain  relations  (3). 

When  any  other  subscript  in  (4)  equals  —1,  the  relation  follows, 
as  in  §  3,  from  that  in  which  the  second  subscript  is  —  1,  upon 
applying  (1).     Such  a  case  arises  only  for  X  =  —  1  or  for 

(6)    /^  =  y-l,     A.  =  y,     or    /^  =  ^^  • 

5.  The  chief  aim  of  the  paper  is  to  show  that,  for  p  ^  2,*  relations 
(4)  all  follow  from  relations  (1),  (2),  (3).  This  statement  has  been 
proved  in  §§  3,  4  for  relations  (4)  in  which  any  subscript  equals  0, 
-f  1,  or  — 1.  In  particular,  it  is  true  for  relations  [X,  /i]  in  which 
one  of  the  relations  (6)  holds. 

Henceforth,  we  say  that  a  relation /oZZoir*  when  it  can  be  derived 
from  (1),  (2),  and  (3)  ;  that  a  relation  follows  from  another  when  it 
can  be  derived  from  the  latter  and  (1),  (2),  (3). 

6.  Theorem. — Either  of  the  relations  [X,  ^n]  and  U*, X    follows 

from  the  other.f 

Transforming  both  members  of  (4)  by  S^-a/M  a^^  replacing 
Si,^  T8^  1\  the  initial  product  in  the  resulting  relation,  by  its  inverse 
TS.^TS.21^,  following  from  (3),  we  get 


♦  For  />  =  2,  relation  (3)  follows  from  (1). 

t  Note  that  here  also  we  have  a  birational  transformation 


•p;;-.  -i: 


2 
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Taking  the  invei'se  of  each  member,  we  obtain  relation     /i,  — •  —X  . 
To  denote  briefly  that  the  latter  follows  from  [X,  fi],  we  write 
(7)     [x,^]~[,.,A_x]. 

7.  Certain  results,  not  used  below,  may  be  derived  as  corollaries  to 
the  preceding  theorem.  From  (1),  (2),  (3)  can  be  derived  the 
following  relations  (X  being  an  arbitrary  mark)  : — 

[.|],    [.1.1],    [X,jlj].    [x.|=il. 

Three  of  these,  given  by  (6),  were  established  directly  in  §§  4,  5. 

8.  Before  entering  upon  the  technical  discussion  by  means  of 
which  the  computations  are  greatly  simplified,  I  will  show  in  a  few 
examples  how  the  two  theorems  of  §§  3  and  6  suffice  to  prove  without 
device  that  relations  (4)  follow  from  (1),  (2),  (3). 

For  p**  =  5,  the  relations  (4),  with  X  ^  0,  1 ;  /i  i^^O,  1,  are 

[22222],     [24334],     [33424],     [34243],     [42433],     [43342]. 

Now  [2,  2]  follows  from  [2,  f-2]  =  [2,  —1]  by  §  6.  The  remaining 
five  relations  all  have  a  subscript  4=  —  1  (mod  5).  Hence  all  six 
follow  from  (I),  (2),  and  (3). 

For  p"  =  7,  the  relations  (4),  with  X  ^  0, 1 ;  /i  ^  0,  1,  are 

[22545],     [33262],     [44363],     [55646], 

together  with  those  given  by  permuting  the  subscripts  cyclically. 
Now  [2,  2]  follows  from  [2,  -1];  while  6=  —1  (mod  7).  Hence 
all  follow  from  (1),  (2),  (3). 

For  p"  =  9,  the  field  may  be  defined  by 

/=-l  (mod  3). 

The  relations  (4),  with  X  ^it  0,  1 ;  fi  :5fc  0,  1,  are 

[-1,  ±i,  =Fy+i,  ±i+l,  ^^J],    [-1,  ±i+l,  =Fj-l,  ±/-l,  =Fif  1], 

[-1,  ±i~i,  =fci,  rti,  ±i-i],   [=fci,  ±i+i,  ±i,  ^i-i,  =Fi-i,], 
[±i+i,  ±y+i,  ±i+i,  ±i+L  ±j+i]. 
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together  with  those  arising  by  cyclic  permutations.     Since 

[±y+l,  =fci]  follows  from  |j\  —1],  and  [±^+1,  dbj  +  l]  follows 
from  [±J+1,  ±j],  by  §6,  Hence  relations  (4)  follow  from  (1), 
(2),  (3). 

For  p'  =  11,  an  elementary  proof  is  given  in  the  Bulletin  of  the 
American  Mathematical  Society,  Vol.  ix.,  December,  1902. 

For  j>"  =  13,  the  relations  (4),  with  X  ^  0,  I ;  /« gfc  0,  1,  are 

[-1,2,5,3^4],    [-1,3,7,4,6],    [-1,4,3,5,2],    [-1,5,9,6,8], 
[-1,6,4,7,3],     [-1,7,10,8,9],    [-1,8,6,9,5], 
[-1,  9,  8, 10,  7],     [-1,  10,  -1, 11,  11],     [2,  2,  9, 10,  9], 
[2,3,8,8,3],   [2,4,2,6,6],    [2,8,7,11,10],   [2,10,11,7,8], 
[2.11,5,5,11],     [3,3,10,5,10],    [3,6,7,9,11], 
[3,11,9,7,6],     [4,4,8,11,8],     [4,5,7,7,6], 
[4,9,9,4,11],     [5,6,10,10,6], 
together  with  the  cyclic  permutations.     By*  §  6, 
[2,  2]  ~  [2,  -1],     [3,  8]  ~  [8,  7]  ~  [7,  9]  ~  [9,  -1], 

[2,  4]  ~  [4,  5]  ~  [5,  -1],     [2,  10]  ~  [10,  6]  ~  [6,  -1], 
[10,  5]  ~  [5,  6]  ~  [6,  4]  ~  [4,  1],     [4,  4]  ~  [4,  3]  ~  [3,  1], 
[3,  11]  ~  [11,  9]  ~  [9,  8]  ~  [8, 1], 
[4,  9]  ~  [9,  2]  ~  [2,  5]  ~  [5,1]. 

But,  by  cyclic  permutation  of  subscripts,  [2,  8]  follows  ivora  [8,  7], 
[3,  6]  from  [7,  9],  and  [11, 10]  from  [2, 8].  Also  [2, 11]  ~  [11, 10]. 
Hence  all  the  relations  follow  from  (1),  (2),  (3). 

For  p"  =17,  i-elations  (4),  with  \  ^  0,  1 ;  ^  ^  0,  1,  are 

[-1,2,12,3,11],     [-1,3,9,4,8],     [-1,4,14,5,13], 

[-1,5,6,6,5],     [-1,6,10,7,9],     [-1,7,13,8,12]. 

[-1,  8,  4,  9,  3],     [-1,  9,  7,  10,  6],     [-1,  10,  11,  11,  10], 

[-1,  11,  3, 12,  2],     [-1,  12,  8, 13,  7j,     [- 1,  13,  5,  14,  4], 


♦  We  employ  [3,  8]  instead  of  [2,  3],  in  view  of  §  3,  since 

[2,  3]  -  [3,  3]  -  [2,  11]  -  [11,  10]  ^  [10,  10]  -  [10,  11]  -  [11,  2]  -  [2,  3]. 
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[-1,  14,  -1,  15,  15],    [2,  2,  6,  14,  6],     [2,  3,  7,  12,  14],. 

[2,4,5,10,15],     [2,5,2,8,8],     [2,7,4,4,7], 

[2, 10,  9, 15,  13],    [2,  11,  13, 13, 11],    [2, 13, 15,  9,  10], 

[2, 14,  12,  7,  3],     [2,  15, 10,  5,  4],     [3,  3,  13,  9,  13], 

[3,4,11,6,8],     [3,5,5,3,10],     [3,8,6,11,4], 

[3, 14,  10,  10, 14],     [3,  15,  7,  7,  15],     [4,  6,  9, 11,  15], 

[4,  10,  4,  12,  12],     [4, 15,  11,  9,  6],     [5,  8,  11,  12,  15], 

[5,  9,  14,  7,  11],     [5,  11,  7,  14,  9],     [5,  12,  9,  9,  12], 

[5, 15,  12,  11,  8],    [6,  7,  8,  10,  13],     [6,  12, 13,  14,  15], 

[6, 13, 10,  8,  7],     [6,  15, 14,  13,  12],     [8,  9,  8, 14,  14], 

together  with  those  given  by  cyclic  permntations.     Belations  arising 
by  a  cyclic  permutation  will  be  marked  equal.     Then 

[2,  2]  ~  [2,  -1],     [2,  3]  ~  [3,  10]  ~  [10,  4]  ~  [4,  -1], 

[2,  4]  ~  [4,  7]  ~  [7,  6]  ~  [6,  - 1],     [2,  7]  =  [4,  7], 

[2,  5]  =  [8,  8]  ~  [8,  5]  ~  [5, 6]  ~  [6, 1],  [8, 8]  =  [8,  2]  ~  [2, 10], 

[2,  11]  =  [11,  13]  ~  [13,  14]  ~  [14,  9]  ~  [9,  7]  ~  [7,  1], 

[J,  13]  ~  [13,  6]  ~  [6,  10]  ~  [10,  1], 

[2,  10]  ~  [10,  5]  =  [2, 15]  =  [4,  2]  ~  [2,  14], 

[3,  3]  ~  [3,  9]  ~  [9,  1],  [3, 4]  ~  [4, 6]  ~  [6, 2]  ~  [2, 12]  ~  [12, 1], 

[3,  5]  =  [5,  5]  ~  [5,  9]  ~  [9,  -1],     [3,  8]  ~  [8, 10]  ~  [10,  -1], 

[3,  14]  ~  [14,  2J  =  [2,  3J, 

[3,  15]  ~  [15,  13]  ~  [13,  10]  ~  [10,  11]  ~  [11,  1], 

[4,  6]  from  [3,  4]  above, 

[4, 10]  =  [10,  4]  ~  [4,  -1],     [4,  15]  =  [6,  4]  ~  [4, 3]  ~  [3,  8], 

[5,  8]  ~  [8,  8]  =  [3,  5],     [5,  9]  ~  [9,  -1], 

[5,11]  =  [11,7]  ~  [7,-1],     [5, 12]  ~  [12, 16]  ~  [15, 4]  =  [4, 6], 

[5, 15]  =  [8,  5]  ~  [5,  6]  ~  [6, 1],     [6,  7]  =  [8, 10]  ~  [10,  -1], 

[6, 12]  =  [12, 13]  ~  [13, 13]  =  [2,  11], 

[6,  13]  ~  [13,  2]  =  [2,  10],     [6,  15]  ~  [15,  10]  =  [2,  15], 

[8,  9]  ~  [9,  13]  =  [3,  3]. 
Hence  all  the  relations  (4)  follow  from  (1),  (2),  (3). 
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9.  Repeating  the  process  indicated  by  (7),  we  get 

Let  t„  denote  the  m-th  symbol  in  this  series.     Then 

These  formnlsB   are    evidently  tme  for  fc  =  1  and  fc  =  2,  and,  by 

2 
simple  induction,   for  general  k.     If  p  =  0,    then X  =  0  and 

f* 
[X,  /i]  ^  [fi,  0]  follows  from  (1),  (2).  For  p^2,  we  have  p^-l; 
while  p  ^  +  1,  since  X/i  ^  1.  It  follows  that,  if  p  belongs  to  one  of 
the  exponents  />*— 1,  i(p"  — 1)»  relation  [X,  /i]  is  a  consequence  of  a 
relation  (4)  with  ±  1  as  the  second  subscript,  and  hence  a  con- 
sequence of  (1),  (2),  (3).  Indeed,  if  p  belongs  to  the  exponent  jy*—l, 
we  may  determine  Ic  so  that  p^  zn  p\  if  p  belongs  to  the  exponent 
^  (i^"— 1),  we  may  determine  k  so  that  p*  takes  one  of  the  two  values 

+  M.  — A*- 

In  view  of  §  3,  the  same  result  follows  when  X,  /i  are  replaced  by 

the    I'espective    subscripts   in    any    one  of   the    pairs    (5).      Then 

2 
p^^    —I  is  replaced  by 

V  +  /UI— 2     l-fX      1-f^     X/i-fX— 2 
\fA—fi  1 — X'     1— /i  X/m — X 

We  may  apply  the  same  argument  to  T/i, \     that  we  applied 

to  [X,  fi].     Then  p  and  the  preceding  four  expressions  are  replaced 
by  respectively 


2-X^— X/i'         l-h/i,     /A— \/Li-i-2        X/x~ft 


p'    (2-\fx)(fi^l)'    1-p'    ,i-hXM-2'    A/i-hAi-2' 

Proceeding  similarly  with     ^    — /a,  X   ,  from  which  follows  [X,  /a], 
we  have  p  and  the  four  expressions  replaced  by 

i.        V->^        X-X/x-f2     IjhX         2-X)ii—XV 
p'   X/i-fX-2'    X+X^-2'    1-X'    (2-X^)(X-r)' 
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Theorem. — Edation  [X,  /i]  follows  from  (1),  (2),  (3)  if  any  one  of 
the  foUovcing*  expressions  belongs  to  the  exponent  p** — 1  or  ^  (p* — 1)  : — 

_  X^H-X— 2  ,  __  V±/i— 2 

X/Lt — X  X/i — /i 

^      X-l-X^-2'  ^       ^-|.X^-2' 

^       (2-X,i)(X-ir     ^       (2-X,.)(M-l)- 

10.  The  preceding  theorem  suffices  to  prove  readily  that  relations 
(4)  all  follow  from  (1),  (2),  (3),  at  least  when  p""  <  49,  p^^i  2.  We 
have  only  to  verify  that  for  no  values  of  X,  /i  do  the  expressions 
p,  ...,  y'  all  belong  to  exponents  <  id?"— 1).  We  recall  (see  §9) 
that  the  values  p  =  ±  1  are  excluded.  The  theorem  is  therefore 
evident  for  p"  =  3  or  5 ;  likewise,  for  p"  =  7,  9,  11,  23,  27,  or  47,  the 
only  marks  belonging  to  exponents  <  i(l>*— 1)  being  ±1.  In 
general,  it  holds  true  when  ^  (p"— 1)  is  a  prime  number. 

11.  For  p**  =;:  13,  the  only  marks  belonging  to  exponents  <  6  are 
the  solutions  d=  1,  ±5;  1,  3,  9,  of  X*  =  l;  X»=l  (mod  13).  Let 
therefore  p,  r,  and  r  each  take  the  values  5,  8,  3,  9.     Then 

X)ui  =  9,  6,  7,  8;     X=5,  8,  7,  6;    ^  =  5,8,7,6     (mod  13). 

Since  X  and  ft  take  only  the  values  ±5,  ±6,  we  have  X/i^  9.    Hence 

(X,  fi)  ±=  (5,  ~6),  (-5,  6),  (6,  -^6),  (-6,  5). 

For  these  values,  a' =  7,  0,  2,  3  (mod  13),  respectively.  It  remains 
to  consider  only  (X,  /i)  =  (  — 6,  5)  :  for  it,  a  =  7  ;  so  that  it  also  is 
excluded. 

12.  For  p**  =  17,  the  numbers  belonging  to  exponents  <  8  are 
the  solutions  ±1,  ±4  of  Z*  =  l  (mod  17).  For  p,  r,  r'  equal  to 
4,  —4,  we  get 

X/ii  =  -3,5;     X  =  4,  -4;    /u  =4, -4   (mod  17). 

These  congruences  are  contradictory  ;  so  that  the  theorem  follows. 

*  Other  expresaioiis  may  be  derived,  but  are  not  need^ad.  boS^yv . 
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13.  For  ^"  =  19,  the  numbers  belonging  to  exponents  <  9  are  the 
solutions  ±1,  ±7,  ±8  of  X*=l  (mod  19).  Equating  p,  r,  r  to 
7,  8,  11,  12,  in  turn,  we  get 

X/i  =  5,  15,  16,  6 ;     X=15,  5,  4,  U;     ^  =  15,5,4,14. 

For  the  values  ±4,  ±5  of  X,  /w,  we  find  X/i  =6,  or  16.     Hence 

(A,  ^)  =  (-4,  -4),  (4,  4),  (-5,  -5),  (5,  5). 

For  these  values,  a  =  10,  liT^2, 9,  respectively.  Hence  (X,  fjt)  =  (4, 4) 
or  (—5,  —5).  For  these,  /3'  =  10,  9,  respectively.  Hence  the 
theorem. 

14.  For  ^"  =  25,  the  GF  [p"]   will  be  defined  by 

/  =  2     (mod  5). 

The  marks  belonging  to  exponents  <  12  are  the  solutions 

(8)     ±1,   ±2,   ±j,  ±2j,  ±(2j>2),  ±(2i-2) 

of  X*  =  1  and  X'  =  1.  Giving  these  values  (except  ±1)  to  r  or  r', 
we  get  the  same  values  for  X  or  fi,  in  a  different  order.  Giving  them 
to  p,  we  get 

X,.  =  4.3,  2y+3,  3j  +  3,  ±(2;-+4),  ±(2;  +  l),  j  +  l,  4;  +  l. 
The  resulting  pairs  of  values  (X,  n)  are  considered  iu  five  sets  : 
(a)  (-2,  -2),  (2j+2,  2),  {-2j-2,  -2),  (2i-2,  2),  (2j,  j), 
(-2h  -j),  i-j,  -2j-2),  (j,-2j-2),  (-j,2j+2), 
{j,2j-2),  (j,-2j  +  2),  (-j,2j-2),  {2j,2j),  i-2j,-2j), 
(2j  +  2,  -2j-2),  (2/4-2,  2^-2),  (-2J-2,  -2j+2), 
(-2J  +  2,  2j-2); 

(6)     the  pairs  derived  from  those  under  (a)   by  interchanging  the 
two  marks  of  a  pair ; 

(c)     (2,2),     (-2^+2,-2),     (i,2i+2),     (-y, -2j  +  2); 

(fi)     the  pairs  derived  from  (c)  by  interchanging  the  two  marks ; 

(«)    (i»  -i),    (-i.  J)' 

For  the  pairs  (a),  the  function  a  has  the  respective  values 
0,  4j-h4,  3/-h4,  4J-I-2,  4j-f2,  j-h2,  j-f4,  2j-hl,  4j  +  2,  4;  +  4,  j-|-2, 
3;  +  l,  3/+1,  2j  +  l,  4j+3,  2^+1,  j-hl,  i+3. 
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none  of  which  are  in  the  set  (8).  But,  for  the  pairs  (6),  the  function 
a'  takes  the  same  values  in  the  same  order. 

For  the  pairs  (c),  the  function  fi  has  the  respective  values 

0,    i-l-4,     4;  +  2,    i+2, 

none  of  which  are  in  the  set  (8).  For  the  pairs  (d),  the  function  fi' 
takes  the  same  values. 

Finally,  for  0*,  -y),  /  =i+2;  for  (-j,i),  y  =i  +  2. 

15.  For  p"  =  29,  the  numbers  belonging  to  exponents  <14  are  the 
roots  of  -X*  =  1,  X7^1.     Excluding  ±1,  these  are 

(9)     -4,  -5,  -6,  7,  -9,  12,  -12,  16. 

Giving  these  values  to  p  and  to  r,  we  find  that 

\fi  =  9,  14,  17,  22,  7,  18,  13,  24 ; 

A,  /i  =  21,  16,  13,  8,  23,  12,  17,  6. 

Hence  we  need  examine  only  the  values  A,  ^  ^  16,  —6,  12,  —12,  and 
of  these  only  the  ones  making  Xfi  ^  14,  7,  28,  18.     Hence 

(X,  ^)  =  (16,  16),  (-6,  -6),  (16, 12),  (12,  16),  (-6,  -12), 

(-12,  -6). 

For  the  first  three,  /)'  =  18,  11,  4,  respectively,  none  of  which  are  in 
the  set  (9).  For  (12,  16),  i3  =  4.  For  (-6,  -12),  a'=0.  For 
(  —  12,  —6),  a^O.     Hence  the  theoreto  is  true. 

16.  For  p"  =  31,  the  numbers  belonging  to  exponents  <  15  are  the 
solutions  of  -X^°=  1,  ^•=  1  (mod  31).     Excluding  dbl,  these  are 

±2,  ±4,  ±5,  ±6,  ±8,  ±16. 

Giving  these  values  to  r,  we  get  for  X  the  values 

±10,  ±3,  ±13,  ±12,  ±11,  ±14, 

no  one  of  which  is  congruent  to  one  in  the  previous  set. 

17.  For  p"  =  37,  the  numbers  belonging  to  exponents  <  18  are  the 
solutions  of  -X"  =  l,  Jr*=  1.     Excluding  ±1,  these  are 

(10)     8,  -10,  -6,  -11,  -14;     16,  -3,  9,  -4,  10,  12,  7. 

Giving  these  values  to  r,  we  find  for  X  the  respective  values 
9,  _7,  _6,  16,  4,  -10,  2,  -14,  14,  -16,  -2,  10. 
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Hence  X,  /i  =  9,  —6,  16,  -14,  —10,  or  10.  Giving  the  valnee  (10) 
to  p,  we  find  for  Afi  the  respective  values 

-8,  8,  7,  -15,  -3,  11,  -1,  15,  -13,  17,  3,  -9. 

The  resulting  sets  of  values  (A,  /li)  fall  into  three  groups : 

(a)     (9,  9),  (9.  -14),  (-6,  -6),  (-6,  16),  (16,  16),  (-14,  10), 

(10,-10),    (-14,-14); 

(6)     those  derived  from  the  sets  (a)  by  interchange  of  elements ; 

(c)     (-14,-10).    (-10,-14). 

For  the  pairs  (a),  the  function  a  has  the  respective  values 

-7,  -12,  13,  -12,  15,  3,  19,  22. 

For  the  pairs  (6),  the  function  a!  has  the  same  respective  values. 
For  (-14,  -10),  /3'  =  0.    For  (-10,  -14),  /3  =  0. 

18.  For  I?"  =  41,  the  numbers  belonging  to  exponents  <20  are  the 
solutions  of  -X"  =  1 ,  X*  =  1.     Excluding  ±1,  these  are 

(11)     ±3,  ±9,  ±14,  ±4,  ±10,  ±16,  ±18. 

Giving  these  values  to  r,  we  find  for  X  the  values 

21,  2,  9,  -9,  20,  -2,  17,  -12,  12,  -17,  -16,  -18,  16,  18. 

Hence  X,  ^=  ±9,  ±16,  ±18.  Observing  which  of  the  products  X/« 
of  these  numbers  make  p  equal  to  one  of  the  set  (11),  we  get 

X/i  =  - 1,  10,  or  21. 
The  resulting  sets  of  values  (X,  /a)  fall  into  three  groups  : 
(a)     (9,9),  (-9,  -9),  (9,16),  (-9,  -16),  (-16,  -16).  (16,  -18); 
(6)     those  derived  from  (a)  by  interchange  of  elements ; 
(c)     (16,16),    (-16,18),    (18,-16). 
For  the  pairs  (a),  the  function  a'  has  the  respective  values 

24,  19,  7,  30,  6,  6. 

For  the  pairs  (6),  the  function  a  has  the  same  respective  values. 
For  (16,  16),  /3'  =  14.  For  (-16,  18),  /3'  =  -  15.  For  (18,  - 16), 
/3=  — 15.  Since  none  of  these  values  occur  in  the  set  (11),  the 
theorem  follows. 
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19.  For  2>"  =  43,  the  numbers  belonging  to  exponents  <21  are  the 
solutions  of  X^*=  1,  X^^  1.     Excluding  ±1,  these  are 

(12)     ±2,  ±4,  ±6,  ±7,  ±8,  ±11,  ±16,  ±21. 

Giving  these  values  to  r,  we  find  for  X  the  values 

-14,  3,  -8,  16,  13,  10,  -10,  -13,  -4,  -11,  8,  -16,  11,  4,  -3,  14. 

Hence  X,  /li  =  ±4,  ±8,  ±11,  ±16.  Observing  which  of  the  products 
X/t  of  these  numbers  make  p  equal  to  one  of  the  set  (12),  we  get 

X/i  =  ll,  —2,  or  4. 

The  resulting  sets  (X,  fi)  fall  into  three  groups : 

(a)     (4,  -8),  (-4,  8),  (-11,  8),  (11, 16),  (-11,  -16),   (16,  16)  ; 
(6)     those  derived  from  (a)  by  interchanging  elements  ; 
(c)     (-8,11),   (11,-8). 

For  the  pairs  (a),  the  function  a'  has  the  respective  values 

-9,  20,  -9,  20,  -5,  -15. 

For  the  pairs  (6),  the  function  a  has  the  same  respective  values. 
For  (-8,  11),  )8=  - 14.  For  (11,  -8),  ^"  =  -14.  Since  none  of 
these  values  occur  in  the  set  (12),  the  theorem  follows. 

20.  For  n  =  l,,the  GF  [p""]  is  the  field  of  integers  taken  modulo  p. 
We  may  then  write  Sj,  =  S^,  where  8  =  S^.  Relations  (1),  (2),  (3) 
then  reduce  to  the  following : — 

r*  =  /,     6*"  =  /,     {8Tf=I,     {S'TS^Ty^I, 

where  r  =  1,  ...,  2?— 1.     For  r  =  1  or  2,  the  last  relation  becomes 

STS'TSTS'T^:  8TS*.  S''TS-\  S*T  =  {ST)'  =  /. 

For  r  =  —  1  or  —  2,  the  relation  likewise  reduces  to  (2).  Hence,  for 
2?"  =  3  or  5,  the  group  is  generated  by  S  and  T  subject  to  the  relations 

T»  =  /,     5"  =  /,     (OT)'  =  /. 

The  relation  given  by  r  =zp^t  follows  from  the  inverse  of  that 
given  by  r  =  +  ^ ;  the  relation  given  by  r  =  2/t  follows  from  that 
given  by  r  =  t.  Hence  we  may  restrict  r  to  the  values  3,  ...,  p— 3, 
retaining  only  one  of  the  positive  residues  (necessarily  in  the  set 
3,  ...,jp— 3)  of  each  quadruple  tj  — f,   2/^,  —2/^.     Equalities  occur 
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among  the  latter  only  when  ^  =  2  op  #'=  —  2  (mod|i),  the  four 
reducing  to  two  distinct  rasidaes  in  each  case.  For  p^8q-\-l,  4-2 
and  —2  are  both  quadratic  residues  of  p;  for  j^  s=  8g+5,  +2  and 
—2  are  both  non-i-esidues ;  forjp  =8^+3,  +2  is  a  non-i-esidne  and 
—2  ai^esidue  ;  for  p  =  8<y+7,  +2  is  a  residue  and  —2a  uon-residne. 
Hence,  for  p  =  8g+ 1,  there  ai^e  J  (p— 5  — 4)  +2  =  J  (p—l)  values 
of  r;  for  p  =  89  +  5,  there  ai*e  J  (p— 6)  values  of  r  ;  for  /)  =  8g-f  3 
or  8g+7,  there  are  J  (p— 5— 2)  +  l  =  J  (p— 3)  values  of  r.  Examples 
occui*  in  §  1. 

For  w>l,  analogous  i-esults  ai-e  readily  found  by  employing  the 
theorem  of  §  62  of  Linear  Groups. 

21.  For  p"  =  3-,  the  gi*oup  G^  is  generated  by  T  and  Sx, 

X  =  0,  dbl,  ±i.  =t;  +  l,  ±j-l  [/=-l(mod3)], 

subject  to  the  I'elatious  (1),  (2),  and 

(13)     (SjTSjTy=I,     {Sj,^TS,j.,Tr  =  L 

It  is  readily  seen  that  (t^  can  be  generated  by  three  operators  T, 
,Si,  and  Sjj  subject  only  to  the  i-elations 


(14) 


CT'  =  I,   ^^  =  /,   «;  =  /,  l<,Sj^Sjf^„    (S,Ty  =  i, 
\  (Sj  THj  Tf  =  /,     (,S'  S,  TS,  Sj '  Ty  =  /. 


These  relatii»ns  evidently  follow  fiom  the  preceding.     The  inverse  is 
pi*oved  to  be  true  by  defining 

Again,  ^r'sflo  can  be  genei-aied  ])y  the  (Operators  ii\,  i/,,  J&3,  jfer'^,  sub- 
ject to  the  geueiiitioiiiil  relations 


[E^=L    7^  =  £;=/•;;  =  7, 


(15) 


(K,/;,)'  =  {E,j-],y  =  (E,L\y  =  i. 

Indeed,  if  we  msike  the  folluwiuf^  dcfinitioiiij : 

E,  =  ,%,     K.=  T,    Ej=TS.jTST,     E,=  SjE„ 


c  o  N  T  ifl  pr  T  a 


r.TTiwty  .        ^.       _       _        _        ^       ^.       _    iii^aiJi 

Sit  Mi  TU*  ^tiuiwirt  t4J*i :  Wr  W.  H.  TQUzig        ^.    f  |A<^^i!(Ut 

O*  •  t    Potvii  i-ifiwii-  **  ?**    Limit  *>•    ^   ^i^^^im.* 


Xli: 


Untk*. 


M 


tVi^^iHi 


TfH'    Ilk 

in,  m^^  I  *.r. 

4 

V«-l 

[ 

\".. 

T  -* 

Jmn. 

I^M  16  Kr.r 

IST^ 

1.  ■ 

♦♦ 

H. 

'I.I 

4«> 

Kim 

ii^ 

il^ 

,^ 

in. 

Li 

-*** 

M 

1M» 

Jfll. 

t* 

J\% 

*f 

11   ^4 

»* 

l&tl 

f » 

Alt.i^ 

4| 

y. 

ft 

&7-n 

t». 

t* 

IUTI 

la 

I  At. 

!■ 

vt 

*t 

j^-m 

..* 

f* 

li7i 

ft 

;  r^  .  « 

wHi- 

vri 

11 

tti-lOl 

M 

mu 

U 

Ili7i      M. 

tElf« 

4* 

VUL 

tt 

lui-ia 

+  *. 

»i 

iStrt 

ll 

1^7? 

dU. 

fi 

JX. 

1 1 

lai  111! 

1-»J 

»^t 

i«77 

#1 

1-,*' 

lilt. 

U 

31 

It 

IIUUJV 

*** 

r» 

l«?A 

IS,-'. 

lfi« 

#• 

Xh 

•» 

130-ISS 

rt*. 

*t 

1870 

t^^O^ 

•  > 

3m, 

ti 

f$«-I7» 

•«* 

It 

f690 

■    ' 

m. 

f« 

Xlfl. 

•» 

l^^tfl 

**t 

i« 

mi 

a 

\%M. 

•  • 

XIV* 

II 

lf»-»U 

t+* 

■  1 

l«iV 

II 

n9. 

If 

%v. 

*f 

tiy^iwi 

**. 

•  • 

Iftm 

if 

SOf* 

If 

XVI. 

*i 

tn-ui 

'•♦ 

tv 

tlill 

ff 

JDi. 

*l 

XVII 

»i 

«IUI*37i 

t»l 

fr 

ima 

|f 

i^. 

It 

XVltL 

M 

%ti-,iai 

•  ♦* 

It 

liM 

11 

1  ■.  .-■ , 

ijU. 

M 

MIL 

H 

IK^-lii} 

JL* 

l» 

IMT 

l« 

!  -.>:■ 

30«. 

il 

XX. 

ll 

H^-m^ 

_._ 

*! 

l^Dll 

^t 

j^^u 

Ifir. 

I'i 

KXI. 

HO^SlHi 

,t. 

If 

iiltV 

^t 

IKUU 

54*. 

•» 

XXII, 

(1 

ai»*42il 

■.- 

¥» 

im^ 

ft 

-.  v::i] 

«7f.  i4. 

•* 

XritL 

1* 

4tO-4iQ 

^  • 

it 

inn 

•« 

SOf. 

*f 

jnuv. 

li 

4m-m 

•A* 

11 

i«ff 

■  1 

1  ■••  ■  ■ 

?2-. 

If 

XXV, 

tl 

iU'in 

*     • 

ft 

im 

-It 

is'U 

Ear. 

II 
It 

xxvr. 

tl 

40(Mt< 

*t* 

ii' 

itiiii 

ii 

i.-.«:.     ... 

M. 

JtXVIt. 

It 

t^U'&li 

^** 

II 

tifi 

*t 

i^m     ,.. 

111. 

"xXVtM 

14 

5-5-611 

«*> 

tf 

IffM 

tl 

IfrtT      ... 

tt#.M 

»t 

XXIJL 

*1 

fii«-arf7 

*t... 

If 

11417 

It 

**^ri*tji 

XXX- 

*t 

flii-rtTg 

.*! 

, 

i^^^  it 

J  Nf  .r 

IHut.        ,. 

mB. 

«• 

XX  SI. 

f  F 

(rTti-7**a 

-.^ 

Af 

m. 

TCXXU. 

f» 

IiM^TUT 

-t 

Jur 

m*. 

ni. 

tt 

75Mfi3 

K<*», 

lutXJ  , 

iij*..    J 

.rv. 

■  1 

IM'IHS 

T-T 

M41 

1*01  , 

tQiu      i 

|irir»  ]«.  «iir)in 

A.  oim^bte   ttiU'f  Hf   i«ll  t^i*  impftn  fillBlDi  il   t<b«  Pf^^  v 

|19    |Co«*    9th,     Ift^O     (in    pp.),   U*!*    tlil   Eillt**»Mii   ftv«    l>>»*«     ^  I    ' 

llbP  mliM^y<f  a^drcin,  for  Ibe  iiei«|«oliirii  imiM  ul  Ot.  ttf.  mx»d^- 


«   fr^kUiJ^tr^, 


f* 


PR()(5KK  DINGS 


THK  J.ONDON  MATHRMATK^VL  SOOIKTY. 


Vol.  .\XXV.--Nu>.  .S09-^l:J. 


Is^-'-.i  ./.  •',.  li'«»:{ 


THie  M>?fit<l?f  %L\TftK«  vnrAt  mmtmr  U  jMtHwlM  ^irib«  pr^m^^ltm^ 
It  f^mmril  iivifop  BM«iao  M  iif  Ite  O&nijMiiiMJ 

TV  '  AdtM^  1p  Mbrthftd  f^  bii  tiWoiMo  b|  oi^  of  t^n  $iUTr*lanoi,  J 

Cl|*Liiirl-      114  mnm.    n^iir  iHit  mtttrtliitiffM*  wfiw^li   b   dbi*   fVnm  bim   wilXln  art  I 

IL»iiibiir  m%j   vum^fEmnMl   fUr  Itii  mmmml  ifiliwrl^UoQiP  1^  (li*  imfiMftfii  laf  in^l 
fauipnt  iM  4n»  mm* 

Ki*t^f7  U&nhmr  k«  t»nKlil«*it)a  IkVlt*  (tit  bli  luiKiaiif  •itbiirriptliAi  nuxil  hm  frntl 
sitrtilflinl  ill  frricrng  bU  dsMnr  M^  r^^fti,  «iiJ  H«v  miarftin!  oil  Wi)fi  «iid  pfv^»«^ 


Tli^  "*rTi»*,  *  Tr-niMijTifj ^  TiM  5r.fiT*'t^npt. 

KtVTfiiiilirrrf  notl  I)«cist&bni,  u-,-  ^'- 

4I1  ib««  miwuiig*  pft(«<r J  Arn  rttfld  «imI  r .  ^  nii  mA d*  1 

|i4)Mr  Mr  ftninmiial0«iMm  ihm  Cfmimviva  inxinm  u\^.,.^.,.r.,. 

THii  CiinotTil  ii3mi# 'le'^iNh  wfc^nhMr  a^f  ptt|wr  ]tnt|K«*d  fur  riMilitifc  «%«!)  prl 

An«r  »  |)4per  liiui  hbmi  pttm/ntM  tc  tlnu  fi6di»tjrt  *^  si  i^f«*rfMl  bjr  tliv  nifltaitit| 

|J9  iwfi  or  imnv  ISi'iiibor*.     -  ^*         ..       ..    sipq^ fargni|iMiaij[wi^ 

t  htt  Fri4x  ndin  £f f .     A  f lur  i  t  ^(T«i  lif  MMl 

A I  -  t(v£j»«iiMI  fiir  tcofimniik^tliai  to  ii*  fidvlAfc^  w«  rv^tiwit«4 1 

ir.  (tii  I'Ktlt^linf  Vm\ 


^U 


OtoiitMinfmlfaitt  tit  tbf  l^^fttUf^m  tt}«^  ti^  ffTrwmrtti<«i  !»  |bi«ai  «(  tbo  iDClilPviDg^l 


^<iy  M 


i  A,  E,  H.  Lmtil 


1^ 


1902.]    .      Linear  Tranaformatiotui  in  a  Galois  Field.  ■  805 

relations  (15)  all  follow  from  (1),  (2),  and  (13).    This  is  evident 
except  possibly  in  the  following  cases  : — 

l/J  =  SjTS.j.TSiTS  .  TS.jTS  T 

=  SjTS.j .  S-jTS.jT.  TS.jTSjT  =  {SjTSjT)*  =  I, 
{E^E^y  =  8. J .  TSjTSj .  8j  T8  T .  S.^TSjT 

=  8. J .  S.iTS.jT .  TS.jT8.j .  8.jT8  T  =  i8jT8jT)'  =  I, 
{E,E,y  =  S,  T8.,T8j  .TS,T.  S.jTSjT 
=  8,T8.jT.8j.,T8.j.iT.8jT 
=  S,T8.jT.TSj^,TS.j., .  SjT    [by  (13,)] 
=  (iS,r)'=I. 
E,E,  =  8,SjE,  =  SjE,E,  =  8jE^E\  =  EX^    (,E,E,f  =  7. 
Inversely,  relations  (1),  (2),  (13)  follow  from  (15)  if 
So  =  A      ^i  =  ^1)      Sj  =  E^E^,      (Sj.i  =  E^E^ B„      8j-x  =  E^  E^E„ 
T  =  Ef,  8.1  =  E„   8.J  =  EfEt,    8.j.i  =  E^E^E^,    S.j^i  =  E^E^E^. 

By  the  earlier  result,  it  suffices  to  venfy  ralations  (14). 

The  isomorphism  of  G^^  with  the  alternating  gix^up  on  six  lett^ra 
follows  by  noting  that  relations  (1),  (2),  (18)  are  all  satisfied  by  the 
substitutions 

8,  =  (123),  .S'  =  (456),  S,.,  =  (123)(.156), 

S.y  =  (1.32),  8.J  =  (465),  S.j.i  =  (132)(46.5), 

T  =  (12)(34),     .S^.,  =  (132)(456),     »_,.,  =  (123)(46.5). 

It  follows  othei'wise  by  noting  that  (15)  are  satinfied  by 

i;,  =  (123),    JS?,  =  (12)(34),    JS,  =  (12)(45),     K,=  (12)(r.6). 
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Qenerational  Relations  of  an  Abstract  Simple  Group  of  Order 

4080.    By  L.  E.  Dickson.      Received  and  read  December 

11th,  1902. 

Introduction. 

1.  In  an  earlier  paper  in  these  Proceedings^  Vol.  xxxv.,  pp.  292-305, 
the  writer  investigated,  for  the  case  p>2,  the  abstract  fpx)np  O 
simply  isomorphic  with  the  gronp  F  of  all  linear  fractional  trans- 
formations of  determinant  unity  in  the  OF  [p*].  The  present  paper 
deals  with  the  case  2?  =  2,  when  the  gronp  F  is  of  order  2*  (2*'— 1), 
and  is  simple  if  n  >  1.     Use  is  made  of  the  transformations 

(1)     T:    z'  =  ~;     S^:    z'  =  ;s+X. 

z 

For  ^  =  2,  n  =  2,  the  field  is  defined  by  the  primitive  irreducible 
congruence  {^  =  {-^1     (mod  2). 

The  group  F  of  order  60  is  generated  by 

A  =  8iT    and     B=8i,x] 

a  complete  set  of  generational  relations  for  O  is* 

(2)     ^*=I,     B'  =  l     (ABy  =  I, 

Setting  a  =  AB,  fi  =  B,  whence  A  =  a/i,  B  =  fl,  we  obtain  a  second 
set  of  generational  relations  for  O : 

(2')     «'  =  !,    /3'  =  /,     (a/9)'  =  J. 

For  ^  =  2,  n  =  3,  the  field  is  defined  by  the  primitive  irreducible 
congruence  ^^  =  i  +  l     (mod  2). 

The  group  F  of  order  504  is  generated  by 

A  =  SiT    and     B=  /Sf„, ; 

♦  i>iclraoii,  Ziftfar  Oroupty  §  281,  ^  being  replaced  by  its  inverse. 
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a  complete  set  of  generational  relations  for  O  is* 

(3)  A*=/,     B«  =  /,     (ABy=I,     (A^BA'By=I. 

As  generators  of  V  may  be  taken  a  =  TSi^i  and  /3  =  /Sj ;  the  result- 
ing complete  set  of  generational  relations  for  O  isf 

(30     a'  =  /,     i9»=/,      (a/3)»=7,      (a'/3a»i3«V)«  =  /. 

Since  the  sets  of  relations  (2)  and  (3)  are  simpler  than  the 
respective  sets  (2')  and  (3'),  it  is  natural  to  seek  as  generators  of  F, 
for  the  GF  [2*],  two  operators  A  and  B  of  respective  periods  17  and  2, 
rather  than  two  operators  a  and  /3  of  respective  periods  15  and  2. 
Some  general  results  bearing  on  this  point  are  reserved  for  a  later 
commnnication  to  the  Society. 

For  p  =  2,  n  =  4,  the  field  is  defined  by  the  primitive  irreducible 
oongruenoe  i^  =  i  +  l     (mod  2). 

It  will  be  shown  that  the  group  T  of  order  4080  is  generated  by 

A  =  8iT    and    J5=iSf<^,, 

and  that  a  complete  set  of  generational  relations  for  the  isomorphic 
group  G^fgf^  is 

(4)  A''  =  l     B*=zl,     (ABy  =  I, 

(5)  (A*BA'By  =  /,     (A'BA'^By  =  7,     (^«J5^*J5)»  =  I. 
From  these  follow  at  once  the  relations 

(5')     (A'BA^By  =  /,     (A^BA'^By  =  /,     (A'^'BA'^By  =  /. 
From  (4)  alone  follow 

(5")     (ABA'By  =  I,     (/1"5^"5)»  = /. 

Interchanging  the  two  exponents  in  any  one  of  the  eight  relations 
(5),  (5'),  (5"),  we  obtain  a  relation  equivalent  to  it  in  virtue  of  (4). 
Hence^  there  exists  a  relation 

(A'^BA^'By  =  7,    for    f  =  1,  2,  ...,  16. 


•  Dickson,  Bulletin  Amer,  Math.  Soe,,  January,  1903. 

t  Dickson,  ibid, ;    Bnrnside  and  Fricke,  Math.  Ann,,  Vol.  Ln.  ;    de  Siguier, 
Joui-nal  de  Mathetnatiques,  S.  5,  t.  vm.  (1902),  p.  267. 

1  A  like  relation  follows  from  (3),  where  now  |  «  1,  ...,  8. 

X  2 
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By  means  of  Lagrange's  interpolation  formnla,  we  find  that 

i;  =  6^+9^+^+8^ -h9i»+15r  +  12f"+10f"    (mod  17). 
In  fact,  this  is  the  analytic  representation  of  the  substitution* 

(1  2)(3  7)(4  12)(5  13)(6  9)(8  11)(10  14)(15  16). 
The  relation  is  thus  less  simple  than  in  the  case  p>2. 

First  Set  of  Oeneratiofial  Belaiions  of  O^g^. 
2.  The  abstract  0^^  is  generated  by  the  operators 

T,  S,    (X  =  0,t,t«,  ...,»»*,  t'»  =  l),t 
subject  only  to  the  generational  relations^ 

(6)  T»  =  /,    So  =  A     S^8^=8y,^    (X,  ,1  any  marks), 

(7 )  SxTS^  W(x  - 1 )/(x^  - 1)  T8 .  (3^_  1)  TS(^  -  d/cm- i)  T  ^  I 

(X,  fi  any  marks  such  that  X/i  :^  1). 
Relation  (7)  will  be  designated  by  either  of  the  symbols 

(r)    (x,^),    (x,  „  ±=^. -v-f  1,  ,^J. 

1  f,  in  any  particular  relation  ( 7),  we  permute  the  subscript  cyclically, 
we  obtain  a  relation,  still  of  type  (7),  which  follows  at  once  from 
that  pftiticular  relation  and  relations  (6).  The  relations  (7)  with 
X  =  0  or  1,  or  with  ft  =  0  or  1,  all  reduce  in  virtue  of  (6)  to 

(8)     (S,Tr^I. 

If,  of  Isolations  (7)  with  X  :^  0,  1 ;  ft  :^  0,  1,  we  retain  only  one  of 
the  set  arising  by  cyclic  permutation  of  the  subscripts,  we  obtain 
^he  following : — 

•  AhuaU  of  Math.,  Ser.  1,  Vol.  xi.,  p.  70. 

t     i^^i+l,     i^  =  i^-¥i,     i^  =  i^  +  i\     i7  =  t»  +  i  +  l,     t8  =  tS+l,     1^=%^  +  %, 
i'«      •«  +  •  +  !,     i»>  =  i»  +  i2  +  t,     ti«  =  t»+t«+i  +  l,     tW-i»+i2+l, 

f  K.  H.  Moore.     Cf,  Diokson,  Linear  Groups,  pp.  300-302. 
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together  with  the  twelve  derived  from  the  last  twelve  by  reversing 
the  order  of  the  subscripts.*  The  new  twelve  relations  may  be 
dropped,  since  they  may  be  derived  by  inverting  the  first  twelve  and 
applying  (6). 

These  relations  may  be  separated  into  sets  of  three  in  various 
ways,  such  that  from  two  of  a  set  and  relations  (6)  and  (8)  foUows 
the  third  of  that  set.     For  example,  (I'  +  l,  t'+l)  may  be  written 

We  may  replace  TS^^t^^iTSi  by  Sf^TS^TSpT,  in  view  of  (t»,  t^,  and 
thenreplace  TS^Thj  S,  TS„  in  view  of  (8).  There  results  the  relation 
(t«+l,  I'-Hi  +  l).     Again,  from  (t"+l,  t«+l)  and  (»+l,t*+l),  weget 

Replacing  TS^T  by  8^T8y  and  then  transforming  by  S„  we  get 
(i*,  i*  -f  1).     In  this  way  we  obtain  the  sets  on  the  opposite  page. 

Hence  relations  (7)  all  follow  from  (6),  (8),  and 

(9)     (•,  •+!),  (i+l,  1  +  1),  (»+l,  »'+l),  (t,*^*),  (•Vt,  t'+t), 

(iV*+l,i«+»+l). 


(10)  (^^"^'     ^'"^'     S..i^.=  5..u. 
I  S»,  8fl  =  fii,«+i,    8i  8i»  =  S^i+i,    Si  S^^f 


3.  The  final  relations  (6)  all  follow  fromf 

(,1=1,  »,...,!"), 

Indeed,  inverting  these  relations,  we  get 

8f,8i^i  =  S<+u^,     Sfl8i  =  Si«+i,    Si»8i  =  S^+i,    .... 
In  particular,  S<.iS,  =  iS„     S,S,>i  = /Si. 

Hence  S,  i8<  =  S,  S,  =  S,^i , 

Si8r=^  Si^l8i8r=  8i^\8r^l  =  8T*i\       .  -a     •«      «  .     *v 

^1  S^T+<  =  Si  8i8r  =  8i^i8r  =  Sr+t+l  J 


*  The  number  of  relations  w  thirty-eight  in  agreement  with  linear  Groufft, 
§  279.     It  was  verified  that  in  them  every  mark  x  is  followed  directly  by  every 
mark  fi  for  which  X/t  9^  1,  the  first  subscript  being  regarded  as  following  the  last. 
f  This  aecidoD  ib  not  essential  in  the  later  parta  oi  tb«  )^pec. 
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Hence  fiiiS^  =  iS^^i, 

for  every  f«.    Then 

S<S«*i  =  SiSiSt  =  Si^iSt  =  St^i^ii 

BO  that  8i8^=^S^^i, 

for  every  /*.     The  other  cases  follow  similarly. 

The  group  O^g^  is  generated  by  T  and  the  8x  subject  to  the  relations 
T*  =  I,  (8),  (9),  and  (10). 

Second  Set  of  Oenerational  Relations  of  O^/g^ 

4.  The  commutative  group  formed  by  the  sixteen  operators 

s,  (\  =  o,  ♦;♦>....,  ♦»  =  !), 

subject  to  the  final  relations  (6),  is  generated  by  four  operators* 

(11)     8j    0  =  1,.+ !,.••+ »,»'), 

subject  only  to  the  generational  relations 

(12)     fi?  =  A     8jS,=  8,Sj    0-,^=l,»  +  l,  ••+•,•••). 

Indeed,  from  (6),  follow  (12)  and 

(13)     Sq  =  /,  Si  =  SiSi^i,  Sf  =  S^Si^iSfl^i,  Sf^i  =  Si^iSi^^i,  ..., 

which  express  every  S^  in  terms  of  the  generators  (11).  Inversely, 
from  (12)  and  (13),  the  latter  serving  to  define  the  S^  other  than 
(11),  follow  relations  (6). 

The  group  G^,^  is  generated  by  T,  /S^  (j  =  1,  i  +  l,  i'-j-t,  t"),  subject  to 
the  relations  T*  =  I^  (8),  (9)  and  (12),  provided  the  operators  S^  in  (9) 
are  expressed  in  terms  of  the  generators  by  means  of  relations  (13). 

Third  Set  of  Generational  Relations  of  G^,^. 

5.  From  relation  (»,  i),  we  get 

But,  from  (i'+lf  »'+t  +  l),  we  have 

TSfl^.i*  TS^+i  T  =  Sp^i  TSi»  TSii^i^i . 


*  For  the  sake  of  the  later  spplioatioii,  these  are  choeen  instead  of  the  more 
symmetrical  generators  Sj  {j  =  1,  i,  i',  i*).  .. 
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Hence  (TBiY  -  S^.^TBrTS^.i^^, 

But  T8i,T8iT  =z  8i,TSiT8i.^i.^i  by  (♦»,  t^. 

Hence  {TBiY  =  ^^i  TBi  TBp^^  TB^^^i^i  • 

Writing  the  square  of  the  second  member  and  twice  applying 

TS,  rS,«^i  T  =  8i»^i^iTSi»^i^iT8^^fi^i+\i 
which  follows  from  (»,  ♦*+l)f  we  get 

(T8,r  =  8,8..T8,.u^,T8,T8^u.iT8... 
The  second  member  equals  jS<T  by  (♦*,  t*).     Hence* 
(14)     (S,T)»'  =  /. 

6.  Setting  SiT  =  A,    Si^i  =  B, 

we  get  £*  =  /,    BA=zSiT, 

from  (6).     Applying   also  (8)  and  (14),  we  obtain  relaticms  (4). 
For  the  concrete  group  P  relations  (5)  hold,  and 

(  8^  =  A'^'BA^BA'^,        8^,i  =  A^BA^BA", 
\  fif,,  =  A-'BA^'BA^BA,        T  =  BA^'BA^BA'^B. 

To  show  that  A  and  £,  subject  only  to  the  relations  (4)  and  (5), 
generate  the  group  G^g^g^  it  suffices  to  prove  that  the  five  operators  T 
and  Sj  (j  =  1, »  +  !,  »•+♦, »»),  defined  by  (15)  and  S^^i  =B,  satisfy 
the  relations  given  in  the  theorem  of  §  4. 

7.  Applying  (4)  and  (5,),  the  first  relation  (5),  we  get 

r  =  JB-4" .  BA^BA* .  BA^BA^B  =  5^1" .  il-'B^l  -^B .  BA^BA^B  =  /. 
Evidently  Si+i,  S^i^i,  8^  are  of  period  2  by  (4),  while 
S'^^A'^.BA^BA^BA'BA'^ 

=  A^\A'*BA-'B.BA'BA^''=zI    [by  (S,)]. 

*  This  may  also  be  shown  by  means  of  the  fractional  group. 

Hence  (SiT)^  ^  {SiT)-;    . 

A  third  proof  uses  the  canonical  form  of  Si  T, 
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The  condition  for  the  identity  BAT  =  iSj  is 

BA.BA^'BA^BA^B,A^BA'*BA^  =  I. 

Replacing  BA^BAJ  by  A'^BA'^B,  A,  in  view  of  (6,),  and  thrice  re- 
placing BAB  by  A'^BA'^f  in  view  of  (4),  the  condition  reduces  to 

A-'BA^BA^BA^BA^  =  J, 
«  no— eqnonco  of  (5J.     Hence 

BA  z:^  8,T-' =  SiT,    (Si!r)*  =  J. 
To  show  that  BS^  =  /S,5, 

it  suffices  to  prove  that  AT  =  5ilT5. 

The  condition  is 

BA.BA^'BA^BA^B.B.BA'^BA^'^BA^B.A''  =  J. 
Replacing  BAB  by  il'^Bil"^  and  transforming  by  A\ 
A-'BA'''BA^BA^BA''BA'''BA*BA  =  J. 
Replacing  il  "'5^1*^5  by  Bil'B-4»,  and  transforming  by  BAB, 

BA^^BA^'ABA^BA^^BA'^'BA^  =  /. 
Replacing  BA'^BA*  by  A^'BA-'B,  and  B^B  by  ^l-'B-i"*, 
A'^BA-'BA^BA'^BA^KA-'BA^  =  J. 

Replacing  B-4'B^"  by  A^'BA^B,  and  then  B^-'^^l"  by  ^I'B^'^,  and 
BA'^B  by  ilBil,  we  obtain  an  identity. 

To  show  that  Bfif..^,  =  B.^^iB, 

we   transform   (BSi^^iY  by  il"'  and  twice  replace  A^BA^B  by  its 
inverse,  and  get 

(BA^BA'*BA*y  =  A-^B  (BA^BA'ABA'^BA* 

=  A-^B  (A'^BA-*BA-yBA\ 

by  (5),  and  BAB  =  A'^BA''. 

Replacing  BA'^^BA'*  by  its  inverse,  we  obtain  J. 

To  show  that  B8^  =  S^B, 

we  note  that  (BS^Y  =  (ABA^BA^'BAy     [by  (4)] 

=  ABA^'B.Sfl.i.BA^BA  =  ABA^'S^.^iA'^BA 


1902.]  an  Abstract  Simple  Group  of  Order  4080.  315 

We  next  show  that 

(16)     8^8i..i=zA*BJfBAK 

The  condition  for  this  identity  is 

A-'BA^BA'BA'''BA*BA''BA''BA'^=L 

Replacing  BA^B  by  A-'BA-^BA-\  in  view  of  (4),  and  BA^BA^B  by 
A-^BA^BA^BA-\  in  view  of  (BS^.ty  =  J,  we  get 

A-'BA^BA^BA^'BA-'BA^BA'^BA-^  =  /. 

Replacing  BA-*BA'^  by  A^^BA^B,  and  transforming  by  A^, 

A^BA'^BA^'BA^BA'^BA'  =  /. 

Replacing  A^BA^B  and  BA^*BA^  by  their  inverses,  we  get 

BA'\BA-'BA-'B.A''B=  BA-\A.A''B=  J. 

The  second  member  of  (16)  is  of  period  2  in  view  of  (5,).     Hence 
8^  is  commutative  with  /S<.+<.     Next, 

8^8,  =  A-'BA^BAA^BA^'BA^BA'"" 

z=A''BA''BA,BA^BA\A^BA'''    [by  (5,)] 

=  A-'BA^BA*BA''  [by  (-1^)] ; 

(8e8,y  =  A-'BA^BA'^BA^ABA^BA^BA^A^ 

=  A-'BA^,A^BA-'B,ABArA^BA-*B,A* 
=:A''BA-^BA-^BA-*BA''BA*    [by  (4,)] 
=  A-'BA'\A*BA^B,BA  •^^^ 
=  A'^B A  BABA^  =  J  [by  (4)]. 

Hence  iSi>  is  commutative  with  5|.    Next, 

^A^BA'^BA^BA"^; 

=  A''BA-\A'BA''B.BA*BA''' 

Hence  /S,.^,  is  commutative  with  8i.  Hence  rehitions  (12)  are  all 
satisfied.  Before  considering  relations  (9),  certain  auxiliary  results 
are  deiived. 
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8.  Defining  S<,  S<s  ...  by  lormolaB  (13),  we  get 

8i.T=z8..,i8iT  =  A*BA*BA'», 
S^.iTS.,  =  BA^BA^BA'^BA-^BA'^  =  BA^BA^BA\ 
npon  twice  replacing  BA'^B  by  ABA,    Also 

S^TS..^,  =  (8^,iT8^)'  S,,i  =  il»JBii-*Bil*. 

9.  We  may  write  (»+l,  »+l)  in  the  form 

8ui>T8i.8,T.8t..S,T.8,.T.8p.8,T  =  L 
Supplying  the  valnes  of  the  factors,  the  relation  becomes 
BA^BA^BABAA^BA^BA'^BA^'BA^BABA  =  I. 
Twice  replacing  BAB  A  by  A'^B^  we  get 

BA^BA'^BA^BA^BA^BA'^BA^B  =  J. 
Since  £  is  commntative  with 

A^BA^BA^  =  8i.,i, 
the  relation  reduces  to  an  identity  upon  applying  (4). 

The  left  number  of  (»,  »+l)  is  ^ 

=  ABA-'BA^BA'BA''BA'''BA^B,T8^8^T 
=  ABA''BA^BA^B.8:.\iB.TSi,8t,T 

=  ABA-'BA\ABA*BA.A''Si.T 
=  ABA-'B.BA''BA-rA*8i.T 
=  ^5il  -^BA  BA'^BA^BA .  T 
=  ABA-'^BA^BA^BAT^  AT  AT 
^BS,B8,=  L 
Relation  (•',  t*+«)  may  be  written 

SiT.S,.^iTSi.,8f..T8,.8f..S^T8^^x.8e.SiT  =  L 
Substituting,  and  transforming  by  A'^^  it  becomes 

A'^HA^B  (A'BY  A»B  A'B  A-*B  U'S^  =  L 
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Replacing  A^^BA^B  by  its  inverse,  transforming  by  JB-4',  replacing 
the  new  front  product  A^BA^B  by  its  inverse,  and  transforming  by 
BA*,  we  get 

A'^BA^A'^BA^'BA^BA^BA^'BA-^BA'^B  =  /. 

Replacing  A^'BA^^BA^B  by  BA^BA'^BA^  in  view  of 

and  replacing  u4"5il*JB  by  its  inverse,  and  transforming  hj  BA^B^ 
we  get  BA-'A^'BA'^^BA^BA'^BA^BA*  =  /. 

Replacing  il'-B-4"B  by  its  inverse,  and  B^-*-B  by  ilBil, 

ABA^'BA^BA^'BA^  BA'^  =  /. 
Transforming  by  A^\  and  replacing  BA^BA^  by  its  inverse, 

A'^BA-^A'^BA^BA'^BA^B  =:  J. 
Replacing  A^BA*B  by  its  inverse,  and  transforming  by  il", 

A'''BA'''B.A-'BA'^.BA''BA^'  =  J. 
Replacing  the  first  and  third  products  by  their  inverses, 
BA'BA-'BA'^BA^B  =  BA^.A.A^'B  =  J. 
We  may  write  (t  +  l,  I'+l)  thus  : 

ABA^'BA-'BA^  (A-'BA^BA^'BA^BA'^BAy  =  L 
In  the  expanded  square  occurs  the  factor 

A'^BA'^BA^B  =  BA^BA^'BA^ 
as  i^emarked  in  the  preceding  paragraph.     The  relation  becomes 
ABA''BA-*BA''BA^BA''BABA^BA''BA*BA'^BA^  =  J. 

Replacing  BAB  by  ^"^B^*,  and  then  BA^BA^^  by  its  inverse,  and 
transforming  by  -4,  we  get 

BA^'BA-'BA'^BA^BA'^BABA'^BA'''  =  /. 

Replacing  BAB  by  A'^BA-\  and  Bil^Bil^''  by  its  inverse, 

BA^'BA'^BA^'BA^BA^BA^B  =  /. 

Transforming   by    BA\  replacing  A^BA'^B  and  BA*BA^  by  their 


S18  An  Abstract  Simple  Group  of  Order  4080.      [Dec.  11, 

inyerses,  the  relation  becomes 

BA*BABABA'*B  =  BA^A'^A'^B  =  I. 

Consider  (I'+i,  ♦'+0»  vi^'i 

Now  (TSe^d*  =  T8, .  8.,T8t,u  =  A^BA'^BA^ 

=  A^BA'\  ABA*BA.A'*BA\ 
The  original  condition  thns  becomes 

BA^'BA^BA^B.A^BA*BA\A^BA'^BA*BA*BA''  =  /. 
Replacing  B^A^B  by  ^J?^!,  and  transforming  by  BA'^ 

BA^BA^'BA^BA^BA'^BA'BA'^BA'^BA'*  =  /. 
Replacing  BA^BA'^  by  its  inverse,  and  transforming  by  BA^B^ 

BA^^BA^BA"  BA^BA-^BA^BA*  =  /. 
Replacing  BA^^B  by  ABA,  and  transforming  by  ABA^^ 

A^BA'^BA^BA-^BA^BA^BA^  =  /. 
Replacing  5-4'B  by  ^"^B^-'l^il-',  we  get 

A^BA^BA'^BA-^BA-'BA^BA^  =  /. 
Replacing  BA^BA'  by  its  inverse,  we  get 

{A^BA^BA^)B{A^BA^BA^y^B  =  /    [by  (16)]. 

Consider  (i^  +  i  +  l,  i'  +  »  +  l),  viz., 

where  TF=S.,,i.,T, 

W^  =  Si,,.8i.TS..^i.S,T  =  BA^BA-*BA'BA, 

=  BA''BA'*BA^BA^BA'*BA^BA^BA^BA'\ 

Transforming  both  members  of  IF*  =  /  by  A^,  replacing  A'^BA^B  by 
its  inverse,  and  then  transforming  by  AB, 

ABA''BA''A*BA^BA^BA-*BA^BA'BA'  =  /. 
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Replacing  A^BA^B  by  its  inverse,  and  BA'^B  by  ABA, 

ABA''BA''A'^BA*BA''BA^BA^BA*  =  I. 

Replacing  A^^BA*B  by  its  inverse,  then  BA'^B  by  ABA,  then    BAB 
by  A'^BA~^,  then  B-4*5^*  by  its  inverse,  we  get 

ABA'^BA^BA-'^BA-'BA*  =  /. 

Replacing  A^^BA*B  by  its  inverse,  and  BA*^B  by  ABA,  we  obtain  an 
identity.     Hence  the  theorem  is  proved. 


On  Perpetimnta.  By  J.  H.  Grace.  Commnnicated  December 
lltb,  1902.  Received  December  16tb,  1902.  Revised 
March  4th,  1908. 

1.  In  a  recent  paper  I  proved  that  perpetnants  of  unit  degree  in 
each  quantic  involved  are  of  the  form 

(ahy  (acy  ...  (aky  (ahy  (aiy, 

where  r  ^  1,  cr  ^  2,  p  ^  4,  .... 

It  is  easily  seen  by  the  methods  there  explained  that  the  form 

(aby(bcy„.  (khy(hiy, 

with  the  same  conditions  imposed  on  the  exponents,  is  equally  suited 
to  the  expression  of  perpetuants. 

In  the  present  paper  I  shall  find  the  general  form  of  a  perpetnant 
when  all  the  letters  do  not  refer  to  different  quantics.  The  results 
lead  incidentally  to  the  generating  functions  discovered  by  MacMahon 
and  Stroh. 

2.  Statement  of  Besidts  for  one  Quantic. 

The  symbols  a,,  a,,  a,,  ...  all  referring  to  the  same  quantic,  the 
general  form  of  a  perpetnant  is 

(0,0,)"^^  (a,a,)^  (a.a;)'^  ...  (a,a,.,)% 
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wherein 

«i^«»,    «i^«»  +  2'',    a,>a4  +  2'-*,  ...,a,.,  ^a,.,  +  2,    a,_i  ^  o,  +  l, 

a,>0. 


Hence,  writing 


•r-.  =  4  +  ^r  +  ^r-l  +  ^r-t, 


2a,  =  2'-'+2  (^,+^,.,  +  ...+^,+6), 

all  the  ^8  are  zero  or  positive  integers. 
The  weight  «r  is  given  by 

•r  =  2«i,+o,+  ...+a,.,+o, 
=  (2'-l)+2f+3f,+  ...  +  (r  +  l)^„ 

and  accordingly  the  number  of  perpetuants  of  weight  w  and  degree  i 
is  the  coefficient  of  z^  in 


(l-^)a-^)...  (1-^) 


3.  Result  for  Two  Quantics, 

If  the  letters  a  refer  to  one  form  and  the  letters  h  to  the  other,  the 
general  perpetuant  of  degree  i  in  the  coefficients  of  the  first  and  j  in 
the  coefficients  of  the  second  is 

(0.0,)*"  (a,a.)««...  (a,..aO"-  (a.6,)-.  (fc.fc.)"' ...  (6,.,6,)'^->, 

with  the  conditions 

A-,  >0,    /3,.,>A_,  +  1,    fij.z^pj.t+2,    ...,    P,^p,+2f-*, 

A  >  )8,+2>->, 

a.>j8,  +  2'^    o,.,  ^2-,    tt,_,>o,.,  +  2',    a..3  ^  a,.,  +  2'*', 


a,>a«+2^--*      a,>a,  +  2'*-',     a^  ^  a,. 
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We  may  therefore  write 

pJ-^  =  1  +  C. 

A  =  2'-'+c+. ..+{.+{., 
A  =  2'-'+c+. ..+{., 

ai  =  2'-'+C+C.,  +  ...+i,+i„ 
a,.,  =  2'+^,.,, 

0|-J  =  3'**+ ^1-1  + ^(-2. 

o..,  =  2'*'+^i-,+A-a  +  ^i-.. 
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2o,  =  2'*'-'+2fi.,+  ...+2^,+26+2f,  +  2f,. 

The  total  weight  is  then 

w=(2"--l)  +  (2^,+3f,+...+»f.,)  +  «,+2i,+  ...+iC), 
and,  all  the  {'b  and  fs  being  zero  or  positive  integers,  the  generating 
function  is 


(1_^)(1_^.)  ...  (l_«'j(l-z)(l-r')  ...  (I-/)- 
The  result  for  any  number  of  quantities  can  now  be  written  down  at 


4.  The  proof  of  the  foregoing  statement  will  now  be  given.  It 
depends  on  simple  principles  which  can  be  best  explained  by  the 
consideration  of  covariants  of  degrees  3  and  4. 

As  in  the  previous  paper,  I  shall  make  frequent  use  of  the  fact  that, 

'^  {aby  (bey  (cdy ... 

be  a  covariant  in  n  symbols,  then 

(bcy(cdy... 

is  a  covariant  in  (n— 1)  symbols,  and  to  this  apply  methods  of  re- 
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duction  that  are  found  before  the  problem  of  coyariants  in  n  symbols 
is  undertaken. 

It  is,  however,  to  be  remai*ked  that,  if  in  the  original  covariant 
b  and  c  ai*e  equivalent  symbols,  they  are  not  to  be  so  considered  in 

*^®^^™  (hcy(cdy..., 

because  the  interchange  of  h  and  c  would  alter  a  factor  we  are  leaving 
out  of  account  in  the  subsidiary  reduction. 

There  are  two  methods  of  reduction — 

(i.)  By  means  of  identities  of  the  type 

(fec)  +  (ca)  +  (a6)=0. 

(ii.)  By  interchange  of  two  equivalent  symbols. 

All  reductions  possible  by  the  aid  of  (i.)  were  obtained  in  the 
previous  paper ;  accordingly,  if  equivalent  letters  are  interchanged 
as  much  as  possible,  and  the  results  of  the  first  paper  taken  into 
account,  it  would  seem  a  fair  inference  that  every  possible  reduction 
is  obtained.  However,  I  shall  not  insist  on  this  point  in  the  present 
paper. 

To  facilitate  such  interchanging  it  is  essential  that  all  letters 
belonging  to  the  same  quantic  should  occur  together  in  the  sym- 
bolical forms  considered,  viz., 

(ahy(hcy(ciiy...; 

for  example,  in  the  discussion  of  covariants  of  degree  2  in  the  co- 
efficients of  one  quantic,  and  degree  1  in  those  of  a  second  quantic,  it 
would  be  inadvisable  to  take  a  and  c  as  the  equivalent  symbols  in 

(aby  (bey. 

The  natui'al  procedure  is  to  take  the  equivalent  symbols  to  be  either 
a  and  b  or  b  and  c,  and,  in  fact,  both  these  cases  will  be  considered. 

5.  Covariants  of  Degree  3. 

Every  covariant  of  degree  3  can  be  expressed  as  an  aggi^egate  of 
covariants  (^^y  ^j^^y^ 

and  various  cases  arise  according  as  the  letters  belong  to  the  same  or 
<lifferent  quantics.     These  cases  will  now  be  treated  in  order. 

(I.)  a,  6,  c  refer  to  different  quantics,  i.e.,  a^b  ^  c. 
As  was  shown  in  the  previous  paper,  one  covariant  of  each  weight 
is  reducible  in  virtue  of  the  fundamental  identity  ;  it  is  convenient  to 
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take  that  one  to  be  that  in  which  the  exponent  of  (ob)  is  unity,  so 
that  the  perpetnants  are 

wherein  /i  >  1,  X  ^  2. 

(II.)  a,  h  =  c. 

Here,  in  addition  to  using  the  identity,  we  have  to  interchange 
b  and  c.  Suppose  that  A.+f(  =  t^  ;  then  we  can  express  all  covariants 
of  weight  w  in  terms  of 

(acYiaby. 
wherein  X  ^  /i. 

The  case  \  =  /i  can  only  arise  when  w  is  even,  and  then  we  have 
an  identity  expressing  (be)"  in  terms  of  the  above  covariants ;  so  that 
(at)**  {acy^  can  be  expressed  in  terms  of  the  forms 

{abfiacY, 

{acfiaby, 

{be)', 
where  X  >  fi. 

If  w  be  odd,  the  identity  we  have  used  is  useless  for  our  present 
purpose,  because,  b  and  c  being  equivalent  symbols,  {be)**  vanishes,  and 
on  the  other  side  the  terms  cancel  out  two  and  two.  In  other  words, 
when  to  is  even  we  need  a  reducing  identity  and  there  is  one  at  hand, 
while  when  w  is  odd  we  need  no  reduction  and  the  reducing  identity 
is  nugatory — no  opportunity  of  reduction  is  lost. 

Finally,  since  b  and  c  are  equivalent, 

{abY{acy=:{acy{aby, 
and  hence  the  perpetuants  are 

{abfiacY, 
when  \  >  /I.     Then,  replacing  {clc)  by  {ah) -{-{be),  we  can  espress 

{aby^acY 

in  terms  of  the  set  {aby  (fcc)", 

and  the  inequality  A.  >  /i  persists,  for  (be)  cannot  arise  to  a  greater 
power  than  {ac)  originally  occurred. 

Thus,  when  6  =  c  the  perpetuants  are  given  by 

X^ft+1,     /i>l. 
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(III.)  a^h.c. 

By  interchanging  a  and  h  we  can  express 

{ahy  (hcY 

when  X  is  odd,  in  terms  of  forms  for  which  X  is  even,  and  greater 
than  its  original  value. 

Also  by  means  of  the  identity  we  may  reject  the  case  in  which 
X  =  1,  bat  this  reduction  is  included  in  the  former ;  hence  the  per- 
petuants  are  given  by  /i  ^  1,  X  even  and  >  2. 

(IV.)  a=ih  =  c. 

By  means  of  Jordan's  lemma  we  can  express  all  products  of 
(6c),  (ca),  {ah)  in  terms  of  products 

{ahy  (bey, 

(bcY(ca)% 

(cay  (aby, 

where  X  ^  2fi,  and,  since  the  symbols  are  equivalent,  the  forms 

(ahy  (bey,     (bey  (cay,     (cay  (aby 
ave  identical. 

Hence  all  covariants  except 

(aby  (bey     (X  >  2/i) 
have  been  reduced. 

Again,  by  the  usual  method  when  X  is  odd,  we  can  express 

(aby  (bey 

in  terms  of  products  in  which  X  is  even  and  greater  than  its  original 
value,  so  that  for  an  irreducible  form  X  is  even  and  equal  to  or 
greater  than  2/i. 

6.  Covariants  of  Degree  4. 

The  typical  form  is  now 

(aby  (bey  (edy, 

and  we  have  to  discuss  seven  cases,  of  which  the  first  two  contain  the 
essential  point  of  the  present  method. 

(I.)  o  =  6  =  c  =  i. 

We  first  reduce  the  form     (bey  (cdy, 
in  which  c,  d  are  equivalent  to  each  other  but  not  to  b.     Thus,  by 
§5(II.)»  y^l,     ^^v+1. 
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We  shall  now  show  that  we  may  take  X  even  and  eqnal  to  or  gi^ater 
than  2/x.  For  clearness  of  exposition  it  is  advisable  to  consider  the 
reduction  of  forms  ^^^^x  ^^^y  (^^y 

in  a  definite  order,  viz.,        {ahy  (hcY  {cdy 
is  taken  before  (^^Y  (^^^Y  (^-^V^ 

when  the  first  of  the  differences 

\-V,     (x+,i)-(X'  +  /),     (A4.^  +  ,.)-(X'+/i'+0 
which  does  not  vanish  is  positive. 

When  X  is  odd  we  can  at  once  express  the  form  in  terms  of  forms 
previously  considered  ;  so  we  may  assume  that  X  is  even  in  what 
follows. 

Again,  (ahy  (hcY  can  be  expressed  linearly  in  terms  of  the  sets 

(abyibcy, 
(bey  (cdy, 
icayiaby, 

where  o  >  2^8.     Hence         (aby  (be)'  (ed)' 
is  a  linear  combination  of  the  sets 

(ahYibcYicdy, 

(hey  (cay  (cay, 

(cay  (ahy  (cdy. 

In  the  second  of  these  sets  we  replace  (cd)  by  (ca)'\'(ad),  and  in  the 
third  we  replace  it  by  (ch)  +  (hd). 

The  three  sets  are  then  expressed  in  terms  of  the  sets 

(aby  (bey  (cd)', 

(bey(cay(ady, 

(cay(aby(bdy, 

and  other  forms.  In  these  others,  however,  the  sum  of  the  exponent 
of  factors  involving  a,  b,  c  only  is  greater  than  a+jS  or  \+/x ;  so  they 
have  been  previously  considered  by  hypothesis. 

Further,  the  three  sets  just  written  are  equivalent,  since  a  =  h  =  c, 
and  hence  for  a  perpetuant  we  must  have 

F  ^  1,     fji  "^  y-^lj     X  ^  2fc  and  even. 
[If  the  relation  /i  ^  v  +  l  were  disturbed    in   the  course  of  the 
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second  reduction,  we  should  reduce  {bcy{cdy  again,  which  would 
lead  to  fi  being  increased,  and  the  resulting  coyariant  would  have 
appeared  before.] 

CoR. — The  above  considerations  are  sufficient  to  show  that  when- 
ever a,  b,  c  are  equivalent  and 

{abfibcyP, 

where  P  involves  other  symbols,  is  a  perpetuant  then  \  is  even  and 
equal  to  or  greater  than  2/a. 

(II.)  a,b=zc  =  d. 

Just  as  in  (I.),  we  must  have 

v  >  1,     /i^v+l. 

It  will  now  be  shown  that       X  ^  /i  +  2. 

In  fact,  if  \-|-/i  =  M7,  the  product 

{aby(bcy 

can  be  expressed  linearly  in  terms  of  the  products 

(abY,    (abr-'(ac),     ...,    (aby  (acy, 

(ac)\    (acr-'(ab),     ...,     (acy-^  (aby, 

(bcr,    (bcy-'(ac),    ...,    (bcr-'(a^y, 

provided  2  (r  +  l) +^  +  1  =  i^-f  1  or  tr  +  S,  (A) 

the  alternative  being  settled  by  the  fact  that,  w  and  p  being  given, 
r  must  be  a  positive  integer. 

In  the  first  two  of  the  three  sets  of  products  written  above  the 
difference  between  the  exponents  of  (ah)  and  (ac),  being  at  least 
equal  to  ti;— 2r,  is  greater  than  p  in  all  cases  for  w—2r  >  p  by  the 
relation  (A). 

Now,  in  the  form  (tc)*""''  (acy  {cay, 

unless  p  >  ly  the  form  (^^);,  (^^)*^ 

can  be  reduced  in  such  a  way  that  the  exponent  of  {ac)  becomes  two 
at  least — this  follows  from  the  results  for  the  third  degree — and  thus 
the  sum  of  the  exponents  of  the  factors  involving  a,  6,  c  only  has 
been  increased  ;  so  the  covariants  that  arfee  have  been  discussed 
already. 

Thus  we  can  express  the  co variant 

{aby  {bey  {cdy 
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in  terras  of  forms  already  discussed  and  the  two  sets 

(a6)•(ac)•(cd)^ 

(acy  (aby  (cdy, 

where  a  >  )8  + 1. 

Next,  the  second  set  can  be  expressed  by  means  of 

(cay(cby(cdy, 

where  we  have  still  a  >  )8-f  1,  and,  using  (cd)  =  (c6)  +  (fe(i),  this  set 
in  tnrn  can  be  expressed  in  terms  of  the  set 

(cay(chy(hdy 

and  forms  already  considered. 

Further,  the  set  (aby  (acy  (cdy 

can  be  expressed  by  means  of 

(aby  (bey  (cdy 

where  a  >)84-l  still. 
Hence  the  only  forms  we  need  retain  are 

(aby  (bey  (edy, 

(cay  (cby  (cdy, 

wherein  y  ^  1,  )8  ^  y  +  l,  o  ^  i8+2. 

Finally,  these  two  sets  are  equivalent,  since  b  and  c  can  be  inter- 
changed ;  so  for  the  perpetuants  of  degree  4  in  this  case  we  have 

(aby  (bey  (cdy, 

where  y  ^  I,  ^  ^  I'  +  l,  X  ^  /i-|-2. 

Cor. — By  using  just  the  same  argument  we  can  show  that,  if 

(aby  (bey  P 

be  a  perpetuant,  and  the  symbols  b,  c  are  equivalent,  then  we  may 
take  V         ^  ^ 

A— /A   ^   K, 

where  k  is  the  smallest  possible  exponent  of  (be)  in  a  perpetuant 
involving  all  the  letters  in 

(aby  (bey  P 

except  a,  the  letters  &,  e  being  now  regarded  as  not  equivalent, 
although  this,  as  may  be  seen  from  the  results,  makes  no  difference 
to  the  minimum  exponent. 
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(III.)  a,b,c=i  d. 

In  tills  case  we  must  have 

and  a,  6,  c  being  all  different,  the  only  condition  to  be  satisfied  by  X 
is  that  for  a  perpetnant  type,  viz.,  X  ^  4. 

(IV.)  a  =  6,  c  =  d. 

Here  t^  ^  1,  /i  ^  t^-f  1,  and,  finally,  X,  in  addition  to  being  4  at 
least,  must  be  even. 

(V.)  a  =  b,c,  d. 

Here  v^l,  /i^2,  X^4  and  even. 

(VI.)  a  =  h  =  c,d. 

Here  i/  ^  1,  /it  ^  2,  and,  by  (I.)  of  this  section.  Cor.,  X  must  be  even 
and  ^  2/i. 

(VII.)  a,b  =  c,  d. 

Here  v  ^  1,  /t*  ^  2,  and,  by  Cor.  (II.)  of  this  section,  X  ^  /i-f  2. 

7.  We  shall  now  complete  the  theory  for  a  single  form. 
If  the  covariant  be         (dhy  (bcY  (cdy  P, 

then  to  reduce  Q>oy  {cdyP 

we  have  to  use  the  i^esult  for  one  degree  lower,  and  remember  that 
in  such  reductions  b  is  not  equivalent  to  c,  cZ,  ...  . 
Thus,  for  example,  consider  the  covariant 

(aby  (bey  (cdy  (dey 

of  degree  5,  in  which  a  =  6  =  r/  =  d  =  e. 

In  the  reduction  of  (bey  (cdy  (dey, 

we  have  6,  c  =  d  =  e. 

Thus  P^l,     I'^p  +  l,     fi^v  +  2. 

Finally,  by  §  6,  (I.),  Cor.,  X  is  even  and  at  least  equal  to  2/i. 
Hence  the  general  type  is 

(a6)^'  (6c)-  (ca)''  (de)% 

wherein  04  ^  1,  Oj  ^  a4+l»  ^h  ^  <»8+2,  a,  ^  a,. 

8.  Next  consider  (06)*  (fee)"  (c^i)' (die)' 
with  a,  fe  =  c  =  (i  =  ^. 
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We  have,  as  before, 

p^l,     y  =  p+l,     /i^v+2, 

and,  by  §  6,  (II.) »  Cor.,  X— /i  >  4, 

for  4  is  the  least  value  of  the  first  exponent  in  any  perpetuant  of 
degree  4. 

Hence  the  type  is       (afe)*'  (fee)-  (cd)*«  (dc)-, 

wherein  a^  ^  1,  a,  ^  «4+lj  «4  >  ai  +  2,  a,  >  0,4-4. 

9.  Take  next  (afe)^  (fee)''  (ai)'  (dey  (ef)% 
in  which  all  the  symbols  are  equivalent. 

We  have  first 

and,  by  §  6,  (I.),  Cor.,  X  is  even  and  ^  2/i. 

In  the  same  case,  if  a  were  unlike  the  other  symbols,  the  condition 
for  X  would  be  replaced  by 

X  >  /A+8. 

After  this  the  general  theorem  for  perpetuants  of  a  single  form 
and  that  for  perpetuants  of  two  forms,  but  unit  degree  in  one,  are 
self-evident. 

10.  To  develop  the  theory  for  two  forms  we  proceed  step  by  step 
with  the  parallel  case  of  three  forms,  the  degree  in  the  extra  form 
being  unity  throughout,  and  the  symbol  corresponding  to  that  form 
coming  first  in  the  expression. 

The  method  will  become  evident  on  consideration  of  some  examples 
of  covariants  of  degree  5  of  the  type 

(aby(bcy(cdy(dey. 

(I.)  a  =  fe  =  e=  d,  e. 
Here,  from  §  6,  (VII.), 

p  ^  1,     y  ^  2,     /I  ^  v+2, 

and,  by  §  6,  (I.)  Cor.,  X  is  even  and  ^  2/*. 
Thus  the  general  type  of  perpetuant  is 

(afe)^'  (fee)-  (cd)^  ((&)% 

where  a^  ^  1,  a,  ^  2,  o,  ^  a»  +  2,  Oj  ^  a,. 
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(II.)  a  =  6  =  c,  (i  =  e. 
Hence,  by  §  5,  (III.), 

f>  ^  1,     v>p-|-l,     /i>4 
and,  by  §  6,  (I.),  Cor.,  X  is  even  and  >  2/*. 
The  type  is  therefore  expressed  by 

«4  >  1»     a8>"4  +  li     Of  ^  4,     a,  >  o,. 

(III.)  a  =  6  =  c,  c2,  e. 

By  the  type  reduction  for  degree  4, 

p  ^  1,     1/^2,     /i  ^  4. 

Finally,  X  is  even  and  ^  2/x. 
The  type  is  given  by 

«4  ^  1»     «»  >  2,     o,  ^  4,     a,  >  o,. 

(IV.)  a  =  6,  c  =  d  =  e. 

By  §6,  (II.),  p^l,     I'^p-hl,     fi^y-{-2. 

Finally,  X   is   even,  and  by  the  type  reduction  at  least   8 ;  thus- 
we  have  as  the  general  perpetuant 

(ab)^'  (6c)-  (cdy-  (d6)% 

wherein  a^^  1,  Oj  ^  044-!,  Oj  ^  ai+2,  aj  >  4. 

(V.)  a,  6  =  c,  (i  =  e. 

By  §6,  (III.),  p^l,     v^p  +  1,     /x^4, 

and,  by  §6,  (II.),  Cor.,  X-/i  ^  4. 

Hence  the  complete  conditions  are 

X^/i  +  4,     fi^4,     f^p+l,     p  ^  1. 

(VI.;  a,  6  =  c  =  e?  =  e. 

By  §6,  (II.),         p^l,     v^p  +  1,     M^v4-2, 
and,  finally,  X  ^  /x+4. 

(VII.)  a,  6  =  c  =  d,  e. 

By  §6,  (VII.),        p^l,     v^2,     /x^v  +  2, 
and  X  ^  /x  +  4. 
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(VIII.)  a,  6,  c  =  d  =  e. 

P^l,     v^p  +  l,    M^»-r2,     X^8. 

11.  The  complete  theory  for  two  forms  now  presents  no  difficulty. 
Consider,  for  example, 

(aby  (bey  (cdy  (dey  (ef)% 
wherein  a  =  h  =:  c^     d  =^  e  ^s-  f. 

By  the  reduction  of 

{hoy  (cdy  (dey  (e/)-     (b,c,d  =  e=f), 

we  have     cr^l,     p>cr+l,     v^p-f2,     /i>8     (§9,  VIII.), 

and,  by  §  6,  (I.),  Cor.,  X  is  even  and  equal  to  or  greater  than  2/*. 
Thus  the  general  form  is 

(a6)2«i  (fec)-«  (ci)*»  (cfo)**  (e/)*S 

where  a,  ^  1,  a^  ^  Os+l*  ^j  >  «4  +  2,  a,  ^  8,  a,  ^  a,. 

In  general  for  two  forms  the  conditions  are  like  those  for  per- 
petuants  of  unit  degree  in  the  second  form  until  we  come  to  the  first 
factor  involving  two  letters  belonging  to  the  second  form.  The 
exponent  of  this  is  determined  from  the  type  theory,  and  then  the 
remaining  conditions  are  written  down  by  the  aid  of  §  6,  (11.),  Cor., 
until  we  come  to  the  first  exponent  of  all. 

It  will  be  noticed  that  the  simplest  perpetuant  of  any  given  degree 
is  of  a  form  which  is  quite  independent  of  the  symbols  being  alike 
or  different. 
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On  the  Calculation  of  the  Finite  Equations  of  a  Continuous 
Ghroup.  By  H.  F.  Baker.  Beceived  and  Bead  December 
nth,  1902. 

The  following  remark  which  was  judged  too  symbolical  to  be 
included  in  a  previous  note  (Proc.  Land.  Maih.  Soc,,  Vol.  xxxiv., 
p.  91)  seems  worth  making.  It  obtains  the  solution  of  a  system  of 
equations,  there  shown  to  have  unique  solutions,  by  means  of  linear 
equations  only. 

If  E  denote,  as  before,  the  matrix  whose  general  element  is 

E^  =  S  c„^e,     (p,  cr,  r  =  1,  ...,  r), 

r 

and  A  denote  the  matrix 

A  =  l+i?-|-^-f^-f  .., 
A-r^-r  21  ^  31  ^  •  ' 

the  series  F=  A-l-i(A-l)«+|(A-l)»-... 

converges  when  ^i, ...,  e^  are  small  enough,  since  then  the  roots  of  the 
determinantal  equation 

I  A-1-^|  =  0 
will  be  of  modulus  less  than  unity  ;  if  D  denote  the  operator 

Tk  3    ,        ,       3 

€76,  OCr 

we  have  DA  =  E^. 

and  hence  DF=  ^A-J57A  (A-1)  +  ^A  (A-1)'-... 

=  EA[l  +  (A-l)]'' 

namely,  D(F—E)  =  0; 

as  then  F-^E  is  zero  when  e„  ...,  <?r  are  all  zero,  it  is  always  zero  ; 
namely,  for  values  of  e,,  ...,  e^  iii  the  neighbourhood  of  zeix),  we  have 

E  =  A-l-i  (A-l)«+|  (A-l)»-... . 

Now,  let  e'J  =  ^,  (e,  e')     (<r  =  1,  ...,  r) 

be    the  finite  equations  of  the  group    in   question,  with  canonical 
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variables  e  and  e",  and  canonical  parameters  e' ;  then,  by  the  so- 
called  exponential  theorem, 

and  hence     J57"  =  Zi^A.-l-J  (A^A.-l)«4-i  (A..A.-1)*-...  . 

Here  everything  on  the  right  side  is  directly  calculable  from  the 
constants  of  stractnre.  When  the  group  has  no  special  infinitesimal 
transformations,  we  know  that  among  the  r*  linear  forms  in  e'l, ...,  e^' 
which  constitute  the  elements  of  the  matrix  E'\  there  are  r  linearly 
independent ;  hence  by  solution  of  only  linear  equations  we  obtain 
the  finite  equations  of  the  group.  When  there  are  r— m  special 
infinitesimal  transformations  we  do  not  in  this  way  obtain  more  than 
m  independent  equations ;  but  the  solution  can  be  completed  by 
quadratures,  as  explained  in  the  note  referred  to. 

The  formula    ^  =  A-1-^(A-1)«+|(A-1)»-... 

may  be  proved  in   another  way,   without  differentiation,   by  using 

(1)  the  general  formula  for  the  sum  of  such   a  series  of  matrices, 

(2)  the  fact  that,  if  ^j,  0^, ...  be  the  roots  of  the  determinantal  equation 

|i?-(9|  =  0, 

the  roots  of  |  A  —  ^  |  =  0 

are  given  by  0  =  c* ; 

in  fact  to  every  invariant  factor  of  the  first  equation  there  is  one  of 
the  latter  of  the  same  exponent.  The  formula  is  only  an  algebraical 
formula  of  inversion  involving  the  roots  of  two  related  algebraical 
equations. 
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Part  I. 

Let  Mj,  Mj,  ...  each  denote  square  matrices  of  the  same  number  of 
rows  and  columns  whose  elements  are  analytic  functions  of  the 
complex  variable  t ;  let  barriers  be  made  joining  the  singularities  of 
these  functions  to  ^  =  oo ,  so  that  within  the  star  region  bounded 
thereby  each  function  is  developable  about  every  point  in  an  ordinary 
power  series ;  let  ^0  be  an  arbitrary  fixed  point  in  the  region,  and  Qt*. 
denote  the  matrix  of  which  any  element  is  obtained  by  integrating 
the  corresponding  element  of  n,  fi-om  ^^  to  /  along  a  path  lying  within 
the  i*egion;  further,  let  aj,  a^,  ...  be  such  constants  that  the  senes 


i-f«.^+^'+-^r+ 


3! 

converges  for  all  finite  values  of  t,  however  great,  and  let  the  symbols 
QwjQmj,  Qi^iQujQuj,  ...  denote  Q(w,  Qm,),  Q  [?^iQ  (wiQws)]i  -m  so 
that  each  integration  denoted  by  Q  affects  all  tliat  follow  it  in  any 
symbol. 

Then  form  the  series  of  matrices 

V  =  1  +  tti  (2«i  4-  aj  Qih  Q'^i  +  «8 Q"i  Q^h  Q^i  +  • . . » 

defining  a  single  matrix  of  which  any  element  is  the  infinite  series  of 
corresponding  elements,  one  from  each  term  of  the  series  V.  It  can 
be  shown,  as  in  Proc,  Lond.  Math.  Soc,  Vol.  xxxiv.,  1902,  pp.  354,  359, 
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that  each  of  these  infinite  series  converts  over  the  whole  of  the 
infinite  star  region  described.  The  matrix  V  thus  exists,  and  is  finite 
and  developable  over  the  whole  of  this  region. 

Such  a  matrix  as  V  may  be  called  a  matrizant ;  we  shall  restrict 
the  term  to  the  case  when  each  of  the  matrices  t^,  i^,  ...  is  the  same 
matrix  u^  and  each  of  the  constants  Oi^a^^ ...  isnnity,  and  shall  denote 
the  matrizant  in  that  6ase  by  O  (u),  or  sometimes,  in  more  detail,  by 
n'''o  (tt).     Its  most  fundamental  property  is  that 

|n(ti)  =  tiO(t.), 

so  that  each  of  its  columns  furnishes  a  set  of  solutions  of  the  system 
of  linear  differential  equations 

-^  =  Ui^X^-^-  ...  +  w.najH     {%  =  1,  ...,  »')» 

and,  since  for  ^  =  ^^  we  have 

a  (u)  =  1, 

these  sets  of  solutions  are  independent. 

There  are  various  other  properties,  partly  of  a  formal  nature,  which 
must  be  clearly  stated. 

1.  It  is  necessary  to  repeat  the  process  for  summing  a  series  of 
matrices  in  order  to  show  clearly  how  the  infinite  series  of  logarithms 
which  may  arise  in  the  terms  of  a  matrizant  may  disappear  in  the 
sum.     If  /  {t)  denote  an  integral  function 

t  ^  t^ 

and  M  be  any  matrix  satisfying  the  equation 

and  no  equation  of  lower  order,  and  the  roots  of  the  algebraic  equa- 
tionm^,  <^  =  X+X,«+...+V,0-' 

— say,  ^„  ^2,  ...,  0^ — be  all  different,  the  series 

wherein  each  term  is  to  be  reduced  to  a  polynomial  in  M  of  order 
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/Li— 1,  will  when  rearranged  in  powers  of  M  have  for  sum  a  form 

in    which    the  single    quantities    (7<^  Cj,  ...,  O^.j    have    the  values 
obtained  by  expressing  the  identity 

for  all  the  roots  ^„  ...,  ^^  of  a  supposed  irreducible  equation 

this  gives  at  once  (Proc.  Lond.  Math.  Soc,  Vol.  xxxiv.,  pp.  114,  359) 


V=|i+§lf+...  +  ^^Jlf-\ 


where 


I)  = 


1 
0, 


I 

0. 


is  the  product  of  the  differences  of  the  roots  dp  ...,  0^,  and  D,_i  is  the 
determinant  obtained  from  D  by  replacing  the  elements  of  the  t-th 
rowofDby/((9,),  ...,/(dJ. 

This  formula  yields  at  once  the  corresponding  formula  when  the 
i-oots  $1,  ...,  0^  are  not  all  different ;  for  instance,  by  subtracting  the 
first  two  columns  of  every  one  of  the  determinants  D,  Dq,  ••.,  -D^-i, 
dividing  by  d,— ^i,  and  proceeding  to  the  limit,  we  obtain  the  case 
d,  =  d,.  The  quantities  (7,  =  D,/A  which,  in  the  case  of  unequal 
roots,  are  linear  functions  of  /(^i),  .., /(^J*  become  in  general 
linear  functions  of  these  quantities  and  their  differential  coefficients 
in  regard  to  dj,  ...,  ^^  ;  the  coefficients  in  these  linear  functions  are 
the  same  whatever  be  the  form  of  the  function  /,  and  depend  only 
on  the  matrix  Jlf ;  they  may  therefore  be  calculated  from  a  suitably 
chosen  simple  form  of /(O,  in  particular  (1— ^)"\  Thus  we  prove 
the  formula  of  Frobenius  and  Stickelberger  (references  in  Bromwich, 
Proc.  Gamb,  Phil.  8oc.y  Vol.  xi.,  1901,  p.  79),  that,  if  the  inverse 
matrix  (d— 3f)"^  be  arranged  in  the  form 

where  if<,  ^„  ...,  K,  are  matrices,  then 
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One  of  the  simplest  cases  of  Q{u)  is  when  u  has  the  form  t'^M^ 
where  3f  is  a  matrix  of  constants  ;  then 

Qu=M\ogtlt,,     QuQu  =  M'Q{t-nogt/t,)z^^{\ogt/t,)\    ..., 
or,  if  X  =  log  t/tf^, 

thus,  if  the  matrices  of  constants  Mi,  -AT,,  ...  be  determined  from  the 
matrix  M,  we  have,  putting  f{0)  =  e*% 

n(r'M,=  i{M,{±)\K,{j-)-;^±,... 

the  exponent  €,— 1  of  the  highest  power  of  the  logarithm  correspond- 
ing to  the  root  Oi  being  one  less  than  the  multiplicity  of  this  root 
in  the  equation  satisfied  by  M,  namely,  than  the  exponent  of  the  first 
invariant  factor  of  the  matrix  M^O  corresponding  to  this  root. 

2.  A  second  property  to  be  remarked  is  that,  if  M  be  a  matrix  of 

constants,  we  have 

MQ  (u)  M' =  n  (MuM'). 

3.  If  «  =  ^  (t)  be  uniquely  reversible,  in  a  form  ^  =  f  j  («),  or  we 
confine  f  to  a  region  about  f^  ^or  which  this  is  so,  and  if  ^o  =  9  (^o)» 
and 


then 


If,  for  instance, 
it  may  happen  that  a  matrix  of  constants,  /x,  can  be  found  such  that 
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4.  We  clearly  have 

O'-  'o  (tt)  =  O'' '.  (u)  O'r  '•  (tt)  ;     [O*-  'o  (ti)  ]  - »  =  OV '  (u) . 
We  have,  however, 

where  u  denotes  the   matrix  obtained  from  u  by  interchange  of  rows 
and  columns,  and  the  same  transposition  is  to  be  carried  out  after 
1)  (— tZ)  has  been  calculated. 
For,  if  U:=tl(u), 

dt  dt 


and,if  7=0(-tZ),   W=:7, 


dV  ,j^ 


dW 
dt 


=  - TTu, 


and  hence 


dt  dt  dt 

while,  for  t  =  ^o,  we  have     TF  =  1,  [7"  =  1 ; 

thus,  as  stated,  U*  =  TF, 

or   [0(w)]  »  =  n(-tZ)  =  l-QM  +  Q(Qw.u)-Q[Q(Qa.u)M]-h..., 

where  each  term  is  formed  from  the  preceding  by  multiplying  by  u 
on  the  right  and  then  integrating  the  product,  or,  if  %\  denote  the 


general  term, 


v«+i  =  —  Q(vnw). 


5.  If  M,  h  be  arbitrary  matrices  of  the  same  order,  the  latter  of 
non-vanishing  detenninant,  and  a  star  region  be  constructed  within 
which  the  elements  of  both  the  matrices 

dt 
are  everywhere  developable,  we  have 

where  //q  is  the  value  of  ^  at  <  =  t^.     For,  if 

dt 
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|[0-(«)A-«n(^)] 

=  -0-'  (m)  uh-'Q  (t;)-0-»  (u)h'''^h-'Q  (v)-hCl-'(u)  h'vil  (v) 

at 

=  -o-'  (u)  h-'  huh-^+  T^'"'' } "  W  =  ^' 

and  for  t  ^t^  we  have 

.0-^(u)A-»0(t;)  =  ;i,->. 
Taking  h^Q,  (w),     huh-^  =  <r, 

we  obtain  O  (w+<r)  =  a(t^;)  O  [O"^  («?)  <rO  (tr)]. 

6.  Two    particular  cases    of    §  6    seem   worth  remark.     First,  if 

M^i,  tr^  ...,  W7^  be  each  single  functions  of  t,  and  .4,,  ...,  A^  be  matrices 

of  constants  of  the  same  order  of  which  any  two  are  commntable,  so 

that  A^A,=z  A^A^,  and  the  star  region  be  suitably  constructed,  we 

have 

0  (w,A,+  „.  +W7^^J  =  n  (w,A,)  Q  (w;,^,)  ...  O  (w^A^). 

For,  if  <r  =  w^A^  + ...  -{-w^A^, 

we  have  O*  (^,-4,)  aO  (m?i-4,)  =  <r. 

Second,  if  ,4,  =  1,  we  have 

M  being  an  arbitrary  matrix,  a  result  obtainable  by  multiplying  the 
series  O  (t*)  =  1  +  Qi*  +  Qt* Qu   +..., 

€«••.  =  l  +  Qu^i  +  eiriQti;i+...  . 

7.  If  $  denote  a  matrix  of  which  any  column  consists  of  the 
elements  of  one  of  n  linearly  independent  sets  of  solutions  of  the 
system  of  linear  differential  equations 

dxi  ,        , 

at 


so  that 


dt 


«i 


then,  by  the  cogredient  substitution,  wherein  h  is  an  arbitrary  matrix 
for  which  \h\^0^  v^M, 
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we  obtain  the  system 

at  at 

and,  by  the  contragredient  substitntion,  wherein  again  |  fc  |  ^fc  0, 

C  =  &(?)-', 

we  obtain  the  linear  system 

If  the  matrices  u,  r,  w  be  assigned  beforehand,  these  equations  give 
for  the  forms  of  the  matrices  ^,  fc,  by  §§  4,  5,  the  equations 

where  the  constant  matrices  h^  k^  are  arbitrary. 


8.  Thus  any  two  linear  systems  can  be  transformed  into  one  another 
either  cogi^ediently  or  contragrediently.     Now  a  single  linear  equation 

can  be  reduced  to  a  linear  system  in  various  ways  ;  taking  here 


dy 

x.  =  y.    0,  =  ^, 


dr 


for  the  elements  of  a  column  of  a  matrix  ^,  whose  n  columns  are 
obtained  by  putting  t/  equal  to  the  constituents  of  a  fundamental 
system  of  integrals  for  the  single  linear  equation,  we  have  what  we 
may  for  the  present  call  the  special  linear  system 


lit 


=  «f, 


where  in  the  first  (w— 1)  rows  of  u  every  element  is  zero,  except  that 
one  immediately  to  the  right  of  the  diagonal  element,  which  is  unity, 
while  the  7i-th  row  consists  of  the  elements 


K 
K 


K 


Any  linear  system  can  then,  by  §  7,  be  reduced  to  a  special  linear 
system,  and  so  to  a  single  linear  equation,  arbitrarily  given,  either 
cogrediently  or  contragrediently,  the  necessary  explicit  form  of  the 
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matrix  h  ov  h  used  in  the  transformation  requiring  a  knowledge  of 
the  solutions  of  the  systems  to  be  connected  by  the  transformation. 

If,  however,  we  be  given  a  linear  system,  which  may  be  special, 
and  require  to  transform  this  to  some  single  linear  equation,  say  con- 
tragrediently,  by  suitable  choice  of  a  matrix  A;,  the  equation 


lok  —  — /rw-f 


dt' 


wherein  t/?  has  the  form  just  explained,  arising  for  a  special  linear 
system,  shows  that  the  elements  of  k  satisfy  equations 

^i*u  = -^— (w/,iA;,.i  +  ...-f-tf/„A;i«) 

0'=  l...n;  1  =  1  ...  w— 1), 

namely,  that  the  (i4-l)-th  row  of  k  is  determined  from  the  i-th  by 
the  rule  ,, ,, 

dt 

Conversely,  if  we  take  the  first  row  of  k  arbitrarily  and  determine 
the  subsequent  rows  by  this  rule  from  the  first  row,  it  is  easily  seen 
that  IV  has  the  form  for  a  special  linear  system,  namely,  the  elements 
of  any  column  of  the  matrix  {  satisfy  equations 


dzt  dzm 

1  rrrr   9.^        ?  r= 


dt 


dt 


dz„.i  dZti  .        . 


In  particular,  if  the  original  system  (t*)  is  special,  derived  from 

and  we  take      /cu  =  0  =  /c„  =  ...  =  /p,„.i,     fc,„  =  —  —  , 

it    can    be  shown  that  the    {w)   system  belongs    to    the  so-called 
Lagrange  adjoint  equation 


Obviously  the  most  general  contragredient  transformation 
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may  be  obtained  by  first  applying  a  particnlar  contragredient 
transformation  f q  =  k^  (()  ~  \  and  then  a  cogredient  transformation 
{  =:  kk^^Ci'  ^ov  instance,  when  we  are  transforming  from  a  special 
linear  system  we  may  take  the  special  contragredient  transformation 
to  be  that  to  Lagrange's  adjoint  equation  ;  or  we  may  take  k^  =  1, 
though  in  that  case  the  intermediate  system  will  not  be  a  special 
system.     Also,  as  the  equations  of  a  contragredient  transformation 

dk 


wk-^-ku  =  ^,     k  =  Q(w)  KOjuj, 
at 

are  equivalent  to 

uk  +  kw  =  ^,     k  =  Q(u)l^^Q(fv), 
at 

the  inverse  transformation,  as  applied  to  the  new  system  to  return 
to  the  original,  is  obtained  by  changing  the  rows  of  k  into  columns ; 
in  the  case  when  we  are  transforming  from  a  special  system  (u)  to  a 
special  system  (w),  this  gives  the  incidental  result  that,  if  the  rows 
of  a  matrix  A:  of  non-vanishing  determinant  are  determined  from  the 
first  (arbitrary)  row  by  the  relation 

dt 

then  the  columns  of  this  matrix  are  determined  from  the  first 
column  by  the  relation 

k^*'^  =  ^^~-wkf'\ 

the  special  matrices  w,  tv  being  connected  by  the  equation 

dk 


wk  -H  kii  = 


dt 


This  explains  the  reciprocal  relations  of  an  equation,  and  its 
adjoint ;  for  instance,  for  t?  =8,  the  forms  of  the  special  matrices 
M,  w  and  two  forms  of  the  matrix  k  are  respectively 


0 

1 

0 

0 

1 

0 

0 

0 

I 

-,       «;=  - 

0 

0 

1 

"a. 

A, 

I     ft 

-fii 

-Hi 
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A-  = 


■    0 

-h         1 

0 

1                           K+K 

1 

A,-2AJ    X,  +  \^+XJ'  _  (\,-2K)(K-K) 
X,                 X,                            X,               J 

0 

0                     -i                      ] 

0 

1                  /i,-2Ai; 

/*8                                                         HI 

_i 

ft 

Precisely  similar  remarks  may  be  made  as  to  cogredient  trans- 
formations ;  in  fact  the  relation 


is  the  same  as 


and  is  a  cogredient  equation  starting  from  equations  in  which  u  is 
replaced  by  — tZ,  that  is,  from  the  system  obtained  from  the  original 
by  the  particular  contragredient  transformation  {,  =  (i)~K 

9.  It  has  been  remarked  that  there  are  various  ways  of  reducing  a 
single  linear  equation  to  a  linear  system.  We  explain  now  a  way 
which  is  of  great  importance  in  the  sequel  of  this  paper. 

If  the  single  linear  equation  be 


d'y  ^  P,-.  rf-'y  ■    Pn-.  dr-'y       P„.      d-V        ■       f       ^ 

and  we  put,  with  y  =  dy/tU,  Ac., 


then 


dt  ~^,'    di 
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so  that,  if  for  brevity 
0 


dt 


-.-      0 


0 


0 
0 


0 


1 


0 
0 


1^ 


0 
0 


0 
0 
0 


r  *. 


fl«  I 


Z    ?i    P'    ii 

<k'       4>n       <^»       ^« 


J 


*«  *. 


+  fi«-, 


Various  cases  of  this  formula  to  be  referred  to  are — 

(a)  When  every  one  of  the  functions  of  t  denoted  by  P,  P,,  ...,  P„.,. 
<^„  ...,  <^«  is  an  integral  polynomial,  and  no  one  of  <^„  ...,  ^^  has  a 
multiple  factor,  though  any  two  or  more  of  them  may  have  common 
factors  ;  then  each  of  the  rational  functions 

occuiTing  in  the  matrix  has  only  poles  of  the  first  order  for  finite 
values  of  t,  and  the  linear  system  has  a  form 

wherein  A,  A^,  ...,  A^,  G  are  matrices  of  constants  and  the  summation 
refei*s  to  all  the  poles  c  which  arise.  The  value  of  fi  is  zero  and 
A  =  0  when  </>„  is  of  greater  dimension  than  any  of  P,  Pj,  ...,  P^.,, 
and  otherwise  fi  is  equal  to  the  difference  of  the  dimensions  of  ^„  and 
the  highest  dimension  of  any  of  these. 

(6)  When  each  of  the  functions  P,  P„  ...,  P^  i  is  an  integral  poly- 
nomial and  <^,  =  ^,  =  ...  =  <^„  =  ^  is  an  integral  polynomial  without 
repeated  roots. 

(c)    When  P,  ...,  P„  i   are  agfi^.\n  polynomials,  <f>„   is  a   polynomial 
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without  repeated  roots,  and  ^,'=  ^,  =  ...  =  ^„.,  =  1.  Then  each  of 
the  functions  U^,  . . . ,  H„^i  is  zero.  And  further  simplification  arises 
when  the  dimensions  of  P,  P„  ...,  Ph_i  are  equal  to  or  less  than  that 
of*„. 

(d)  When  Py  F^,  ...,  P„.i  are  analytical  functions  for  which  ^  — c  is 
not  a  singularity,  and  each  of  ^„  ...,  ^h  is  either  unity  or  ^— c.  In 
the  ordinary  case  in  which  no  one  of  P,  P„  ...,  P^-i  vanishes  at 
t  =  c  and  <^„  is  t—c,  the  polynomial  with  matrix  coefficients, 
A-\'A^t'\-  ...'\-A^t''  does  not  enter  at  all  in  the  insulting  linear 
system. 

Of  these  (a),  (6),  (c)  are  intimately  related,  while  (d)  includes 
cases  in  which  the  coefficients  in  the  linear  differential  equation  are 
algebraical  functions  of  t. 

As  a  particular  example  of  (a)  we  may  take  the  equation 

(^  +  1)  ^y'"-[(a,-f  6,)  t-^ii,]  ^y-  [(a,  +  6,)  ^+aj]  ty 

which,  with  ^  =  t  (Ml),     <^j  =  ^     <^i  =  t, 

P  =  a(^-hl)  +  6^     P,  =a,(f-fl)  +  6,^     P,  =  a,(^+l) +6,/, 


leads  to 


(2^ 
dt 


r  I   /O     1        0     \         ,     /O    0    0\n 


As  an  example  of  (6)  we  may  take 


.       ^^  +  JB     /  .  Ct*-hDt-\-E 


^(^-1) 


^'(f-l)* 


which,  with 

<^,  =  ^^  =  ^(^-1),     P=0^+Z>^-f^,     Pi  =  ^«+JB, 

leads  to 

^=r/o    0\     1/  0       -1  WJ_/      0  1      \1 

dt       l\G    0/       t   \^E    Isrt-lKC-^-D-^'EA+B-^-VJ 

As  an  example  of  (c)  we  may  take 
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which,  with  ^,  =  fl  (^  — c^),     ^  =  1, 

r.l 

p.  =  <^,  Tx+s  -^'  1,   p  =  ^L+2  -i^l, 

L  r-l    f  — C'J  L  r-l   t  — C^J 

'•^"«     i[ci)>.?,,-i(:t)]- 

As  an  example  of  (d)  we  may  take  the  same  eqaation,  putting  now 

a^i  =  y»   «j  =  (^— Oy'; 

then  we  find 


^       r  /  0       0\./'*       \/0  0\  ^     1      /O      1     \ 


2fi.  A' 

r-l 


which  takes  a  simpler  form  in  the  case  of  an  eqaation  of  common 
occurrence  for  which  X  =  0,  /m  =  0,  and  S  fir  =  0  '»  i^  thB,t  case  the 

r-»l 

equation  is,  in  the  usual  phraseology,  regular  at  infinity. 

As  another  example  of  (<£),  of  the  greatest  importance  for  our 
purpose,  we  may  take 

whei'e/),  ^„  ...,jp„_i  are  constants,  and  Q»  Qn  •••»  Q»«-i  ^^  developable 
about  ^  =  0  in  positive  integral  powers  ;  putting 


we  obtain 


where 


^  = 


fO     1     0    0     ...  0 

0     1     1     0     ...  0 

0    0     2     1     ...  0 


^P    Pi   Pt   Pi    "■    Pn-i-fn-l 
IS  a  matrix  of  constants  and  F  is  a  matrix  of  which  all  the  elements 
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are  zeix),  except  those  in  the  last  row,  which  are 

It  will  be  seen  below  that  the  algebraic  equation  |  yl— p  |  =0  is  the 
so-called  index  equation  at  <  =  0. 

10.  In  connexion  with  these  examples  the  obvious  fact  seems  worth 
remarking  at  once  that,  if  a  new  variable  8  can  be  found  such  that 
each  of  the  logaHthms 

log(<-c,),     log(^— c,),     ...,     log(^-0 

is  a  single-valued  analytic  function  of  «,  for  a  certain  ima^e  of  the 
latter,  then,  for  a  suitable  corresponding  range  of  t,  every  integral  of 
the  linear  system 

is  a  single-valued  function  of  8 ;  for,  if 

so  that  t  =  c^-f  exp  ^r(«)  =  ^  W>  say, 

the  system  is 

^=^^'{8)iA^^A,^^-.,,^A^r^A^Jr{B)G^x 

=  ux,  say, 
and  each  of  the  terms 

Qti  :=•  I    uds^     QuQu  ^=  I    t^^  I    ud8^    ... 

in  the  matrizant  solution 

aj  =  n(n)«e  =  (l+Qu+Qt4Qu-f...)aJo 

is  a  single- valued  analytic  function  of  s  about  the  properly  chosen 
value  Sf^. 

A  very  particular  case  of  this  is  the  well  known  theorem  that  the 
independent  and  dependent  variables  of  a  hypergeometric  differential 
equation  are  single-valued  functions  of  a  vaidable  s,  which  is  the 
quotient  of  two  integrals  of  a  certain  hypergeometric  equation  for 
which  a  =  4,  /3  =  i,  y  =  1 ;  in  fact,  if 

K=  P'cWa-^sin^^)-*,     /=  f'<i^[l-(l-08in«tf]-*, 
Jo  Jo 
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the  expressions  for  logf,  log(l  — 0  unambiguously  in  terms  of 
g  =  e*"  =  e ' '*''*  are  given  in  Jacobi's  Fundamenta  Nova.  But  the 
suggestion  above,  into  the  utility  of  which  this  is  not  the  place  to 
enter,  applies  to  a  linear  system 

dx 
in  which  w  has  poles  of  higher  order,  say 

a  very  particular  case  is  Bessel's  equation 

1     ,  ,  n'-^» 

y  =  -  ^  y  +  -J-  y» 

which,  by  ;r,  ■=  y,  a;,  =  ty\  gives  the  system 

./«       r     WO  0\^   1   /O    1\-| 

solved  by  single- valued  functions  of  s  =  log^. 

11.  Some  remarks  should  be  made  as  to   the  direct  evaluation  of 
Q  (rtw-|- ...  -\-a,.io,.)  as  a  method  for  the  integration  of  a  linear  system 

dx 


dt 


=  (aw-f  a,w,H-...+a,.w,)a;, 


in  which  w,,  ...,  w,.  are  functions  of  /,  and  a,  a„  ...,  a,  are  matrices  of 
constants  of  the  same  order,  no  two  of  which  are  commutable  (§6;. 


If 


^0  =       ^di,     ^0,  =       vidt       w^dt, 
*^oii  =  I    ^^^       •'i^*       <^i^^    •••» 

Jh  Jto  Jto 


we  have 

n(a<i)-f  ...  +a^a>^)  =  1  -|-ai^o+  •••  +«rVr+  («Voo  +  ^i<^oi  ^  «ia</^io+  •••)  +    •■ 

...+(:SaSi^»...(?,oo...n...)-f..., 

where  the  suffix  of  the  <p  in  the  general  term  is  exactly  similar  to 
the  exponents  Ay,  A„  ...  of  the  matrix  product  a^a^^^  ....  Of  the  pro- 
ducts a  ...  a^,  a*,  aa„  a,a  ...,  all  are  necessarily  expressible  linearly 
with  numerical  coefficients  in  tenns  of,  say,  N  of  them,  where  N  is 
at  most  equal  to  the  square  of  the  order  of  any  one  of  the  matrices. 
Thus,    when    what    we    may    call   the   multiplication    table   of    the 
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matrices  a,  Oj,  ...  is  known,  namely,  the  law  by  which  aoy  product  of 
powers  of  them  can  be  expressed  in  terms  of  N  of  them,  the  linear 
system  may  be  regarded  &»  integrated  in  explicit  terms,  the  problem 
of  integration  breaking  up  into  the  two  problems  of  ascertaining  this 
multiplication  table  and  of  finding  the  properties  of  the  sums  of  the 
infinite  series  of  functions  of  t  of  the  form  ^o  •••  ^oi  •••  which  arise  as 
the  coefficients  of  the  N  fundamental  matrices. 

In  particular  the  last  example  but  one  of  §  9  shows  that  for  any 
single  differential  equation  of  the  second  order  with  rational  co- 
efficients, which  is  regular  at  its  singular  points  including  ^  =  oo , 
the  solution  can  be  expressed  by  sums  of  series  of  elementary 
functions  of  the  form 

^0  =  Q(t-cy\   ^01  =  Q(t-cy'Q(t^c,)'\ 

0lo=QG-o-^Q(^-c)-^ .... 

Consider,  for  instance,  a  linear  system 


dx 
dt 


=  (ooi -I- Oj  ii/,)  aj 


wherein  the  matrices  of  any,  the  same,  order  satisfy  the  equations 

a'  =  0,     aa^^^  a^     a^a  =  0,     a,  =  a^ 
which  we  represent  by 

a     Oi 

» 
0    a 

0    a, 


a 
a, 


then  we  have 

where   Q  denotes    integration    from  t^  to  t»     An  example  of  such 
matrices  is  given  by 

"=(:J|)-=(-i°?)' 


which  arise  by         ajj  =  e'*^y,     a?^  =•  —    e 


=r  -^   «-*«• 


dy 
dt 
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from  the  equation 

and  an  infinite  number  of  such  pairs  of  matrices  can  be  derived  by 
linear  transformation  of  the  dependent  variables  from  the  system  in 
which 


/O     c\  (0    0\ 


c  being  an  arbitrary  constant.  But  the  integration  in  finite  terms 
applies  to  two  matrices  of  any  order  having  the  same  multiplication 
table. 

Another  example  is  the  linear  system 


da 
dt' 


0 

—ft;, 
— w. 


«i  «,  •»$ 

0       —  ft;,  ft;] 

«,  0       -«, 


, — ftij       — ft;{  ft;, 

where  i,j,  k  are  matrices  satisfying 


0) 


X  =  (t w,  -f  jw,  +  fc«,)  X 


^  =/  =  A;*  =  — 1,    jk  =  —kj  =  i,     ki  =  — iX-  —j,     ij  =  —ji  =  k, 
and  the  solution  is  expi^essible  by  four  series  of  functions  ^  in  the 

form  Q  (1  w,  -\-j^i  +  ^''^j)  =  -^  +  *^i  -fi-^8 + ^^Is 

where,  for  instance,  A  is 

The  systematic  study  of  linear  systems  from  this  point  of  view 
breaks  up  into  two  independent  problems  :  (1)  the  determination  of 
all  irreducible  types  of  multiplication  tables  of  sets  of  matrices  of 
the  same  order,  a  problem  akin  to  that  of  the  enumei*ation  of  types 
of  discontinuous  gi'oups ;  (2)  the  investigation  of  the  properties  of 
the  functions  represented  by  such  series  of  repeated  integi'ations  as 
those  denoted  above  by  -4,  ^1....  These  series  converge  for  all 
finite  values  of  t  in  the  suitably  chosen  star  region,  and  a  first 
approximation  to  their  investigation  is  the  determination  of  their 
character  near  the  comers  of  the  region.  It  is  to  this  determination 
for  a  wide  class  of  cases  that  the  second  part  of  this  paper  is 
devoted. 
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Paet  IE. 
12.  It  has  been  remarked  in  §  9  that  the  single  linear  equation 

t  t  t 

wherein  P, . . . ,  P„ .  i  are  developable  about  ^  =  0  in  a  series  of  positive 
integral  powers  of  t,  leads  to  a  linear  system  of  the  n-th  order 


f=(f-^)' 


wherein  -4  is  a  matrix  of  constants  and  V  is  a  matrix  capable  of 
development  for  the  neighbourhood  of  *  =  0  in  a  form 

^i+^^-h^s^'-f  ... 
wherein  A^,  A^^  -4„  ...  are  matrices  of  constants. 

Independently  now  of  whether  the  system  is  so  derived  from  a 
single  linear  equation  or  not,  we  proceed  to  consider  the  character 
about  ^  =  0  of  the  matrizant 

wherein  A,  V  are  as  in  the  description  just  given. 

13.  We  assume  the  following  theoi'em  of  algebra : — Let  M  be  any 
matrix  of  constants,  say  of  n  rows  and  columns,  which  may  be  of  zero 
determinant ;  let  $  be  any  root  of  the  determinantal  equation 
I  M—p\  =  0,  of  multiplicity  Z;  let  p—6  be  of  multiplicity  Zj  in  the 
highest  common  factor  in  regard  to  p  of  the  first  minors  of  the 
determinant  |  M—p  |,  of  multiplicity  Z,  in  the  highest  common  factor 
of  the  minors  of  (»— 2)  rows  and  columns,  and  so  on  ;  let  Cj  =  Z— Z,, 
€j  =  Zi  — Zj,  &c. ;  so  that,  if  the  minors  of  n — r  rows  and  columns  do 
not  all  vanish  when  p=6,we  have  c^  =  Z^_,  and  * 

the  factor's  (p— ^)*',  (p— '0*'>  •••  being  what  are  called  the  invariant 
factoi-8  of  the  matiix  M^p  for  the  root  0.  They  are  the  same  for 
this  as  for  the  matrix  fi"*(Af—p)fi  =  ft" *M/i—p,  wherein  fi  is  any 
matrix  of  the  same  order  as  M  of  uon- vanishing  determinant ;  the 
exponents  c,,  c,,  ...  are  non-vanishing  positive  integers  known  to  satisfy 
the  inequalities  c,  >  c,  ^  €,...>  c^  >  0.  If  cJ,  cJ',  ...  be,  like  Cj 
for  f^,  the  first  of  these  respectively  for  the  other  roots  ^,  ^',  ...  of 
I  3f-p  I  =  0,  the  equation  satisfied  by  M  is  of  the  form 

(if-^)'^  {M-ey'^^M-O^'f  ...  =  0. 
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The  important  theorem  is  — rows,  each  of  n  elements,  I  rows  in  all, 
linearly  independent  of  each  other,  to  be  denoted  each  row  by  a 
single  letter  such  as  x^a^,  ...,  can  be  found  to  satisfy  the  following 
I  sets  each  of  n  linear  equations  : — 

(3f-^)  0-^  =  0,     (M^e)x,=:x,,     ...,      (3f-^)«.  =;r,.,„ 


and  can  be  chosen  in  such  a  way  that  the  most  general  solution  of 
the  set  of  n  linear  equations  expressed  by  (M—  6)x  =  0  ib  &  linear 
function  of  the  rows  x^  y^,  ...,  ^i ;  ^^6  most  general  solution  of  the  set 
of  equations  (3f — tf)*a;  =  0  is  a  linear  function  of  the  rows  a;, . . .  ^fj,  aj, . . .  2,, 
and  so  on.  Further,  if  V  be  the  multiplicity  of  the  root  6\  similar 
I  rows  x{,x^2i  '",yii  ...  can  be  chosen  to  satisfy  the  corresponding  sets 
of  linear  equations  for  the  root  $\  and  similar  rows  for  the  remaining 
roots  ^',  ...,  and  the  whole  number  of  n  =  /-!-/'  + ^"4- ...  such  rows 
can  be  chosen  to  be  linearly  independent  of  one  another,  so  that  the 
matrix  of  n  rows  and  columns  of  which  the  elements  of  any  column 
are  constituted  by  the  elements  of  these  rows  is  of  non- vanishing 
determinant.  Let  this  matrix,  when  its  columns  in  order  are  formed 
from  the  rows  x^^x^,  '--f^t.^yv  •••»y<,>  •  .>^er»^i»  •••»  ^i»  •••>  ^^  denoted 
by  fi.  It  is  then  another  way  of  stating  the  above  equations  to  say 
that  fjL'^Mfjt.  =  m  where  m  is  a  matrix,  called  the  canonical  form  of  M, 
constituted  as  follows  : — It  has  zero  everywhere,  save  in  the  diagonal 
and  the  7i—l  places  immediately  to  the  right  of  the  diagonal.  The 
diagonal  consists,  first,  of  the  root  6,  I  times  repeated ;  then  of  the 
ix)ot  ^,  V  times  repeated;  and  so  on.  The  ?«— 1  elements  to  the 
right  of  the  diagonal,  which  we  shall  in  future  denote  by  ai,,+i  for 
I  =  1,  ...,(n— 1),  consist,  first,  of  ^i—  1  unities,  then  a  zero,  then  c,— 1 
unities,  then  a  zero,  and  so  on,  there  being  a  zero  in  the  Z-th  row, 
then  ej  — 1  unities,  and  so  on  for  the  roots  in  turn.  If  we  form  the 
conditions  for  the  equations  Mfi  =  fi?/i,  in  fact,  they  will  be  seen  to 
be  the  equations  above.  The  matrix  m  has  the  same  roots  and  in- 
variant factors  as  M,  and  the  rows  satisfying  for  it  the  equations 
corresponding  to  those  above  for  Af,  viz.,  (M—d)x  =  0,  ...,  are  in 
turn  f,  =  (1000...),  f,  =  (010...),  ...  ;  so  that  the  matrix  ft  belonging 
bo  m  \s  the  matrix  unity.  ' 
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14.  Now  let  the  roots  of  the  determinantal  equation  |-<4— p|  =0 
he  arranged  as  follows : — Let  ^,  be  the  root,  or  one  of  them,  whose  real 
part  is  greater  than  for  any  other  root ;  let  0^,  6^,  ...,  0,^  be  all  the 
remaining  roots  which  differ  from  ^,  by  integers,  so  chosen  that  their 
real  parts  are  in  descending  order ;  thus  we  shall  have  ^j—tfj  =  m,, 
^j— ^,  =  mj,  ...,  these  being  positive  integers  or  zero,  and  Si  =  \ 
being  supposed  included.  Now  from  the  remaining  roots  of 
I  A  — p  I  =  0  choose  that  one  of  the  largest  real  parts,  or  one  of  them, 
say  6^,^.1,  and  let  those  follow  this  root  which  differ  from  $^^x  by  in- 
tegers, as  before,  in  descending  order  of  real  parts  down  to  0^.  If 
this  rule  be  continued,  it  arranges  all  the  roots. 

Now  choose  a  matrix  /a  as  in  §  13,  such  that 


/A-U^  =  - 


^1     «i,      . 


=  a,  say. 


wherein  flu,  a„, ...  are  either  unity  or  zero,  according  to  the  invariant 
factors,  but  in  particular  a,^,,,  +  i,  a«^«,*i,  ...  are  certainly  zero,  and  let 
^-^Ffi  =  r,  so  that 

We  first  investigate  the  character  of  the  matrix 
^  =  n(.2L+,,)=0(u),  Bay. 


15.  Consider,  to  this  end,  a  matrix  of  constants  defined  as  fol- 
lows : — 

r 

71      • 


y  = 


yj 


y% 


wherein  y,  is  of  8^  rows  and  columns,  its  diagonal  being  the  diagonal 
of  y,  all  elements  in  the  first  «j  rows  and  columns  of  y  other  than 
those  belonging  to  y^  being  zero;  and  y,  of  (*j  —  *i)  rows  and 
columns,  its  diagonal  being  the  diagonal  of  y,  all  elements  in  th(# 
(5i  +  l)-th,  ...,*,-*^  rows  and  columns  of  yotherthan  those  of  y,  being 
VOL.  XXXV. — NO.  812.  2  A 
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zero  ;  and  so  on.     Fni-ther,  y,  is  of  the  form 
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M 


where  (\t,c^tyCti,  ...  are  constants  to  be  further  defined  below,  and 
7si  Vsi  •  •  •  have  similar  forms ;  thus  in  y  all  elements  in  and  to  the 
left  of  the  diagonal  are  zero. 

It  is  manifest  that,  if  m  be  a  positive  integer, 


hence,  if  X  denote  log  t/t^j  we  have 


(?) 


where 


v(l-)  =  Ur.x+>^f  + 


Since  the  only  root  of  the  detei*minantal  equation  |  y,— p  |  =  0  is  zero, 
there  is  a  power  y*'  which  is  identically  zero,  k^  at  most  s^,  and  so  for 

the  othei's ;  thus  V  ( — )  contains  only  a  finite  number  of  powers  of 

A,  at  most  up  to  \*' "',...  .  In  particular  when  in  y,  every  one  of  the 
constants  r,^  other  than  Cjj,  c^,  . . . ,  in  which  j  =.  i-\- 1,  is  zero,  so 
that  y,  is  of  the  form 


we  have 


>!  =  ■ 


y:- 


(  0    c,o    0 

0     0     c.^c^ 
0    0       0 


I 


^t»^S4 


(0     0    0     c,,c^c,. 


>;= 


0    0    0 


0 


C-J8^^4I 
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and      V 


(?)= 


^w  ^^U^^  Of^W^J*^^ 


0      1 

0      0 
0      0 


1 
0 


1 
3! 


1 


We  know,  however,  that  a  matrix  of  non-vanishing  determinant  <r 
can  be  found  to  put  a-'^ya-  into  a  form  S  with  constants  d^^,  in  place 
of  c^,  in  which  all  but  the  elements  di^i^i  are  zero,  and  each  of  these 
is  either  zero  or  unity  ;  this  would  give 


■.o(x).  =  o(i)  = 


[-(->) 


{\) 


where  V  (^Jt)y  ...,   are  of  the  simple  form  above  in  terms  of  the  con- 
stants c^ii,  d^y  .... 

In  addition  to  the  matrix  O  (  '^  J   consider  now  the  matrix 


e  = 


-j.  ..|. 


consisting  only  of  the  roots  ^j,  0^,  ...  of  |  -4  — p  |  =  0,  written  in  order 
in  the  diagonal,  so  that 


''(f)  = 


(t/t^'' 


If  we  form  the  product 


it  will  be  the  same  as  O  (  — )>  save  that  eveiy  element  in  the  i-th 

2  A -2 
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row  is  multiplied  by  (t/t^y*.     But  we  have  the  relation  (§  5) 

giving,  if  A  =  O  (w), 

a(w)Cl(u)  =n[tr-fO(tr)ttn-'(ii;)]; 
herein  put  w  =  0/^,  u  =  y/t;  then 

the  general  element  of 

o(e/OyO-'(e/o 
is      [o(er>)yO-'(er')]^=  S  [n(er')]„[yO-'(e<-')]^ 

f  1 

=  (</«.)*' [yn-'(e«-)]^ 
=  (</*,)•' 5  y,.[n-'(e<-')].. 

a-l 

of  which  however,  by  the  definition  of  the  matrix  y,  the  element  y^ 
is  zero  when  Op— Br  is  not  an  integer,  and  is,  in  fact,  zero  when  r^p; 
80  that  when  y^r  =  Cpr  is  not  zero  Op— Or  is  a  positive  integer  or 
zero  ;  thus  on  the  whole 

«(y)°(I-)  =  "(^) 

V    •  •  •  •    y 


^rhere 


9  = 


all  places  in  the  matrix,  other  than  those  in  the  diagonal,  which  were 
filled  by  zeros  in  the  matrix  y  being  here  also  filled  by  zeros,  and 
each  of  the  exponents  0^—0^^  ^i— ^t*  •••!  which  occur  being  either 
zero  or  a  positive  integer. 


16.  Consider  now  the  differential  equation  for  a  matrix  rj  expressed 


bj 


I =(7 +•)'-* 
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equivalent  to   a   system   of  n*    linear   equations   for  tlie  elements 

of  ij,  of  which,  if [-v  ^u^  the  general  one  is 

t 

(ij=  1,2,  ...,  w); 
if  g  be  any  particular  form  of  tj  satisfying  this  equation,  the  matrix 

satisfies 

=  n[^n(i/.)]; 
and  is  therefore  of  the  form 

gn(^)=n(u)g,, 

where  gr^  is  a  matrix  of  constants,  being  the  value  at  t^  of  the  matrix 
g,  or  its  continuation  ;  thus 


n(f +«)  =  !/"(?)?.-'• 


We  proceed  to  show  that  when  the  constants  c,„  c,,,  c^,  ...  in  0  ai'e 
suitably  chosen  there  exists  such  a  matrix  ^,  reducing  to  unity  when 
^  =  0,  and  expressible  about  ^  =  0  as  an  ordinary  power  series 

wherein  g^,  gr,,  ...  are  matrices,  which  is  convergent  for  sufficiently 
small  values  of  t.  Its  continuation  to  all  values  in  the  star  region  is 
then  given  by  the  equation 


!/  =  n(y+»)i7.n-'(*). 


For  this  purpose  we  write  down  the  differential  equations  to  be 
satisfied  by  the  elements  of  the  colnmns  of  the  matrix  ii  in  greater 
detail ;  let  the  row  of  elements  constituting  the  first  column  of  fi  be 
called  a;,  those  the  second,  third,  ...  columns  respectively  y^  z^  ... ; 
next,  those  constituting  the  (^i  +  l)-th  column  be  called  X,  those 
the  (^j+2)-th  column  be  called  F,  and  so  on  ;  then,  taking  account  of 
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the  form  of  the  matrix  f ,  we  have 


c2^ 


We  proceed  then  to  establish  in  tarn  (1)  the  existence  of  formal 
solutions  of  these  in  the  form  of  power  series  in  ^,  (2)  the  convergence 
of  these  series. 

17.  First  as  to  the  formal  solution.     The  equation  for  the  row  ar, 
when  we  put 

where  a„  a,,  ...  are  matrices  of  constants,  and  assume 

where  Xq,  a;,,  a*,,  ...  denote  rows  of  elements,  gives 
^aji  +  2<*a'j  +  3<»x, +  ...}- mra;,„ +.. . 

hence,  equating  coefficients  of  the  same  powers  of  /, 

(a— ^1— m)a;,„  +  a,a-„..,+a2a'«.2+---+««.^o  =  0, 


Of  these  the  first  is  clearly  satisfied  by 

a^o  =  (1000...), 
while,  since  there  is  no  root  of  |  a— p  |  =  0  exceeding  ^,  by  a  positive 
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integer,  each  of  the  following  rows  Xi,  x^,  ...  is  given,  without 
ambiguity,  by  the  formula 

«m  =  —  (a— ^1— m)-*(aia!^.,  +  ...+a,„a;o). 

Similarly  substituting  in  the  equation  for  y  a  series 

where  i/^,  y„  ...  are  rows  of  elements,  we  have 

^^1  +  2^^8+.-.  =  (a-^,  +  a,^  +  a,^H...)(f/oH-^y,  +  ^y,+  ...) 

here  $i  —  0^  is  zero  or  a  positive  integer,  say  fcj,  since  otherwise  the 
equation  for  X,  to  be  considered  presently,  is  the  next  equation.  For 
distinctness  consider  the  cases  separately. 

(a)  When  0^  —  0^  =  0  the  term  Oi,  in  the  matrix  a  may  be  zero  or 
unity,  according  to  the  invariant  factors  ;  in  either  case  the  value 

yo=(0100...) 

gives  (a— ^j)y  =  aii«o; 

taking  then  Cj,  =  a,„  the  terms  in  t^  vanish  and  subsequent  terms 
are  given,  after  equating  coefficients  of  /*",  without  ambiguity  by 
the  equation 

(a  — ^j— m)y,„H-o,y^.i+...-f  a„.y^,— ai,a;^  =  0. 

(6)  When  ^,— ^,  =  h'l  >  0  the  term  a„  in  the  matrix  a  is  zero,  and 
the  same  value  of  y^  as  in  the  previous  case  gives 

(a-^,)yo=0, 

I'educing  the  coefficient  of  t^  to  zero ;  for  the  coefficient  of  ^"*  in 
which  m  <  A",  we  have,  as  before,  without  ambiguity, 

ym=  —  (a— ^,— m)-\aiy„.,+  ...+a«yo>); 

but  the  tenn  in  ^*«  is  a  critical  term,  giving,  since  Oj-f/Cj  =  $i, 

(a-^i)y*.  +  aiy*.-i-»-  •  •  +a».yo— ^i?'o"*'aJo  =  0, 

whemn  the  determinant  \a — O^]  is  zero  and  the  inverse  matrix 
(a— ^,)-*  unmeaning.  But,  since  0^^  ^„it  follows,  in  virtue  of  the 
way  in  which  the  roots  have  been  arranged,  that  $i  is  not  equal  to 
any  other  root  of  |  a—p  |  =  0 ;  thus  the  only  diagonal  element  of 
a  — ^j  which  vanishes  is  the  first,  and  every  element  of  y*,  except  its 
fii'st  is  determined  by  this  equation  without  ambiguity  when  Cu  is 
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assigned.  Take  the  first  element  of  y*^  zero  for  simplicity,  and 
take  the  disposable  constant  c,,  so  that  Ci,<"*'  =  first  element  of 
«iy*,-i+...4"0*,yo»  ^^^  then  determine  the  other  elements  of  y*,. 
For  the  coefficient  of  <"*  in  which  m  >  Ar,  no  such  difficulty  arises, 
the  row  y^  being  determined  without  ambiguity  by  means  of 

there  being  no  root  of  |  a— p  |  =  0  of  the  form  B^-^m  =  Oi-fm—k. 

To  make  the  argument  still  clearer  consider  in  similar  detail  the 
equation  for  the  column  z\  putting  2?  =  Zo+^^i  +  ^I,+  -m  the  equation 
to  be  satisfied  identically  in  regard  to  f  is 

(fl)  When  6,  =  (^j  =  «„  the  constants  a^^  a^  in  the  matrix  a  may 
each  be  either  zero  or  unity,  but  in  any  case  the  row 

«,  =  (00100...) 
gives  (a-«,)«o  =  a«yo- 

Take  then  Cj,  =  a„,  r,8  =  0;  any  row  z„,  for  m  =  1,  2,  ...  is  determ- 
ined without  ambiguity  by  the  equation 

z,„  =  — (a-fl,— m)-*(ai2^.,4-...4a„,Zo-ajj,y„,). 

(6)  When  6,  — «,  =  0,  Oj  —  fi^  =  k^>0,  the  constant  0,2  ^^  ^^^c 
matrix  a  is  zero  or  unity,  and  the  constant  a^j  is  zero  ;  the  same  value 
as  before  for  Zq  gives  (a  —  0^)zQ  =  O,  and  the  equation  for  z„„  for 
m=  1,  2,  ...,  namely, 

0  =  (a— 65— m)2r,„-f  a,2;«.,  +  ...+a^5:o-rj3f-*'y.*-*,— Ci8#o*'^«'-i,» 

wherein  the  terms  in  ar„._4,,  y^^.k,  are  to  be  omitted  if  m  <  Zo ;  con- 
sidering then  this  value  of  m,  there  are  two  roots,  viz.,  0^  and  6^ 
equal  to^s-fA:,  and  two  of  the  diagonal  elements  of  a—O^  —  m  are 
zero,  namely,  the  first  and  second,  all  others  being  other  than 
zero  ;  then,  when  c,j,  c^  are  assigned,  all  elements  of  x;,„  after  the 
second  are  deteimined  by  this  equation  without  ambiguity.  By 
equating  first  and  second  elements  in  the  equation  to  zero,  we  obtain 
respectively,  since  m  =  Ztj, 
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thus  when  a,,  =  1  we  can  take  c,,  =  0  ;  but  in  any  case  Cj,,  Cj,  can  be 
chosen  so  that  these  equations  are  satisfied. 

(c)  When  ^i— ^j  =  A;,  >  0^0^—0^  =  0,  the  constant  a^,  in  the  matnx  « 
is  zero,  and  the  constant  a^,  is  zero  or  unity  ;  but  the  same  value  as 
before  for  Zq  gives  (a  —  ^,)  z^  =  a^y^,  and,  taking  c^  =  a,,,  the  coefficient 

•of  f  vanishes  ;  the  equation  arising  by  the  coefficient  of  <"*, 

0=  (a— ^8— w,)5:„  +  aiZ^.,4-...+o,„2?o— c^y^— c„fo**a;„,.4,, 

wherein  for  m  <  hi  the  last  term  is  to  be  omitted,  is  only  critical  for 
values  of  m  for  which  0^+m  is  a  root,  namely,  form  =  k  ;  considering 
this  value  of  m,  every  diagonal  term  of  a— ^,— m  is  other  than  zero 
except  the  first,  and  so  every  element  of  z„  except  the  first  is  definite ; 
we  can  then  take  the  first  element  of  z^^  zero  and  choose  c,,  so  that 
Cis^o"*'  =  first  element  of  a^z^,i-\- ..,-{- a^z^-^a^y^. 

(d)  Lastly,  when  ^,— ^,  =  A:,  >  0,  0^—0^  =  A-,  >  0,  each  of  the 
constants  a,,,  a,,  in  the  matrix  a  is  zero.  As  before,  the  value 
2^=  (00100...)  gives  (a— ^,)zo  =  0;  but  the  general  equation  for 
m  >  0, 

0=  (a-6,—m)z^  +  ai2r,..i-|-...+a^2o-Ca^o"**'y«.-*.—c„fo*»"*'«i«. »,.*., 

wherein  y„_i^  =  0  for  m  <  A-,  and  a;^-*j-A,  =  0  for  m<A:,  +  Ajj,  is 
critical  for  both  the  values  m  =  k^,  w  =  A-j  +  ^j  for  which  0,4-m  is  a 
root,  respectively  0^  and  ^,. 

When  m  =  A:,  only  the  second  diagonal  element  of  a— Oj— m  is 
zero ;  we  may  take  the  second  element  of  z^^  =  0,  and  choose 
c„<o*'  =  second  element  of  {o,«*,_i+  .. +  «i,^o)>  *^®  other  elements 
of  Zi,^  being  determined  without  ambiguity. 

When  tn  =  A^  +  Zfj  only  the  first  element  of  the  diagonal  of  a— ^,— w 
is  zero ;  we  may  take  the  first  element  of  ^Jt^+A,  =  0,  and  choose 

^18^0*'  *"  =  first  element  of  (ai2;*,^*,.i+ ...  4-a4^^*,«^— c„^*'y4^). 

A  precisely  similar  argument  applies  for  immediately  succeeding 
columns.     Consider  now  the  (^j— l)-th  column;  puttting 


dt  ~ 


the  equation  ^ ^  =  (a-\-vt) X^$,^^iX 


gives 
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and  we  take  X^  =  (0...010...)i 

wherein  the  («,  — l)-th  element  is  unity,  satisfying  (a— ^,,^1)  X^  =  0: 
while,  as  there  is  no  positive  integer  m  such  that  ^^^i  +  m  is  a  root  of 
I  a—p  I  =  0,  no  other  critical  terms  arise. 

For  the  («, +  2)-th  column  Y  we  have  to  satisfy 

(a)  If  ^,^^1— ^,^2  =  0,  the  constant  a,^4i,,,+2  i^  the  matrix  a  is  zero 
or  unity,  but  the  row 

ro=(0...010..,), 

with  unity  in  the  («, +  2)-th  place,  satisfies 

we  take  then  ^.i...*2  =  o,..i....2, 

and,  as  there  is  no  positive  integer  m  for  which  ^,,+a  +  ^  =  ^.,^1  +  ^  is 
a  root  of  I  a— p  1  =  0,  no  other  critical  terms  arise. 

(6)  When  ^^  +  1— ^,,^3  =  /^  >  0,  the  constant  a,^,\,,^^i  =  0,  the  same 
value  of  Fq  as  before  gives  («— ^,,^2)  Fq  =  0 ;  the  general  equation 

0=  (a-^..*2-^>OF.,.  +  o,F.„_i+...+a„.F,-c...,..,.2^o'*X»./., 

wherein  X„,.,  =  0  for  m  <  Z„  is  critical  only  for  m  =  Zj,  and  in  the 
matrix  a— ^,  ,.2 — Z,  =  a  — ^,^^1  the  only  element  of  the  diagonal  which 
vanishes  is  the  («i  +  l)-th  ;  we  may  take  the  (5,  +  l)-th  element  of  F,„ 
zero,  and,  the  (5, +  l)-th  element  of  X^  being  unity,  determine 
''»,^i, «.  ^2  so  that 

^,,*i,*.>2^o"''  =  («i  +  l)-th  element  of  {a^Yi^.^  -f  ... -l-a^^Fo)  ; 

the  other  elements  of  F„,  =  F/^  are  then  determined  without 
ambiguity. 

The  same  examination  in  detail  can  be  continued.  It  is,  however, 
sufficiently  clear  that  in  all  cases  the  constant  Cy  can  be  chosen  so  as 
to  give  a  pei'fectly  definite  expansion  in  powei>j  of  t  for  every  element 
of  every  column  of  the  matrix  t)  in  such  a  way  that  for  ^  =  0  the 
matrix  i;  =  1,  that  is,  has  unity  for  every  diagonal  element  and 
zero  for  every  other  element. 

18.  In  regard  now  to  the  convergence  of  the  series  which  have 
been  determined  for  the  various  columns.       Each  of   the  n  differ- 
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ential  equations  is  of  the  form 

wherein  y  denotes  the  column  to  be  detennined,  x  is  a  numerical 
multiple  of  a  column  previously  determined,  as  we  may  suppose  by  a 
convergent  series,  or  a  sum  of  a  finite  number  of  such,  and  /3  is  a 
matrix  of  zero  determinant.  The  numerical  multipliers  in  a;,  namely, 
the  constants  c,j,  c,j,  c„,  ...,  are  determined  with  the  early  terms  of  the 
series  for  y,  certainly  of  finite  rank,  since  the  equation  |  ^  —  p  |  =0 
cannot  have  two  roots  whose  difference  is  not  finite ;  thus  the 
question  of  convergence  relates  only  to  the  series 

where  the  general  coefficient  on  the  right  hand  is  determined  by  an 
equation  of  the  form 

Vm  =  (m— /3)-'  [a,y,H-i-l-...4-a„.yo-«».], 

in  which  a?,,,  and  y^,  ...,  y^^.i  are  given  and  ^is  such  that  for  m  >  ^—1 
the  determinant  of  m— /3  is  not  zero. 

Now  let  the   rows  of   real  positive  elements  Yg,  ...,  Yjv.iX„,  and 
matrices  of  real  positive  elements  Ai,  H  be  determined  so  that 

\yo\<Yo^     l2/il<^n     ..M     \yN-i\<Yy.,,     |a,|<i4, 

for  i  =  1,  2,  ...,  00  ,  and,  for  m  ^  N, 

|«„|<X„,     |(m-/3)->|<ff, 

where  the  meaning  is  that  the  modulus  of  each  individual  element 
of  the  ix)w  or  matrix  on  the  left  is  less  than  the  corresponding 
element  on  the  right,  the  possibility  of  the  inequalities  |  a,  |  <  -4„ 
I  j*„,  I  <  X,„  being  a  consequence  of  the  assumed  convergence  for 
sufficiently  small  t  of  the  series  for  the  matrix  v  and  the  row  a* ; 
til  en  the  equations,  for  vi  ^  N, 

ym  =  (m-  /3)  -  *  [a,  y„,^i  +  . . .  -h  o„.  y^  +  «„.] 
lead  to  I  y.„  I  <  n[A,  r.,_,H- ...  +^,„  Y,-^X...]  ; 

or,  if  we  put,  for  vi  ^  N, 

lead  to  I  y,„  I  <  Y„.. 
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It  is  therefore  sufficient  to  show  that  the  successive  equations,  for 

wherein  A^,  A^,  ...  are  any  given  matrices  of  real  positive  elements 
such  that  the  series 

A.t'^-A^t*'^'... 

converges  when  t  is  small  enough  ;  Y^  Y,,  ...,  Yj^.j  are  any  g^ven  rows 
of  each  real  positive  elements;  X^j  Xj^+i,  ...  are  any  given  rows  of 
real  positive  elements  such  that  the  series 

t  Xjf-\rt   *Xy+i+... 

converges  when  t  is  small  enough,  give  rise  to  a  series 

^Y^H-^^^^Y^,,4...., 

converging  when  t  is  small  enough. 

For  this,  consider  the  equations  expressed  by 

Y-Y,-tY,-...-t''-'Y„., 
=  fl  {(<^,  +  <M,+  ...)  r-  [tA,T,+^{A,Y,^-A,Y,)-^ ... 

...+<-^--'(^rv..+  ...+^.y-,y.)]+<''-x:.v+<'''"XA-.,+...], 

which,  w^hen  written  at  length,  are  n  implicit  equations  for  the 
n  functions  of  /  which  are  the  n  elements  of  the  row  Y,  in  fact  of 
the  form 

^n{y\—iu) ^ '"^ Cu{yu-yV)  =  ^9i  (^  2/n  .••,  y..), 
^'n.(2/,-2/")  +  -+^-(2/«-yi)  =  ^^n  (^  yn  ...,  y«), 

where  ^j,  ...,^„  are  convergent  series  in  t,  linear  in  y^^  ...,  t/„,  and 
Cij  =  0,  except  C„  =  1. 

Such  a  set  of  equations  is  known   to  have  convergent  solutions  ; 
say  in  our  case 

r=  Yo+/Z,+  ...+^^'-»Z^.,+^^Tv+^''*^Y:,,,+..., 

which  on  substitution  gives 

/.  (Z,-  Y,)  + ...  +  <'^--'  (Z;,.,-  r,..,)  +<-'Tv+<-^-'T.v.,+ ... 

=  H{{fA,■\■t'A,^■...){Y,+tZ,  +  ...^■t''-'Zs.^  +  t'•■''Ys,^^■...) 

-[f^,r,+  ...+f'^--'(^,r;,..,+...+^,v-,r,)]+^^x.v+...|, 
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and  hence,  so  far  as  the  terms  in  t^~^^ 

Z,-T,  =  H{A,Z,  \.A,Y,-(A,T,+A,Y,)], 

Zs.,-Y,-.,  =  H{A,Z„.,-i-A,Zs.,+  ...+Ay.^Y, 

-{A,Yy.,+  ...+Ay.^Y,)}, 
leading  to  Z,  =  Y,,     Z,  =  Y„     ...,     Z^.,  =  Yy.u 

while,  for  the  term  in  t",  for  m  ^  N, 

which  is  the  series  of  real  and  positive  elements  occurring  in  the 
series  whose  convergence  was  previously  shown  safiScient  for  our 
theorem. 

19.  We  have  thus  established  that 

n(f-+f)  =  ?nWs«'  =  sn(er')n(y«-')j„-', 

where  gf  is  a  matrix  of  functions  of  t  developable  in  a  convergent 
ordinary  power  series  about  <  =  0,  the  matrix  g  reducing  to  unity 
for  ^  =  0,  and  g^  is  the  value  of  g,  or  its  continuation,  at  f  =  t^. 
Thence,  when,  as  before, 

we  have  Q  (y  +f)  =  GQ{et-')Q{yt'')G-\ 

where  ^  =  W 

reduces  to  /a  for  ^  =  0,  and  satisfies  the  equations 
dG      ^1 A 


f  =  (f^r)»_8,. 


The  matrices  y,  0,  and  0  have  been  explained  in  §  15. 

In  the  subsidiary  equations  for  the  determination  of  the  oolumns 

of  g,  the  position  of  fo  enters  only  in  the  combinations  c^t"  *"  •'' ;  if 
we  put  this  =  e^,  these  subsidiary  equations  will  contain  no  reference 
to  t^.  Thus  the  matrix  g  does  not  alter  when  t^  is  taken  differently, 
nor  therefore  does  the  matrix  G ;  but  the  matrix  O  (^)  does  alter, 


366 


Dr.  H.  F.  Baker  on  the 


[Dec.  11, 


The  simplest  case  of  our  general  formula  is  when  no  two  of  the 
roots  of  the  determinantal  equation  |  A—p  \  =  0  are  equal  or  differ 
by  integers  ;  then  the  matrix  y  consists  only  of  zeros  and  0(yf '*)  =  1. 

Another  case  which  may  occur  is  that  in  which  no  two  roots  differ 
by  an  integer  unless  they  are  exactly  equal.  Then  in  the  series  which 
solve  the  subsidiary  equation  for  the  columns  of  the  matrix  ^  no 
critical  terms  occur  after  the  first  terms,  which  may  be  critical  owinja^ 
to  sequences  of  equal  roots ;  in  such  case,  as  is  seen  on  referring 
back  to  the  work,  every  constant  c^f  in  which  j  >  i  + 1  may  be  taken 
to  be  zero  and  the  constants  c,,  ^^i  are  those,  a,,j^„  arising  at  once 
from  the  given  form  of  the  differential  equations,  which  occur  in  the 
canonical  matrix  a  ;  thus 


*  = 


[0,   cMt,y^-^        0  0 

0        0  e,        c^Why- 


in  which  c,  ,>i  =  0,  unless  ^,  =  ^,^i,  and  c,,  ,^i  =  a,,j^i  when  ^,  =  6,^^. 
In  other  words,  in  this  case,  we  have 

and  n(^ +f)  =,x9n(«r')!7o-V-'  =WM-'n(^<-')(At?oM-')■' 
where  h  =  /ix^jr/x"' 
reduces  to  unity  when  ^  =  0  and  satisfies  the  equations 

dt        \  t  I  t 

In  both  these  cases,  it  is  to  be  noticed,  the  fonnof  the  matrix  0(0) 
is  determinable  at  once  by  inspection  of  the  given  differential  equa- 
tions from  the  matrix  A  alone. 


20.  In  the  case  of  a  linear  system  derived  from  a  single  linear 
equation,  as  in  §  9,  the  matrix  .1,  there  written  at  length,  has  the 
peculiarity  that  in  |  ^— /a  |  the  minor  of  the  first  element  of  the  last 
row  has  a  determinant  equal  to  unity  ;  thus,  if  (i  be  a  root  of  multi- 
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plicity  I,  the  first  invariant  factor  corresponding  thereto  is  {p—Oy, 
and  in  the  canonical  form  a  =  fi'^  Afi  of  the  matrix  A,  the  I — 1  con- 
stants a,,,+i  corresponding  to  the  root  have  all  the  valne  unity,  so 
that  the  equality  of  two  roots  necessarily  involves  a  logarithm  in  the 
solution  of  the  system.  The  matrix  V  is  further  special,  in  that  all 
its  first  n— I  rows  consist  of  zeros.  In  fact,  the  ordinary  theory  of 
a  single  linear  equation  leads  us  to  expect  that  in  this  case  all  the 
constants  Cy  of  the  matrix  y  vanish  in  which  ^  is  not  equal  to  1 4-1. 
We  have  not  deduced  this  result  in  the  present  paper,  the  expression 
for  the  most  general  case  given  in  §  15, 


v(^)  =  i+r.x+ !>+..., 


appearing  to  be  of  suflBcient  simplicity.  But  that  it  is  not 
possible  in  all  cases  to  airange  to  have  all  constants  c^  in  which 
J  z^i-^1  equal  to  zero  appears  to  follow  from  such  an  example  as 
the  system 

-i. +i.)+ <•■-:• 


at 


rbere 


't=''- 

21 

't =*-+.'> 

B  may  suppose  tf,— ^, 

dx 

dt 

0,    0    0  ] 

a  :=  ^ 

0    6,0 

0     0    0,^ 

form  J  , 


(0  i-e^+o,   i^.±^^^ 


V  =  -••  0 
0 


0 
0 


0 

2t 

1  +  e 


This  system  is  satisfied  by  the  olemeuts  of  each  of  the  three  colamns 
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of  the  prodact  of  the  matrices 


0         (t/t,)"  0 

0  0  (</<,)•• 


namely,  in  O  (|^  + 1; )  =  jrO (<^) y; '  =  jO (er ■)  O (y< ' ') ?„-'. 


we  have 


y  —  \ 


1     t        t 
g=\0     I        0 
0    0    \-\-t\ 

('/<.)••      0        0 
o(e/o  =  -j    0      (</0'-     0 

0  0        (</<.)♦. 

1  0  <;-'iog(«/o 
n(y/o  =  ]  0   1        0 

0    0  1 

{6,    0    tr'\tlQ''-'' 


0   0   <j-- 

0    0      0 

loo    0  ; 


^= 


0     61, 
lO     0 


0  i 


21.  As  a  simple  actual  example  of  the  method  for  an  assi^ed 
linear  equation  take  the  equation  (Forsyth,  Linear  Differential 
Equations,  p.  103,  Ex.  8) 

^(l  +  02/'"-(2+40^y'H-(4+100<y'-(4+120y  =  0, 
which,  as  in  §  9,  leads  to  the  system 

(0      0    0\ 


fix 
dt 


0       0     0 

8 '-6     2j 


The  roots  of  \A-p  |  =  0  are  2,  2,  1 ;  with 


^1 

0 

1 

2 

1 

1 

2 

3 

0 
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we  find   fi'^Afi  = 


2 

1 

0 

0 

2 

0 

0 

0 

1 

* 

= 

1^. 

t 

•  =a,  ii-^Bfi  = 

2    c„  c„{t/Q 

0     2  c„it/t,) 
^0     0  1 


)8 


and,  with  ft  = h  — ^ ,  the  suhsidiaiy  equations 


^  =  U9-9<I> 


lead  to  of— +-A)  = 

V  t       t4-i/ 


1     0        -2f 

0    1    2^(1+0  ^nWf/o"' 


I 

io   0    (1+0') 


2     10 


with     4^  =  — -0    2     2t\ 

M2   0   1) 


,     n(0r»)  = 


0      Wf,y 
0         0 


0 

0 

t/t. 


|0     1      0| 
y=     0     0     2^0  L 
io    0     0  ' 


n(yrO  = 


f  1     X     ^oX'   ^ 

1    2t,X 


0 
lO    0 


where   X  =  log  t/tf^. 


Part  III. 

22.  A  pix)blem  to  which  the  previous  investigation  can  be  usefully- 
applied  is  the  elucidation  of  the  connexion  between  the  form  of  the 
lineal'  system  and  the  form  of  the  linear  substitutions  which  generate 
the  monodromy  group  of  the  system.  We  consider  only  the  case 
where  the  functions  of  t  in  the  matrix  u  are  single  valued  over  the 
whole  finite  part  of  the  plane.  The  star  region  in  which  the  matrix 
0(u)  is  single  valued  and  developable  having  been  defined  as  pre- 
viously explained,  let  the  barrier  joining  one  of  its  angular  points  to 
^  =  X  be  removed,  and  let  Oi(u)  denote  the  value  for  the  matrix 
obtained  by  integrating  first  from  f 0  to  t  by  the  path  by  which  Q  («) 
was  defined,  and  then  from  t  once  round  the  single  comer  now 
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isolated  in  the  positive  direction  back  to  t.  Then,  as  follows  from 
the  equation  „«, ^^^  ^  „«  ^^^  „«.  ^^^^^ 

ire  have  Oj  (t*)  =  fl  (w)  *, 

where  ^  is  the  value  obtained  by  integrating  from  t^  round  the 
comer  back  to  t^.  The  group  of  linear  substitutions  formed  by  the 
combinations  of  the  matrices  *,  one  for  each  comer,  is  the  group  in 
question.  More  generally,  if  C  be  an  arbitrary  matrix  of  constants, 
a  matrix  whose  columns  are  sets  of  solutions  of" the  linear  system  is 
n(w)C,  and  Cl,iu)C  =  Cliu)C.C"'^C; 

80  that  we  may,  instead  of  the  group  (*),  consider  the  group 
generated  by  the  substitutions  (7'*^(7,  which  is  said  to  be  a  transla- 
tion or  transformation  of  the  other.  In  practice  it  is  convenient  to 
choose  (7  so  as  to  obtain  the  greatest  possible  simplicity. 


23.  Taking  now  the  form  we  have  investigated  for  linear  systems 
of  a  certain  type 

the  factor  ^  for  the  matrix  O(0^"*),  when  t  describes  a  circuit  about 
^  =  0  from  tQ  back  to  t^,  consists  of  a  matiix  having  only  diagonal 
elements  of  the  form  e'^'*',  e^"%  ...,  which  we  denote  by  Wj,  w,,  ...  ; 
corresponding  to  a  sequence  of  roots  from  ^p  O^,  ...,  each  of  whicli  is 
less  by  an  integer  than  the  preceding,  the  corresponding  quantities  ut 
are  equal ;  namely,  in  a  notation  previously  employed  (§  14).  the 
first  .«f,  quantities  Wj,  Wj,  ...  are  equal ;  then  the  following  s^^s^ ;  and 
so  on.    . 

Denoting  the  quantity  2ir{  by  e,  the  factor  ^  for  the  matrix  (§  15) 


n(yr')  = 


v(y,/0 


vbJt) 


is  a  matrix 


\ 


where  Aj,  of  s^  rows  and  columns,  has  the  form 


^.  =  1+7.^+-^,  e'+...; 
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A  J,  of  «8— «!  rows  and  colamns,  has  a  similar  form  in  terms  of  y, ;  and 
so  on. 

If  now  such  a  matrix,  with  separate  sqaare  matrices  arranged 
about  its  diagonal,  and  other  elements  all  zero,  be  called  a  diagonal 
matrix,  and  two  such  matrices  be  considered  of  the  same  kind  when 
the  numbers  of  rows  and  columns  .in  the  respective  component 
matrices  are  the  same  for  both,  it  is  immediately  obvious  that  the 
product  of  two  such 

(A,  ]  (a;  )      (a,a;  ) 


-.n 


a: 


A,  a; 


is  independent  of  their  order. 

Thus  it  follows  that  the  matrix  *  arising  for  the  matrix  0(0*"')  is 
commutable  with  the  matrix  il(yt'^),  and  we  have 

n,  ( 17)  =  GO  (er')n(yr ')*<?;'. 

|«A, 
whei'e  ^  =  -I  w'A* 

I      •■.) 


1, 


w  denoting  the  value  of  e*"**  for  ^i,  0^,  ...,  $,^,  and  «'  the  value  for 
^f,*i»    ••»  ^.,j  and  so  on. 

Thus  ^i(U)=^Q(U)0,^0-\ 

and  the  monodromy  group  of  the  linear  system  is  generated  by  linear 
substitutions  of  the  form 

'aiA, 

<-'A,  }■  (?„- 


Oo^G- 


'  =  oJ 


24.  Consider,  for  example,  particular  cases  as  in  §  19. 

(a)  When  all  the  roots  ^„^j,  ...  belonging  to  the  corner  ^  =  0 
are  different  and  no  two  differ  by  integers,  each  of  Aj,  A„  ...  re- 
duces to  unity. 

(h)  when  no  two  of  the  roots  differ  by  integers  unless  they  are 

exactly  equal,  the  matrix  *  is  the  value  of  O  (  ~)  taken  rounds  =  0, 

and  equal  to  1  +  ac-f -"-€"+ ..., 

2  ! 

and  determinable  at  once  on  inspection  of  the  differential  equations 

2b2 
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without  solution.  If  then  ^^  can  be  taken  so  that  the  matrices  G 
arising  for  the  various  comers  have  all  the  same  value  at  f^,  the 
group  of  the  system  is  particularly  simple. 

(c)  For  a  comer  at  which  all  the  roots  belong  to  one  sequence, 
differing  by  integers  or  zero,  if  all  the  constants  c^  of  the  matrix  y 
are  zero,  and  no  logarithma  enter  into  the  solutions  about  this 
comer,  the  matrix  *  reduces  to  a  single  constant  a>,  and  the  sub- 
stitution of  the  group  arising  for  this  comer  is  independent  of  O^^^ 
reducing  to  the  matrix  having  only  the  quantity  u>  in  each  diagonal 
place. 

25.  Conversely,  consider  necessary  conditions  that  the  group 
should  be  finite.  Then  each  substitution  must  be  of  finite  order, 
and  we  must  have  equations  for  each  comer  of  the  form 


]■ 


and  hence  w  Aj  =  1,     w    \  =z  1,    ..., 

of  which  the  first  is 


w'"(l  +  myi€-f  ^*  y^+...)  =  1, 


where  y^  is  a  matrix  satisfying,  for  its  equation  of  lowest  order,  an 
equation  of  the  form  y*'  =  0,  in  which  k^  is  at  most  «,,  and  the  senes 
in  the  bracket  terminates  with  the  term  involving  y*'~'.  This  equa- 
tion therefore  involves  w"'  =  1  and  y,  =  0. 

A  necessary  condition  is  therefore  that  all  the  roots  Oi,  O^j  ... 
should  be  rational  numerical  fi'actions  and  the  matrix  y  be  zero,  so 
that  no  logarithms  enter  into  the  solutions.  In  case  no  two  of  the 
roots  differ  by  integers  or  zero,  the  matrix  y  is  zei'o  of  itself ;  on  the 
other  hand,  if  every  two  of  the  roots  differ  by  integers,  and  still 
the  matrix  y  is  zero,  the  particular  substitution  Oq^Gq^  is  in- 
dependent of  (tq,  and  reduces  to  a  numerical  constant  w,  which  in 
the  case  supposed  is  a  i-oot  of  unity;  for  a  system  derived  from  a 
single  linear  equation  we  have  seen  that  the  invariant  factors 
corresponding  to  a  repeated  root  0  cannot  be  linear,  and  y  cannot 
be  zero  when  there  are  repeated  roots. 

The  condition  is  not  generally  sufficient.  If  a  set  of  matrices  N 
genemte  a  finite  group,  it  is  known  that  a  single  matrix  v  can  be 
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found  such  that  the  set  of  matrices  M  =:  mNm'^  satisfy  the  relation 
MgM  =  1,  where  Mc  denotes  the  matrix  whose  elements  are  the  con- 
jugate imaginaries  of  those  of  M,  and  M^  is  the  transposed  of  M^,  In 
our  case,  denoting  ^,  which  in  the  case  supposed  consists  only  of 
diagonal  elements  which  are  roots  of  unity,  by  Q,  so  that  0^0  =  1, 
the  matrices  M  are  of  the  form 


Part  IV. 

26.  In  illustration  of  the  previous  theory  consider  the  case  of  the 
system 

in  which  fi  =  1  —  o,  derived  from  the  single  linear  equation 

^(l-0y"+(l-20y-a(l-o)y  =  0 

by  putting  ic,  =  y,  «,  =  t(l-~t)y\  For  ^  =  0,  i=l  the  system  is 
already  in  canonical  form  ;  integrating  from  t^^  =  J,  we  have,  by  the 
theory, 

n[«(0]=?(0(J  '°f^>-(i). 

We  find,  however, 

(j_;)-(')aj)=-»<')=-<'-'>^ 

and  hence,  if  8  =  1— t  and  0[tt(^)]  =  -F(0»  we  have,  by  §  3, 

2.W=o[«wg]=n[-u(0]  =  (J  J)OC«(0](;  J). 

80  that 

»«)  (J '°!^')  =  (J -?)'<"  (J '!'')»■■«>  (J  J)'<«- 

(A) 

With  w  =  ^(1— ^),  the  subsidiary  equations  for  the  determination  of 
the  columns  of 

^9ii  9n' 
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^^(gu9ii—9\i9n)  =  0; 


leading  to 

80  thai,  as  at  t  =  0,  so  for  all  t, 

9u9n^9\i9ii  =  1» 
the  ordinary  Abel  relation  in  a  disguised  form.*     The  equation  (A), 
with  h^j  =  g^f(l-'t)  and  y^  =  gr^  (^),  is  the  same  as 

f9u    9u^og2ti-g^A 
^9n    9ti^^g^^-^9J 

_  /     ^11     ^11  Wl    log2«W     y„  -y„\/     yu      yii\ 

^  -^,1  -^Z  ^0        1      /  \  -.y„       y„/  \  -y«   -y„/ 


=  /     ^,       ;i„log2*  +  ;i„\/4       B\ 
V-Zij,  -/4ilog2«-/i5,/\0  -^/' 


where         A  =  y„  yjj  +•  ywrai,     ^  =  2y,jyj2,     (7  =  —  2y„  y^,, 

J«  +  7i(7=l, 
and  leads  to  four  relations  effectively  all  reducible  to  9ngt2—9u99i  =  1 
together  with  h„  =  Ag,,+  C(g„  log 2f.+g,,).  (B) 

We  know  that  gf,„  gr,^  are  power  series  in  t  reducing  respectively  to 
1  and  0  for  t  =  0,  and  h^^  is  the  same  power  series  in  s  as  is  g^^  in  t ;  if 

n-l 

the  equation(B)  gives, putting  ^=0,  and  assuming  log^[and  log(l  — 0] 
real  and  negative  for  0  <  /  <  1, 

^  +  6Mog2=  [3„(l-0-6'Iog;],.„ 

=  [1+2  (k,.+  ^-)(l-0"]     , 

and  hence  G  =  (— riK,,),,^^. 

Thus,  when  the  series  ^„  (t)  is  known,  0  can  be  found,  and  hence 
A  and  7i,  as  we  shall  show  below  ;  it  concerns  us,  however,  first  to 
show  how  far  the  method  of  this  paper  enables  us  to  go  towards 


*  In  general  the  detenninant  of  ^  is  tlie  exponential  of  the  integral,  from  0  to  ^, 
of  the  sum  of  the  diagonal  clement*  of  the  matrix  v. 
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determining  the  group  of  the  equation  without  calculation  of  details ; 
we  pix)ve,  in  fact,  at  once  that  this  group  can  be  transformed  so  as  to 
be  generated  by  the  two  substitutions 


/I     2^  /I  OX 

\o   1/'      \2(WC)»  ir 


For  the  solution  Q(u)   we  have  seen  that   the   two    substitations 
about  ^  =  0,  /  =  1  are 

where  fi  =  (q  _-^)- 

Xow  take  a  matrix  p  such  that 

which  is  known  to  be  possible,  since  the  two  matrices 

Co  ry  (I  ?) 

have  the  same  roots  and  invariant  factors  ;    putting  for  the  determ- 
ination of  p, 

we  find  P  and  Q  arbitrary,  .R  =  0  and  8  =  iriP ;    next,  assuming  P 
not  zero,  take  a  matrix 

and  then,  assuming  G  not  zero,  take   Q/P  =  — A/0,  so  that,  in  virtue 
of  .4^  +  50  =  1, 


\wiG      0  / 


Consider  now  the   solution  O  (u)p''^  of    the   differential  system  ; 
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about  ^  =  0,  ^  =  1  it  has  the  respective  factors 

e=i>.(i)(J'f).-(4)i>-  =  (J^), 
*=pMi)(l  ^')r'(i)Mi>-', 

which,  by  pfA  =  oy,  is  equal  to 

which  on  calculation  is,  as  stated, 

(       ^         \ 
\2(mGy   1/ 

In  fact  it  will  be  seen  that  ^n(0    is  the  hypergeometric  series 
^(a,  /8,  1,  t),  fi  =  1— a,  and  hence 

^  ^  _  ra(a  +  l)...(a  +  n~l)ff(ff+l)...(ff-hn~l)-]        . 
L  (n-l)!n!  J-..' 

it    is,    however,    an    elementary   property    of  F-functions  that,  for 
general  values  of  a,  /?, 

r    a(a-hl)...(a^n-l)/3(/8+l)...(/3H-n-l)-|         ^   r(«+/8) 
L  n!(a+/8)(a+^+l)...(a-f^-|-n-l)        J„.«       r(a)r(/8)' 

thus  here,  with  o-f/S  =  1, 


rar(i-a) 

and  the  gix^up  is  generated  by 

^"(o  l)'     *"(-2  8in'^«  l)' 
For  instance,  for  a  =  -|,  a  =  J,  i*espectively. 

Returning  now  to  the  determination  of  the  matrix  g^  the  equations 
for  the  first  column  are,  with  ^  =  1 — a, 

which  are  satisfied  by 
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reducing  respectively  to  1  and  0  for  ^=  0,  if  only  the  identity 

al3F=t(l-t)F'''{'0—2t)F' 

is  satisfied,  as  is  known ;    these  are  then  the  values  for  gfi,  and  gf„. 
The  equations  for  the  second  column 

dt        ^(1-0        t  '       dt         ^^''       t 
are  to  be  satisfied  by  forms 

N>i  dt 

which  on  substitution  in  the  second  equation  are  found  to  give 

g,,  =  2  K,.r  f-  + ...  4-  —-■*— 1"  +  ^  -H ... 
n.i  La  a  +  n— 1        p 


^a-bi-^O-^-^i)]. 


which  can  be  shown  to  be  the  same  as 

g,,  =  -log(l-t)F(a,fi,l,t)-2%K,r(l+  I  +...+   ^-). 

N-1         \  z  n  / 

Thus  (7  is  as  stated  above,  and  hence  from  equation  (B) 
sinira. 


A=- 


^log2+ri^(a,  l-a,  1;  1-0+ ?^^^log<l      . 
L  w  J<-o 


To  evaluate  this  we  use  the  identity  holding  for  general  values  of 
<t,  P  (St.  John's  College,  Cambridge,  Examination  Paper  of  June  4th, 
1894,  9-12), 

where  ^(x)  =  ^^; 

by  )8  =  1— a,  we  thence  at  once  find 

^  =?L^  [log2  +  2,/r(l)-i^(a)-i^(l-a)] 
2  sin  Tra 


sm  Tra ,       o  i   25  sin  wa  r  •  /••  n       i  /  \  n 

log  2+ l\P(l)  —  \l/(a)  J  —cos  wa  ; 


TT  TT 

and  hence,  from  A'-\'BG  =  1, 


^^sinTra  ^iog2  +  2i/.(l)-2i/.(a)-ir  cotira]«-ir»co8ec«ira}, 
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whereby,  in  fact,  the  relation  connecting  the  fundamental  integrals, 
of  the  original  hypergeometric  equation  about  t  =0  and  <  =  1,  for  a 
general  value  of  a,  ia  found  in  a  manner  which  appears  to  the  writer 
simpler  than  that  employed*  by  Tannery  for  the  particular  case  a  =  ^. 
It  can  be  proved  that 

-A(l)-^(i)  =  21og2,    ^(l)-^(J)=i(31og3  +  T/y:3); 

thus,  for  o  =  i. 


B  =  i-[(.5Iog2)'-,r'], 


and,  for  a  =  |, 

A  =  ^^-  log  (54),     B=^  [(log  54)'-f  ,r']. 

Another  remark  seems  worth  making.  We  have  had  the  relations 
expressing  the  integi'als  about  <  =  0  in  terms  of  those  about  <  =  1  ; 
by  elimination  of  the  constants  we  obtain  four  functions  of  these 
integrals  which  are  constant ;  'putting 

.^  (9n  9A  n  log2n  /A„  h,A  (I  \og2A 

these  relations  are,  in  fact, 


^(lo)''^!  aVI' 


and  can  be  obtained  in  this  form  directly  from  the   two  expressions 
for  Q{u). 

[Jmie  17thy  1903. — The  following  deal  with  systems  of  linear  equa- 
tions : — Konigsberger,  Lehrbuch  der  .  .  .  Differentialgleichungen^  1889, 
pp.  441-469.  Sauvage,  Ann.  ds  VEc.  norm.,  1886,  1888,  1889. 
Sauvage,  Toulouse  Ann.,  Vol.  viii.,  1894,  pp.  1-24 ;  Vol.  ix.,  1895, 
pp.  25-100  and  pp.  1-75.  Griinfeld,  Denkschr.  der  Wiener  Akad., 
math.-naturw.  CL,  Bd.  Liv.,  1888.  Horn,  Math.  Ann.,  Vol.  xxxix., 
1891,  pp.  391-408,  and  Vol.  xl.,  1892,  pp.  527-550.  Picard,  Trait^i 
d^ Analyse,  Vol.  in.,  1896,  p.  266.  Dunkel,  Ameiican  Akad.,  May  14th, 
1902.] 


*  Repeated  in  Yon^ytW^  Lin fiar  inferential  Equations  (1902),  pp.  120-134.  We 
remark  in  passing  that  the  first  four  lines  of  p.  148  of  that  volume  do  not  appear  to 
l>e  correctly  printed. 
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On  some  cases  of  Matnces  with  Linear  Invar ian  t  Factors.      By 
H.  F.  Baker.     Received  and  Read  December  11th,  1902. 

When  an  important  theorem  is  capable  of  very  brief  proof  it  is 
desirable  that  the  fact  should  be  widely  known.  This  more  than 
their  novelty  may  perhaps  justify  the  following  lines.  We  denote 
a  matrix  of  n  rows  and  columns  by  a  single  capital  lett»er, 
say  3/;  that  obtained  from  it  by  changing  rows  into  columns 
by  M\  that  obtained  from  it  by  changing  every  element  into 
its  conjugate  complex  by  Mq.  And  a  row  of  n  single  quantities 
is  denoted  by  a  small  letter,  such  as  a?  or  y ;  their  conjugate  com- 
plexes by  .Vq  or  y^.  The  symbol  Mx  is  the  row  of  n  quantities 
obtained  by  combining  the  element  of  each  row  of  M,  in  turn, 
with  the  elements  of  x ;  while  Mxy  is  the  single  quantity 
obtained  by  combining  the  elements  of  Mx  with  those  of  y.  We 
utilize  the  obvious  identity  Mx]f  =  Myx,  and  assume  the  fundamental 
theorem  as  to  invariant  factors  explained  in  detail  in  §  13  of  the  pre- 
ceding paper  "  On  the  Integration  of  Linear  Differential  Equations." 

1.  For  a  matrix  M  such  that  3P  =  1,  p  being  a  positive  integer,  if 
^  be  a  root  of  the  determinantal  equation  |  M—p  |  =  0,  we  can  find  x 
so  that  Mx  =  Ox,  and  hence  M''x  =  O^x ;  so  that  ^'*  =  1,  or  ^  is  a  p-th 
root  of  unity.  We  cannot,  however,  find  y,  other  than  zero  and 
linearly  independent  of  «,  such  that  My  =.  Oy-{-x,  or  else  we  should 
have  in  succession 

ypy  =  e(ey-{'x)-^dx  =  e'y+20x,  M^y  =  ^(%+a;)-|-2^aj  =  ^'y-k-Wx, 

and  finally  M'^y  =  ©"y+p^'^'aj, 

leading  to  pO^'^x  =  0, 

which  is  absurd,   provided  p^O   and   0^0,  of   which  the  latter 
follows  from  if  =  1,  giving  |  3f  |  :^  0. 

Thus  the  invariant  factors  of  the  matrix  are  linear,  and  a  matrix  /u 
can  be  found  such  that  fi'^Mfi  consists  only  of  diagonal  elements,  the 
roots  of  I  3/— p  1=0.  It  is  known  (E.  H.  Moore,  Math.  Ann.,  Vol.  L., 
1898,  p.  214)  that,  if  3f„3f2,  ...  be  the  generating  matrices  of 
a  finite  group,  a  matrix  m  can  be  found  such  that  the  matrices 
N^r=  m'^M^m,  N^=zm'^M^m,  ...  satisfy  the  relation  NqNszI. 
Thus  the  result  is  a  particular  case  of  that  proved  under  (3)  below. 
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2.  If  a  matrix  M  satisfy  the  relation  M  =  If^  so  that,  if  it  C50n- 
sist  of  real  elements,  it  is  a  symmetrical  matrix,  and  if  ^  be  a  root 
of  I  M — p  I  =  0,  we  have  for  a  suitable  row  x  the  sequences 

Mx  =  Ox,     MxXq  =  6xxq  ; 

3fya?o  =  ^o^o»     ^h^o^  =  ^o'V^     'MqXXq  =  OqXXq,     MxXq  =  OqXXq, 

and  can  infer  (^—^0)^*^0  =  ^»     ^  =  ^©^ 

so  that  the  root-s  0  are  necessarily  i*eal ;   but  we  cannot  have   an 
equation  (M^6)y  =  x,  or  else  the  real  quantity 

XX,  =  (JW-  e)yx,  =  (M-e)y,x  =  (M,-e)xy,  =  (M^e)xy,  =  0 

would  be  zero. 

Thus  the  invariant  factors  of  the  matrix  M  are  necessarily  linear, 
and  the  roots  are  real. 

If  -4,  5  be  two  matrices  of  the  n-th  order  such  that  A  =  A^,  B  =  B^, 
and  BxXq  only  vanishes  if  each  element  of  it*  is  zero,  so  that  |  B  |  rjfe  0, 
and  ^  be  a  root  of  |  A^pB  \  =  0,  we  can,  from  (B~^A—0)x  =  0,  infer 

Axx^^  =  OBxXq,     AxqX  =  OBxqX,     Af,x^^.v^  =  fiB^x^x,     Axx,  =  O^BxXq, 

and  hence  (6—0q)BxXq  =  O,  showing  that  0   is  real;  but  we  cannot 
have  (B'^A  —  6)y  =  x,  or  else  the  real  quantity 

B\xx,  =  J^o^'o^  =  BxoX  =  Bxx^  =  (A-OB)  yx^  =  {A^-BB,)  y^x 

=  (A  -OB,)  xy,  =  (A-eB)xy,  =  0  ; 

so  that  the  invariant  factors  of  B'\i  are  linear.* 


•  If  tf,  e'  be  two  different  rootw  of  {B'^A—p]  =0,  equations 
Ax  =  eBx,     Ax'  =  ^Bx' 
give  eBxxo  =  Axxq  =  Axqx  =  AqXqX  =  B'BqXqx  =  B'Tif^xxa^^  9'Bxxo, 

and  hence  {0  —  0')Bxx{i  =  0,  80  that  Bxxo  =  0.  "WTiile,  if,  for  a  repeated  root,  wc 
have  Ax  =  OBx^  Ay  —  BBy,  Az  =  QBz,  ...,  and  put  t)  =  y  +  \x,  where  \  is  a  singlf 
quantity,  wo  have  Bxr^^^  =  BxyQ  +  X^^Bxxq  ;  thus  we  may  suppose  Bxy^  =  0,  giWng" 
ByxQ  =  0  ;  then,  putting  (  =  z  +  /xy  +  yx^  when  fx,  v  are  single  quantities,  we  have 
Bx(q  =  BxzQ  +  yQBxx^^,  By  Co  =  %*o  ♦  Mo^i/y©  i  so  we  may  suppose  ^jczq  =»  0,  ByzQ=  0, 
and  so  on;  and  this  leaves  the  sets  x,  yj  z,  ...  independent.  We  may  then 
suppose,  if  /*  be  the  matrix  of  which  any  column  consists  of  one  of  the  »  inde- 
pendent sets  satisfying,  for  the  various  values  of  p,  the  equations  {B'^A  —  p^x  =  Oy 
that,  when  t  z^j\ 

0  =  iBr,fl,i{^lrj)o  =   2(^/^)  ri(jld)o  =  (i"0-^M)>i» 

r,  s  r 

and  denote  the  real  quantity  {jlQBn)ii  by  <^„  and  the  diagonal  matrix /^5u  by  ♦. 
Then  it  is  a  well  known  consequence  of  the  definition  of /i  that  the  matrix  pT  B~  Afi 
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3.  If  S  be  a  matrix  such  that  the  bilinear  form  Sxx^^  does  not 
vanish  unless  every  element  of  x  is  zero,  and  M  he  &  matrix  such 
that  MqSM=  S,  a  particular  case  being  when  S  =  1,  and  thereof  a 
particular  case  being  the  oi-dinary  orthogonal  transformation  when  M 
consists  of  real  elements  ;  then,  if  |  M^O  \  =  0  and  Mx  =  Ox,  t  =  Mx, 
t^  =  M^x^,  we  have 

Sxx^  =  M^SM.v,r^  =  SMxt^  =  8tt^  =  ee^Sxx^ 

so  that  0$Q  =  1  and  the  i-oots  0  are  of  modulus  unity.  But  we  cannot 
have  My  =z  Sy-^-Xj  or  else,  noticing  that  the  determinant  of  8,  and 
therefore  of  If,  and  thei*ofoi*e  $,  is  not  zero,  we  could  infer  the 
sequences 

y  =  eM'y-\-M-%     Sy  =  SSM'y  +  SM  'x  =  OM^Sy^-M^Sx, 

M,Sy  =  e,Sy-e,MoSx, 

^^foVoV  =  KSyyo  =  (^oSy-O.KSx)!/^  =  BoSyyo-B^M^Sxy,; 

SM^y^y  =  SX$oyo-{'iPo)y  =  (^o^VoV -^  ^"^^oV  =  ^o^yUo-^Sx^V ; 

and  hence  deduce         U  =  O^M^SxyQ -f- Si^oy  =  0, 

of  which,  however,  the  left  side  H  is  the  same  as 

=  $lM^SMxy^-{'Sx^  -^BoSxXo 
z=eleM^8xy^i-Sx,y  +  eoSxx, 
^  H-\-$qSxXq, 

j^iving  the  impossible  result  SxXq  =  0. 


is  a  diagonal  matrix,  say  6,  having  only  the  rootn  of  \A—pB\  >-  0  in  iIh  diagonal^ 
each  to  its  own  multiplicity ;  tlius 

ti-^B-\A-pB)ti  =  e-p,     ilo(A^pB)fi  -  ♦e-f*, 

wherein,  as  the  equations  {A  ^eB)  x  =»  0  only  determine  the  ratios  of  the  elements 
of  jr,  the  real  quantities  ^i  in  ♦  are  arbitrary.  Putting  #8  «-  V,  t  —  fit,  this  is 
equivalent  to  {A-f£)rr,  ^  [V-p*)t,„ 

whereby  the  bilinear  forms  Ar TQy  Bttq,  are  simultaneously  transformed,  each  to 
contain  only  n  terms,  of  the  form  ^^.^C^V  In  particular  when  ^,  ^  are  real 
symmetric  matrices  and  the  quadratic  form  Bx^  does  not  vanish  unless  a:  »  0,  the 
i^quations  {A—9B)  a;  »  0  give  only  real  elements  for  /<,  and  the  real  quadratic  forms 
Ar'y  Bt'  are  hereby  transformed  simultaneouoly  into  sums  of  real  positive  or 
negative  squares. 
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Thus  the  invariant  factors  of  |  M—p  \  =  0  are  linear.  (0/.  Loewy, 
Nova  Acta  Kais.  Leap.  Carol.  Deut,  Ak.  der  Naturf.,  Lxxi.,  Halle,  1898, 
where  another  proof,  involving  somewhat  more  detailed  considera- 
tions, is  given.) 

4.  One  simple  example  of  the  results  in  (2)  and  (3)  deserves 
notice  fi-om  its  connexion  with  the  theory  of  algebraically  integrable 
linear  differential  equations.  If  a  be  a  matrix  as  in  (2)  for  which 
a  =  o^  and  Q(at'^)  denote  the  matrix 

0  (  ^  )  =  l4-nQ(rOH-a'Q(rXQr'))+a»Q(r»(Qr»(QrO))  +  ... 

where  Q  denotes  integration  from  an  arbitrary  position  t  =  t^^  and 
the  integration  be  extended  completely  round  ^  =  0,  back  to  f^,  it 

is  easy  to  see  that  Q  I  — ^  j  is  the  conjugate  complex  of  Q  (  — ) . 
For  an  incomplete  circuit  the  inverse  of  the  matrix  Q  [-^j  can 
be  shown  to  be  the  transposed  of  fi  ( — ^  j  .  Thus,  if  M  denote 
the  complete  value  of  Q  I  —  ) ,  we  have* 

which  is  simply  %- t-^ ,   and    it   can    be    shown   that  the  coii-e- 

0        ml 

spondcnce     of    the    roots   6,  9  =  e-""  of   the  equations   |a  — ^|=U, 

I  3/—  ^7  I  =  0  is  complete. 

5.  If  E  denote  the  matrix  occun-ing  in  the  theory  of  continuous 
gi'oups  for  which  the  general  element  is 

r 

^\<r  =  2  c,rp e,      (p,  o-  =  1  ...  r), 

where  the  constants  c^,^  are  such  that  we  have  identically  {Proc. 
Land.  Math.  Soc,  Vol.  xxxiv.,  p.  93) 

Ee'  H-  E'e  =  0,     EE'e"  +  E'E"e  +  E^Ee'  =  0, 
there  is  a  result  of  importance  (Killing,  Math.  ^ww.,Vol.  xxxiti.,1889, 
p.  5)   which  we  can  prove  briefly  by  lueans  of  a  result  proved  in  a 
previous  note  {Froc.  Land.  Math.  Soc,  Vol.  xxxiv.,  p.  351).     We  have 
identically  i/(3  =  0,  and,  of  the   determinantal  equation  |^-Hp|=0, 

*  [^Juue  llthy  1903. — And  couversely  any  matrix  .1/"  satisfying  this  equation  can 
be  HO  ^Titteu  as  n  (a^~') ;  in  particular  for  a  real  orthogonal  transformation  a  =>  i3, 
where  j8  is  a  skew  syiiunetrical  real  matrix.] 
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zero  is  a  root  of  at  least  multiplicity  unity.  If,  for  general  values  of 
e„  ...,€r,  we  form  the  descending  series  of  positive  integers  which  are 
the  exponents  of  the  invariant  factors  corresponding  to  this  root 
zero,  the  theorem  is  that  the  last  of  them  is  necessarily  unity ;  so  that 
the  last  invariant  factor  is  linear.  To  prove  this  it  is  sufficient  to 
show  that  a  set  e  of  quantities  independent  of  e  cannot  be  found  such 
that,  beside  Ee  =  0,  we  have  Ee'  =  e.  First,  when  the  root  zero  of 
the  equation  |^+p  =  0  is  of  multiplicity  r  for  all  values  of 
€„  ...,e,.,  the  equation  Ee'  =  e  would  give  (E'-\-l)e  =  0,  and  so  the 
impossible  equation  |^'-f  1  |  =0.  Next,  when  the  root  zero  is  at 
least  of  multiplicity  k  {0  <  k  <  r)  for  all  values  of  e,,  ...,e,.,  but  is  of 
no  higher  multiplicity  for  at  least  one  particular  set  of  values  c,,  ...,e„ 
if  then  e'  can  be  found  such  that  e  =  Ee'  =  —  ^'e,  and  if  the  series 


i+^+f;  + 


be  denoted  by  A„  we  have  with  arbitrary  X,  since 
E'%  —  -We  =  e,  E'%  =  E'e  =  -e,  ...,  putting/ =  Ae', 


+  ... 


=  fie, 


where  /x  =  exp  (  —  X). 

then 

thus  here  we  have 

and  so 


It  has  been  proved,  however,  that,  if  e'  =  AyC, 
E'  =  A,JB?A7' ; 
fxE=E^=^fE^}\ 

|^4-p|  =  |/xJE?+p|. 

The  coefficients  in  the  equation  |  ^-|-p|  =0  are  therefore  unaltered 
when  ei,....e^  are  replaced  respectively  by  fie,,..., /ie,..  As/a  =  exp(— X) 
and  X  is  arbitrary,  this  can  only  be  so  if  the  equation  reduces  to 
^'  =  0,  which  by  hypothesis  is  not  the  case. 

6.  The  result  in  (5)  is  for  general  values  of  ei,...,e^.  Consider 
an  integi^ble  group,  and  let  e,,  ...,<»^  be  a  particular  set  for  which 
J'  =  e^X^-^  ...  -{-e^Xr  is  the  infinitesimal  transformation,  such  that 
when  P'  is  any  other  the  combindnt  (P',  P)  is  zero  or  a  constant 
multiple  of  P,  so  that  we  have  Ee  =Xe  ;  if  then  Ee"  =  fie,  and  there- 
fore E(txe—\e")  =  0,  and  neither  of  X,  /lc  be  zero,  we  can  replace  one 
of  e',  e"  by  fie'—\e'\  In  other  words,  there  is  at  most  only  one  in- 
dependent transformation  P'  for  which  the  combinant  (P',  P)   is  not 
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zeit).  But  the  pi'oof  in  (5)  avails  when  Ee'  =  ke  is  not  zero  to  show 
that  for  this  special  <•„...,  fv  the  equation  |  E-\-p\  =0  has  no  root  but 
zei*o ;  thus,  besides  the  equation  Ee  =  \^,  we  have  (/•  —  -)  ef^uations 
Ef  =  0,  together  with  ^f  =  0.  In  other  words,  the  first  invariant 
factor  of  I  i^+p  I  =  0  is  of  exponent  2,  and  the  remaining  ones  are 
linear,  and  the  matrix  E  satisfies  the  equation  E'  =  0.  For  a  group 
known  to  be  necessarily  integrable,  such  that  \  E-\-p\-=0  i-educes  to 
p'' =  0  for  all  values  of  <»„..., e„  it  can  l>e  shown  that  a  set  ^i, ..-,6, 
exists,  not  identicjilly  zei-o,  for  which  E  =  0. 


Overlapping  Intervah.  By  W.  II.  Young.  Received  November 
30th,  1902.  Read  December  11th,  1902.  Revised  March 
10th,  1903. 

1.  (Jiven  any  set  of  ovei'lappiiig  intervals,  we  will  show  how  tf> 
determine  a  countable  set  fii>m  among  tliem  which  hy  themselves 
determine  the  most  important  properties  of  the  given  set. 

Take,  first,  any  one  of  the  intervals,  and  lei  us  denote  it  by  d  or  8. 
Then  either  there  is  no  interval  of  the  given  set  which  abut>s  or 
overlaps  with  d  on  the  left,  or  else  there  is  such  an  inten'al.  In  the 
latter  case  we  denote  by  5'  the  part 

of  this  interval  which   extends  be-  8'        //  =  8 

ytnid   d  to  the  left,  and  by  */'  the  '.       ^    'Z 

interval  itself,  which  coincides  with  ''' 

6'  if  r/'    abuts  with    J,   and   which 

otherwise  contains  8'  as  a  part,    and  has  its    left-hand    end    point 
coincident  with  that  of  S'. 

Pi-oceeding  in  this  way  towards  the  left,  we  must  ultimately  either 
come  to  an  interval  of  the  given  set  having  no  iiitc.-i'A'al  abutting  or 
overlapping  with  it  on  the  left,  or  else  the  parts  of  intervals 
8',  S",  S'",  . . .  must  get  smaller  and  smaller  without  limit,  and  defiDe 
a  limiting  point  P  external  to  all  of  them,  and  thei-efore  external  to 
the  intervals  d\d'\d"\  ...  of  the  given  set.  Such  a  point  P  may. 
however,  be  internal  to  some  otluM*  interval  of  the  given  set ;  in  this 
case  we  choose  out  any  one  of  the  intervals  containing  P,  say  IK 
Thetv    will   only    be   a   finite  number  of   the  intervals  d,d\d'\... 
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and  extension  of  Mathematical  Knowledge. 

It  was  founded  in  1805,  and  iuc()i*porated  under  Section  23  of  the  Companies 
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Every  Candidate  for  MiMnheri^Iup  ninst  ho  proposed  and  recommended,  accordinfr 
to  a  form,  whicli  the  Secn'iaries  will  Hupply,  by  not  loss  than  three  Members,  of 
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Member. 

Tho  Annual  Subscription  to  be  jtaid  by  each  M<>mber  is  one  guinea:  any 
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EvtM-y  X^amber  i.-<  conrfiiliMod  liable  for  his  annual  subscription  until  he  has 
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Tn<'  Jiffiiirs  ot'thf  S-..*M.'iy  :n'»'  ilir«Mtfd  by  th«*  Council  and  OHlcorp. 

TIm*  Coiiiuil  1'onr.isis  oi' .-Ixifou  MimiiIxmj.  inchicliiiL''  the  Officers,  and  is  chosex: 
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h<*l«l  on  thi*  -iM'i.ml  Thur.mljiy  iii  XovtMiih*  r. 

Tl..  Oiliii-r**  .in*  :s  I*rr.«-iii»Mi! ,  Vii'c-I*n-^i«ii'iif <,  a  '1  r«.Jisun*r,  and  Secretaries. 

Tiio  Oniiiiaiv  .Mim-miil's  of  ihi*  Society  aic  hei-i  :it  its  Itoonis.  22  Albemarle 
SfiiM',:iii'i  <•  iiiMiMii'"  .11  ."» :*.«•,, 'r!,.(.u  ill  :hi>  fvt>i)iii>r.  Th«?  dates  of  meeting  for  the 
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\it'-v  :i  p.'ipi-!  »..i-  \rvu  i>n.-iiinri\  T.»  I  he  S<»eifiy,  it  is  referred  by  the  Council 
I  .  ;u.,  i.r  i.ii(»ii-  Mi|.j!uM'!.  V,  •;.»  ri-:»"ri  !••  !h»- (Juiuici  I  on  its  tit  nej-s  for  publication  in 

Tle«  /• •/..-.  AfrtT  ;.«..i:luj.'  t)  e  m  p«»rt.'*.  ihe  Couiiei!  d»'eide.H  by  ballot  whether 

i    •*u;'.ll  !•-•  oiietvfl  «.'   r.ot. 
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•  W  .  liuUNSlDK. 

.'-    >'■.    MllV..it.:-'..    Iv.:.i.   (»\f.  ti        -A.    K.    If.    L-MM... 

'?■;.•  ''roi*,  lin-niliy  livu.i,  C\ti..,i.],  S.K..-\V.  i*.ii;\sniK. 
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which  do  not  overlap  with  D.     Let  d!*^  be  the  firet  which  overlaps 

with   D ;    then    we    select   the    intervals 

d,  d\  d'\  ...,  d-'\  D,    and   omit   from   con-  J)  d^ 

sideration  all  the   intervals  ci'*\  ci* "*■',...  . ^  .         . 

Proceeding  on  these  lines  we  can  only  he  ^*^ 

stopped   (1)  by  coming  to  an  interval  of 

the  given  set  having  no  interval  of  the  given  set  abutting  or  over- 
lapping with  it  on  the  left,  (whose  left-hand  end  point  /'  is  therefore 
neither  internal  to  any  interval  of  the  given  set  nor  a  right-hand 
end  point  of  any  one  of  the  intervals),  or  (2)  by  the  part«  of  in- 
tervals 8',  8",  8'",  ...  becoming  smaller  and  smaller  and  defining  a 
limiting  point  Q  on  the  left  of  all  of  them,  such  that  no  interval  of 
the  given  set  contains  Q  as  inteimal  point.  Q  would  be  external  to 
every  one  of  the  given  intervals,  unless  it  wei*o  a  right-hand  end 
point  of  one  or  more  of  them.  Such  a  point,  P  or  Q,  may  be  properly 
called  an  external  or  semi-external  point  of  the  given  set,  though  it 
should  be  remarked  that  a  semi-extei*nal  point  of  a  set  of  over- 
lapping intervals  is  not  necessarily,  as  in  the  case  of  non-overlapping 
intervals,  an  end  point  of  only  one  of  the  intervals. 

Having  proceeded  in  like  manner  on  the  right  of  rf,  we  start  afresh 
in  each  of  the  one  or  two  segments  left  over,  and  take  again  any 
one  of  the  intervals  and  treat  it  as  we  did  d.  Continuing  this 
process,  we  get  a  set  of  non-overlapping  intervals  8,8',  8",...,  Ac., 
which,  by  the  theory  of  sets  of  non-overlapping  intervals,  can  be 
arranged  in  countable  order  8|,  8„  8,,  ...,  and,  corresponding  to  these,  a 
cormtahle  set  of  the  given  intervals,  cij,cZj,  (i,, ...,  such  that  8j  coincides 
with  the  whole  or  a  part  of  ti„  and  has  at  least  one  end  point  common 
with  it.  Any  other  of  the  given  set  of  intervals  lies  entirely  within 
one  of  the  J/s  or  else  lies  entirely  within  a  set  of  the  d,^8  which  over- 
lap or  abut  all  along. 

Such  a  countable  set  Jj,  (Z„  ...  chosen  in  the  manner  indicated 
from  among  the  intervals  of  the  given  set  serves  to  classify  the  points 
of  the  sti-aight  line  with  reference  to  the  given  set  in  a  manner 
analogous  to  that  used  in  the  theory  of  non-overlapping  intervals. 
Any  internal  point  of  rf„  tf„  ...  is  internal  to  the  given  set  (of 
couree),  and  the  converse  is  also  true,  except  that  an  internal  point 
of  the  given  set  may  bo  an  end  point  of  two  intei-vals  cK,,  dj  which 
abut.  Any  external  or  scmi-extcnial  point  of  J^,  J,,  ...  is  external 
or  semi-external  to  the  given  set,  and  vice  versa. 

2.  We  notice  that  the  set  84,  8* ...  is  not  unique ;  but,  since  the  ex- 
VOL.  XXXV. — NO.  814.  2  c 
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temal  and  semi-external  points  of  the  set  then  determined  are  the 
same  as  hefore,  all  such  sets  have  the  same  derived  set  S^,  S^,  8^,  ..., 
and  we  may  very  properly  call  this  the  derived  set  of  the  given  set, 
since  it  is  obtained  by  amalgamating  all  abutting  and  overlapping 
intervals  of  the  given  set. 

3.  This  gives  us  a  direct  proof  of  the  Heine-Borel  theorem,  and 
shows  us  how  to  determine  a  finite  number  of  the  intervals  such  as 
are  asserted  to  exist  in  the  theorem.  The  enunciation  of  the  theorem 
is  as  follows  : — Cfiven  a  set  of  intervals  such  thai  every  point  of  a  given 
segment  {A,  B)  is  internal  to  some  intertjal  of  the  set,  we  can  choose  out 
a  finite  number  of  the  intervals  having  the  same  property. 

For  in  this  case  there  is  no  point  of  the  segment  external  or  semi- 
extemal  to  the  intervals  8, ;  hence  they  are  finite  in  number,  and 
therefore  the  same  is  true  of  the  intervals  (2,.  Let  these  be 
(^,  d,,  ...,flf*,  and  let  the  end  points  of  these  intervals  inside  (AyB) 
be  Pj,  P„  ...  .  Then  we  can  choose  out  (A;— 1)  or  less  of  the  given 
intervals  containing  as  internal  points  those  of  the  points  Pj,  Pj,  ... 
which  are  not  already  internal  to  (^i,  d^,  . . . ,  d/^,  and  get  in  this  way  at 
most  (2k — 1)  of  the  intervals  having  the  desired  property. 

4.  Content. — It  is  convenient  to  define  the  content  of  the  set  as 
being  the  content  Ig  of  the  derived  set.  This  agrees  with  the  de- 
finition already  given  in  the  case  where  the  intervals  do  not  overlap, 
and  enables  us  to  extend  the  theorems  given  in  the  first  part  of  this 
paper  concerning  external  and  semi-external  points  and  their  con- 
nexion with  the  content  to  sets  of  intervals  of  the  most  general 
character. 

5.  The  intervals  of  the  derived  set  are  such  that  every  internal 
point  of  the  given  internals  is  internal  to  some  interval  of  the 
deiived  set,  and  no  external  or  semi -external  point  of  the  given 
intervals  is  internal  to  the  derived  set ;  but  it  is  not  necessarily 
true  that  every  internal  point  of  the  derived  set  is  internal  to 
some  interval  of  the  given  set.  If,  however,  any  point  P,  internal 
to  an  interval  8',  is  not  internal  to  any  interval  of  the  given  set, 
then,  however,  we  construct  di,d^....  P  must  be  an  end  point 
of  two  abutting  intervals  8,  and  8, ;  and,  since  it  is  not  internal  to 
either  of  the  corresponding  di  or  dj,  it  must  also  be  a  common  end 
point  of  d,  and  dj,  and  these  must  therefoi*e  abut.     Thus,  if  there  be 

such  a  point  P,  there  will  be  two  or  more  intervals  abutting  at  P, 


1902.]        Mr.  W.  H.  Young  on  Overlapping  Intervals.  387 

and  no  interval  containing  P  as  internal  point.  Hence  the  number 
of  these  points  P  is  at  most  countably  infinite,  and  they  are  com- 
pletely determined  by  the  given  intervals.  We  can  call  these  points 
properly  isolated  end  points.  If  we  plot  them  down  in  the  derived 
intervals,  we  get  a  new  set  of  intervals^  (non -overlapping),  Z),,  2)„  ..., 
uniquely  determined  hy  the  given  set*  and  such  that  every  internal 
point  of  the  given  intervals  is  internal  to  this  sety  and  vice  versa. 

6.  From  this  theorem  we  can,  if  we  please,  dednce  as  a  special 
case  the  so-called  counterpart  of  the  Heine-Borel  theorem.  The 
enunciation  as  given  in  Schoenflies's  Berichtj  p.  109,  is  as  follows  : — 

"  If  to  every  point  a?  of  a  set  of  points  X  =  (x),  dense  everywhere 
in  a  segment  (A,  B),  there  corresponds  an  interval  c  containing  x  as 
internal  point,  and  if  every  point  of  (-4,  B)  is  not  internal  to  one  of 
these  intervals,  then  the  intervals  c  determine  a  finite  or  a  closed  set 
of  points  Q  such  that  no  point  of  Q  is  internal  to  the  intervals  c, 
while  this  is  the  case  for  every  point  of  the  set  complementary 
to  Q." 

It  will  be  observed  that  the  apparent  restriction  as  to  the  relation 
of  the  set  of  points  X  to  the  intervals  c  and  to  the  continuum  is 
superfluous,  and  only  tends  to  complicate  the  issue.  If  we  remove 
this  restriction,  the  theorem  is  synonymous  with  the  theorem  stated 
at  the  end  of  §  5. 

7.  We  can  now  prove  the  following  extension  of  the  Heine-Borel 
theorem  : — Given  any  closed  set  of  points  on  a  straight  line  and  a  set  of 
intervals  so  that  every  point  of  the  closed  set  of  points  is  an  internal 
point  of  at  least  one  of  the  intervals,  then  there  exist  a  finite  number  of 
the  given  intervals  having  the  same  property. 

For  let  us  construct  the  equivalent  set  of  non-overlapping  in- 
tervals D„  2)„  .. .  (§5). 

Then,  by  the  fundamental  property  of  this  set,  each  point  of  the 
closed  set  of  points  is  internal  to  one  of  the  intervals  2),.  If  there 
be  not  a  finite  number  of  the  intervals  Dt  having  the  same  property, 
there  must  be  a  limiting  point  P  of  those  intervals  D<,  each  of  which 
contains  at  least  one  point  of  the  closed  set.  P  could  not  be  a  point 
of  the  closed  set,  since  it  is  not  internal  to  any  one  of  these  in- 
tervals D,;  but  it  is  clearly  a  limiting  point  of  the  given  set  of 
points,  and  therefore  belongs  to  the  set,    since  it  is  a  closed  set. 


But  not  necessarily  contained  in  the  given  set. 
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This  is  a  contradiction,  and  therefore  there  can  only  be  a  finite 
number  of  the  intenralB  A  which  contain  points  of  the  given  set. 
Let  these  be  D|,  D„  ...,  A.     In  any  one 

of  these,  say  D„  the  points  of  the  closed  -?* ^ 

set  form  a  closed  set  lying  entirely  in-      ~~p  q~ 

temal  to  Dt.    Hence  we  can  assign  two 

points  P  and  Q  internal  to  !>,  sach  that  the  points  of  the  closed  set 

which  lie  in  A  form  a  closed  set  lying  betwen  P  and  Q  (not  in- 

closive). 

Now  between  F  and  Q,  (both  inclosiTe),  there  are  only  internal 
points  of  the  given  set  of  intervals  (§  5) ;  hence,  by  the  Heine- 
Borel  theorem,  we  can  assign  a,  finite  number  of  the  given  intervals 
so  as  to  entirely  cover  up  the  segment  (P,  Q).  In  this  finite  number 
of  the  given  intervals  every  point  of  the  dosed  set  of  points  in  Di 
must  lie.  Performing  this  for  all  values  of  i  from  1  to  Ap,  we 
get  a  finite  number  of  the  original  intervals  having  the  required 
property. 


The  Continuations  of  certain  Fundamental  Power  Series.  By 
M.  J.  M.  Hill,  M.A.,  ScD.,  F.R.S.,  Astor  Professor  of 
Mathematics  at  University  College,  London.  Received,  in 
revised  form,  February  6th,  1903.* 

1.  The  theory  of  the  continuation  of  power  series  has  not,  so  far  as 
I  can  ascertain,  been  hitherto  illustrated  by  applications  to  simple 
cases  where  the  work  is  unartificial. 

By  means  of  some  well  known  formulae,  proved  rigidly  for  the  first 
time  by  Abel,  in  his  famous  memoir  on  The  Binomial  Series^  1  have 
succeeded  in  working  out  the  continuations  of  the  binomial  series, 
the  logarithmic  series,  and  the  series  for  arc  tan  a;  along  arbitrary 
circuits.  Using  conj agate  functions  I  have  also  succeeded  in  finding 
the  continuation  of  the  series  for  arc  sin  x. 


*  The  paper  haM  been  oondcnBed  from  two  papers  ooromunicated  at  the  meetingB 
of  November  13th,  1002,  and  December  Uth,  1902;  the  latter  dealt  exclusively 
^ith  the  cane  of  arc  sin  x. 
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The  continuation  of  the  logarithmic  series  is  obtained  by  Harkness 
and  Morley  in  their  treatise  on  The  Theory  of  Functions,  pp.  123-4, 
by  considering  a  circuit  in  the  form  of  a  regular  polygon  containing 
an  infinite  number  of  sides. 

The  observation  that  the  result  must  be  the  same  for  an  arbitrary 
circuit  led  me  to  the  consideration  of  a  circuit  of  that  kind,  and 
finally  to  the  results  in  this  paper. 

The  continuation  of  the  binomial  series  will  be  found  at  the  end  of 
Art.  3  and  Art.  4,  of  the  logarithmic  series  in  Art.  7,  of  the  series 
for  arc  tan  a;  in  Art.  8,  of  the  series  for  arc  sin  x  at  the  end  of  Art.  17. 

2.  First  Illustration. — Continuation  of  the  Binomial  Series. 

The  work  depends  on  a  formula  which  can  be  deduced  from  those 
proved  in  Abel's  memoir  on  The  Binomial  Theorem. 

If  I  a;  I  <  1,  and  if  A;„  be  an  abbreviation  for  k  (A;  — I)  ...  (A;— n+1), 
then 

=  I  l+o;  I*  [cos  A;  amp  (1-1- a;) +i  sin  A;  amp  (l+«)], 
where  amp  (l-\-z)  is  the  principal  amplitude  of  1  -}-«.     This  principal 
amplitude  lies  between  — —  and  -f  — ,  becanse  \x\  <  1. 


3.  Let  Paj  =  l  +  ^a;-l-A;,-^-f...+Af„-^+. 

2!  nl 


here  \  x 

\<i. 

Put 

X 

=  *,+(« 

-«,). 

len  P(x 

k)  = 

■  P(x{)  +  (x. 

-x,)F(x, 

2! 

-«h)" 

^  1 

(I) 


(II.) 


The  condition  for  convergency  will  presently  be  shown  to  be 
\x-x,\  <  |l+«i|. 
In  order  to  calculate  the  right-hand  side  of  (II.)  observe  that 

P(«r)  =  l+fe,(«r)+^'  +  ...  +  ^"  +  ..., 
^l  nl 


where 


i«i<i. 


(III.) 
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Then  bj  actnal  differentiation,  and  sabstitntion  in  the  equation 

(IV.) 


(i+«)^-'^  =  c(;fc-r+i)q-5(r). 


dar- 


the  validity  of  (IV.)  can  be  established.     From  this  it  follows  that 
Using  the  formula  (V.)  in  (II.)  it  follows  that 

therefore  P(x\x,)=P  («.)  P  (|=^) , 


(VI.) 


provided  that 
Put  next 


\x^x^\<  |l+ah|. 


+  ... 


Now,  by  (V.), 


ete" 


^       2!       Ua;'      U+«,/Jx 
(a-a;,)"  f  d;;  p  /x-a!,\-l 


therefore 
therefore 


L         da;"        J.-x.      (l+a^r     Vl+a;,/' 


'(fiy='-{K;)L'+'.i;M(if::^- 


= ^(!^s) '(!;:)• 


+-^(i=ar+...] 


_     provided 
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Hence  (VI.)  becomes 

P(a:|«.|a:.)  =  P(=r,)P(^>)p(|^),  (VII.) 

and  80  on ; 
P{x\x,\x^\...\z.) 

=  pwp(^)p{^-.)  ..r(-;--;)p(fff;),  (vm.) 

provided  |  x^x,  \  <  1 1  +  j:,  |  . 

4.  Now  let  a  series  of  points  be  taken  which  form  a  complete 
circuit.     We  can  suppose  x,  to  be  the  same  point  as  «,. 
Put  X,  =  ajj  in  (VIII.),  and  then  using  (VI.)  we  have 

P{x\x,\x^\  ...a;.-i|a^)_  p/a^-a;|\  p/g,— ig,\       p/«i-«.^\    /tv- N 
'   P{:x\'x,)  ""      Vl+aH/      yi-^xj"       \l^x,.J'^      ^^ 

To  calculate  the  value  of  the  expression  last  written,  consider  the 
expression  /^     _^  \ 

The  point  Xr^i  is  inside  the  circle  of  convergence  whose  centre 
is  Xr :  therefore  i  ^     _^  l 

therefore  the  amplitude  of  1  +    !1*^ ''  lies  between  — ~  and  +  —  . 

This  amplitude  is  the  amplitude  of    ^   ^    »  ^^^  ^^  ^^  therefore  the 

acute  angle,  positive  or  negative,  through  which  the  vector  \-¥Xr  must 
be  turned  to  fall  on  the  vector  l+aj^^i. 

Hence  by  the  result  due  to  Abel  quoted  above 


>l^r*\  —  Xr\ 

\   \^Xr  ) 


[cos.an.p(l+_^;')+isin.amp(^-;;.)]; 


therefore 


Tylx^-xA  p(x^-xA        p/«i— «.-i\ 
\l'^xj      Xl^xJ  '"      \l-\^x..J 

_ I  ■»"hp(;s;)"°''(r^)+-+'»-(i'i'.?J]: 

"i+.-.i.*[»p(l±|)+»p(i±;)  +  ...+»p(,'i:^j]J 
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No,        [„,(l±-^)+„p(|iJ)^....™p(5lg-)] 

is  the  angle  through  which  the  radius  vector  joining  x  to  the  point 
(—1)  turns  round  as  x  describes  the  circuit  a^a^  ...  o^^.i^^. 
If  the  circuit  do  not  include  the  point  (  —  1),  then  the  angle  is  Bero, 

If  the  circuit  go  once  round  the  point  (—1)  in  the  positive  direc- 
tion, then  the  angle  is  2x,  and 

P(x\x^\  ...x,.i\xi)  =  P(a;|«i)[cos2fcir-f»8in2fcir], 

so  that,  if  Xe  be  a  positive  or  negative  integer,  then 

P(x\x,\,,.x..,\x,)  =  P(x\x,). 

But,  if  k  be  equal  to  —  ,  where  n  is  a  positive  integer, 
n 

P(« I ».  I  ...  x...  I  «,)  =  P(«  I  X,)  (co8  ^ +»8in |r) . 

Hence  the  point  x  must  go  n  times  round  the  circuit  including  the 
singular  point  in  the  positive  direction  before  the  continuation  can 
return  to  the  oiiginal  value  P(x  \  x^). 

5.  A  pai^ticular  case  of  the  preceding  results  will  be  required  for 
the  continuation  of  the  series  for  arc  sin  x. 


Let 


^.  .        4    1.3...  (2»-l)   . 
M-o     2.4  ...  (2n) 


which  is  the  power  series  for  (1 — a;)'*.     Let 

«(,)=s(-irM-i^).", 

H.o  Z.4 ...  {/an) 

which  is  the  power  series  for  (l+o;)"*.     Let 

p  I  1.3      (2.-1) 

n.o     2.4...  (2n) 

which  is  the  power  series  for  (1— a?*)"*.     These  are  all  convergent, 

"***  P(x)=Q(x)Bix), 

if  I  a:  I  <  1.     Also 

Q(x|..|.......|..)  =  a(^)Q(fE^)...o(?5j^)Q(fEi;) 

and 
B(.K|...^..|..,  =  B(„,«(f^)...B(K^)«(|=S). 
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Consequently  P(«  |  «,  |  ...  x,.i  |  x,)  is  equal  to 

multiplied  by        R(,x,)  R  (^=^)  ...  B  ('*•"'''-')  (B) 

multipUedby  <2(fE|:)  ^  (f^j-  (C) 

The  product  of  the  two  power  series  in  the  line  marked  (C)  is  a  con- 
vergent power  series  in  (x—x,)  if  |  x—x,  \  is  less  than  the  smaller  of 
the  two  quantities  1 1  —  ar,  |  and  1 1  +«,  | . 

If  now  aJiaj, ... »..!«,  form  a  circuit  including  aj  =  1,  but  not 
including  x  =  —1,  and  x,  be  the  same  point  as  a^,  then,  using  the 
results  of  Art.  4,  and  putting  therein  A;  =  —  J,  we  have 

^(lE^)  •••Q(f^)  =«»(-i)2»+»Bin(-i)2x  =  -l. 

therefore 

P(x\x,\...x..,\x,)=-Q(x,)B(x,)Q{^)b{^) 

=  -P(«|*,). 

In  like  manner,  if  the  circuit  include  a?  =  —  1,  but  does  not  include 
a;  =  +  If  the  same  result  will  be  obtained.^  But  a  circuit  round  both 
aj  =  +  1  and  a?  =  —  1  brings  the  function  back  to  its  original  value. 

6.  To  apply  the  results  to  the  series  for  arc  sin  a;,  it  is  necessary  to 
transform  the  preceding  results  by  the  aid  of  conjugate  functions. 

If  x  =  sin  y, 

and  x  =  (-\-ifii     y  =  u+iv, 

then                                     £  =:  sin  u  cosh  t;,  (X.) 

rj  =  006U  sinh  t; ;  (^^O 

therefore                    (f  cosec  u)'—  (iy  sec  «)'  =  1 ,  (XII.) 

(f  sech  vY + (i?  cosech  t?)*  =  1.  (XHI.) 

The  equations  (XII.)  and  (XIII.)   are  not  equivalent  to  (X.)  and 
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(XI.),  becanse  it  has  been  necessary  to  square  (X.)  and  (XI.)  to  find 
(XII.)  and  (XIIL). 

It  is  convenient,  however,  to  have  (XII.)  and  (XIII.),  and  we  will 
call  (XII.)  the  equation  of  the  hyperbola  u,  and  (XIII.)  the  equa- 
tion of  the  ellipse  t;. 

Let  the  Biemann  sorface  for  the  a;-plane  be  constructed.  Let  the 
sheet  corresponding  to  the  principal  branch  be  placed  immediately 
below  that  corresponding  to  the  (  +  l)-th  branch.  Then,  if  a  point 
in  the  sheet  corresponding  to  the  principal  branch  be  denoted  by  any 
letter  K,  the  point  immediately  above  it  in  the  sheet  corresponding 
to  the  ( -f  l)-th  branch  will  be  denoted  by  K^. 

The  a;-plane  will  be  slit  along  the  ^-axis  from  -f  1  to  +  oo ,  and 
from  ^1  to  —  00 ;  and  there  will  be  a  junction  from  each  edge  of  the 
slit  (+1  to  +00  )  for  points  to  pass  from  the  principal  branch  to  the 
(  + l)-th  branch,  and  conversely. 

Let  corresponding  points  in  the  x  and  y  planes  be  denoted  by  the 
same  letter,  and  let  us  consider  the  circuit  in  the  «-plane  which  corre- 
sponds to  the  following  circuit  in  the  ^-piane.  Let  the  circuit  commence 
at  the  point  Jlf  (t*  =  a,  r  =  6),  and  pass  along  the  line  t*  =  a  to  the 
point  ^(i*  =  a,  t?  =  —  6),  then  pass  along  the  line  r  =  —  6  to  the 
point  jlfj  (i*  =  IT  —  a,  v  =  —  6),  then  pass  along  the  line  u  =  x— a  to 
the  point  Nj  (f*  =  x— a,  r  =  +  6),  then  pass  along  the  line  ©  =  +  6  to 
the  starting  point  M(u  =  a,  v  =  h). 

The  y-PLANE. 


V 
PrINC  fPAL 

Bmh  ch 


M    Q 


F     S 


N     P  ft"""*, 


(+l)^"BPiqNCH 


iR        "- 


Fig.  1. 


1902.] 


certain  Fundamental  Power  Series. 


The  a;-PLANB. 


Fio.  2. 


MM, 
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T 


Ii. 


Fie.  8. 


The  point  Af,  u  =  a,  v  =  &,  in  tHe  y-plane  corresponds  to 

^  =  sin  a  cosh  &,     i|  =  cos  a  sinh  6, 
in  the  a;-plane. 

To  the  path  MFN  along  u  =  a  in  the  y-plane  corresponds  the  path 
MFN  along  the  hyperbola  tt  =  a. 

To  the  point  JV,  u  =  a,  v  =  —  6  corresponds 

^  =  sin  a  cosh  6,     17  =  —  cos  a  sinh  b. 

To  the  path  ^P  along  v  =  —  6  corresponds  the  path  NP  along 
the  ellipse  t;  =  —  6. 

At  the  point  P  the  path  crosses  ont  of  the  sheet  of  the  Biemann's 
surface  representing  the  principal  branch  into  the  sheet  representing 
the  (  +  l)-th  branch.  It  still  remains,  however,  on  the  ellipse 
t;  =  —  6.     When  u  =  »— a,  v  =  —  6, 

f  =  sin  a  cosh  6,     i|  =  cos  a  sinh  h  ; 

so   that  the  point  corresponding  to  J&f|  is  in  the  (  +  l)-th  branch 
vertically  above  the  point  corresponding  to  M. 
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Hence  in  the  ;B-plane  a  complete  circnit  has  been  made,  correspond- 
ing to  the  path  MNM^  in  the  ^-plane. 

The  portion  MFNP  of  the  path  is  in  the  sheet  corresponding  to 
the  principal  branch. 

The  portion  Q,lfi  of  the  path,  where  Mi  is  exactly  above  3f,  is  in 
the  sheet  corresponding  to  the  (-i-l)-th  branch. 

It  remains  to  consider  the  path  in  the  a;-plane,  which  corresponds 
to  if  1^1  N^Pi  QM  in  the  y-plane.  M^FiN^  is  an  arc  of  the  hyperbola 
u  =  tr—a. 

This  is  in  the  sheet  corresponding  to  the  (-hl)-th  branch,  and  is 
immediately  above  the  hyperbola  u=i  a,  which  is  in  the  sheet  corre- 
sponding to  the  principal  branch. 

From  ^1  to  P,  the  point  is  moving  along  the  ellipse  r  =  +  6. 

At  Pj  it  crosses  from  the  sheet  representing  the  (-f  l)-th  branch 
into  the  sheet  representing  the  principal  branch,  and  goes  from  Q  to 
jSf,  the  original  starting  point  along  the  ellipse  t;  =  +  b.  So  that  a 
second  circuit  in  the  a;-plane  has  now  been  completed. 

It  is  to  be  noticed  that  the  ellipse  v  =  +  6  has  the*  upper  half  in  the 
sheet  corresponding  to  the  principal  branch,  and  the  lower  half  in 
the  sheet  corresponding  to  the  (-fl)-th  branch;  whilst  the  ellipse 
V  =  —  6  has  the  upper  half  in  the  sheet  corresponding  to  the  (  +  l)-th 
branch,  and  the  lower  half  in  the  sheet  corresponding  to  the  principal 
branch. 

Since  a;  =  sin  t*  cosh  v-\-t  cos  u  sinh  v, 

therefore  x,  =  sin  u,  cosh  v,  -r  i  cos  u,  sinh  i\ ; 

therefore 

QWQ(?E5)...Q(fE£;) 

=  |I— a;,|  -*[cos(— |)(r,  +  tsin(  — |)(r,], 

where  a;  is  the  angle  through  which  the  vector  I— or,  starting  from  a 
position  in  the  positive  direction  of  the  real  axis,  must  turn  to  fall  on 
the  vector  l—x,  when  the  point  x  goes  round  the  circuit.     Similarly, 

=  I  I-fa-,  |-*[co8(  — i)r.-|-i8in(-i)r.]. 


*  For  the  upper  half  ij  >  0,  for  the  lower  half  ri  <  0. 
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where  r,  is  the  angle  through  which  the  vector  l+o;,  starting  from  a 
position  in  the  positive  direction  of  the  real  axis,  must  tarn  to  fall  on 
the  vector  l+«,  when  the  point  z  goes  ronnd  the  circuit. 
We  have  also  the  following  expressions : — 

1 1— aj,  I  =  cosh  v,— sin  u„ 

1— sin  u,  cosh  V, 


cos  amp  (1— a;,)  = 


cosh  v,— sin  1*, 


/,        V        —  cos  1*,  sinh  v, 

sm  amp  (1  —  x,)  =  — - — ' — : -* , 

coshv,— smt*. 

tan  I  amp  (1  —a;,)  =  —  tanh  ^v,  cot  ( —  — J***) » 

cosh  ft?,  sin  (  "T  '~2**») 


cos  j^  amp(l— a?,)  =  ± 


sin  I  amp  (1  —a?,)  =  T 


W  sin'  ( -T  ""  2<*. )  +  sinh'  ^v, 

sinh  ^,  cos  (-r  ""«**•) 
y  sin'  (--  —ju.J  +sinh'  ^v. 


1 1  +  «« I  =  cosh  r,+sin  u„ 

a,     N       1  +  sin  M,  cosh  r, 
coshr,-f  smt*. 


sin  amp  (!+«,) 


—  CQS  u,  sinh  v. 


cosh  V,  +  sin  u, ' 
tan  ^  amp  (1  -f«,)  =  tanh  ^v,  tan  ( -^  —  2**») » 

cosh  ^v,  cos  ( "7" ""  a  ^* ) 


cos  ^  amp  (1 +aj,)  =  ± 


sin  ^  amp  (1  +a;,)  =  ± 


W  cos'  l^  —ft*.)  +sinh'  ^v, 
sinh  ^,  sin  f  — -  —  ^t*,  j 


v/cos'  ( -^  —  2«**)  +Binh' ^, 
The  ambiguous  signs  will  now  be  determined.     To  do  this  consider  a 
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portion  XjXtX^„.x,  of  a  circuit  round  a?  =  1,  but  not  round  x  =  —  1, 
as  in  the  figure. 


In  this  figure 
and  also 
We  have  also 
therefore 


Pio.  4. 

amp(l— «,)  =  1(IA, 
<r.  =  /.(lA. 
0  <  tt,  <  |ir ; 
COS  u,  >  0. 


If,  as  in  this  figure,         a,  <  tt,     cos  ^c,  >  0, 


and 
therefore 


cos  ^a,  = 


sin  ^(T,  = 


0-.  =  amp  (1— a?.), 

cosh  ^v,   sin  (  T"  ■"2^«) 
WsinM  ^  —  i«*.)  H-sinh'^v. 

— sinh  iv,  cot  (  -^  —hi, )    ^i^  (  x  ""  2^  ) 
W  sin*  f -^  —2^*)  -f  sinh*  h\ 


Also  in  this  figure 

and 
therefore 


|-<amp(l+ar.)<-h|, 

r,  =  amp  (1+ar,); 
cos  ^r,  >  0 ; 
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sin  ^T,  =  ■ 


wcos'  ("T  "~2^*)  +sinh'^r, 
sinhiv.tan  (-~  — ^u.j  jcos  (^  — 2«*-) 


Wcos'  (  X  ""  2^' )  "^  ^^^'  a^' 


XI.      r  1  /      .     \         I  COS  u,  I  cosh  V, 

therefore         cos  ^  (cr. + r,)  =    ' — -  '-' — ^.-=^  , 

v^cos'tt.  +  sinh'v. 


sinj(cr,  +  r.)  = 


.  ,                I  cos  u,  I 
— smh  V,  sin  w^  ^ ^ 


cosu,    , 


\/cos'  tt, + sinh'  r. 


therefore 

^^„  1  /      ,     \  ,  •  •    1/      ,     \      I  cost*,  I  cos tt,  cosh  v.— I  sin tt, sinh  V, 

cos  u,  \/cos'  tt,+ smh"  v, 

__  coBu,  cosh  t;,— isinti,  sinh  i?,  ^ 
v'^cos'  tt, + sinh'  v, 
because  cosn,  >  0.     Also 

1 1  —a?;  I  =  cos'  f«,+ sinh'  v, ; 
therefore 

ll-a;;  |-«  [cos  (-i)(«r.+r.)+tsin(-i)(,r.+r.)] 

=  8ec(t*,  +  tr,). 


cos  u,  cosh  «,— I  sin  t*,  sinh  v. 

The  next  case  to  be  considered  is  that  in  which  x,  is  on  the  real 
axis  between  -h  1  and  +  oo  . 


Fio.  5. 


M 
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Here  amp  (1— a.)  =  cr,  =  », 

^  =  0, 

I  1+«.|  =  cosh  v, -hi, 
1 1— a,  I  =  cosh  V,— 1, 
1 1— a^l  =  sinh'v,, 
1 1  — a^  I  ■*  =  —  oosech  v„ 

the  negative  sign  being  taken,  because  here  v,  is  negative.     [Compare 
this  with  Pig.  2.     For  the  part  of  the  path  NP,  v  is  negative.] 

Therefore      cos  |  (<r,+T,)  =  0,     sin  \  (<r,-|-T,)  =  1 ; 
therefore  |  l-a^  |'*[cos(— ^)(<r,+r,)+t  8in(  — |)(cr,  +  r.)] 

=  —  cosech  V,  (— t)  =  I  cosech  v.. 
[This  is  included  in  the  previous  result,  as  is  seen  by  putting 
ti.=  |.  in  it.] 

There  remains  only  the  case  in  which  w  <  a;  <  2ir. 


Pio.  6. 


Here 


therefore 


cr.  =  7r+0J/l, 
amp(l-aj.)  =  -  (w^OIA)  ; 
a,  =  amp  (1— 0-,)  + 2ir ; 
^(T,  =  7r  +  ^  amp(l--ir,). 

Hence  the  expressions  for  cos  ia,  and  sin  icr,  have  the  opposite 
signs  to  those  obtained  in  the  first  case. 

But  cos  ir,  and  sin  ir,  are  unchanged. 

Hence  cos  ^  (<r, -f  r,)  and  sin  |^  (cr, -f  r,)  have  the  opposite  signs  to 
those  obtained  in  the  fii«t  case. 
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Therefoi'e 
cos  ^  (<r,-+-r,)  -ft  sin  ^  (o-.  +  t.) 

—       I  cos  u,  I  cos  u,  cosh  r, — t  sin  u,  sinh  v, 
cos  ?i,  \/cos'  u,  -f  si  nh*  v» 

<  u,  <  It,     cos  u,  <0; 

__  cos  w,  cosh  i\  —  t  sin  u,  sinh  r. 


Now,  in  this  case, 


therefore 


cos  ^  (<r,  -I-  r,)  +  i  sin  I  (o-,  +  r,)  =  — r-,-^— 

v/cos''  ?*,H-8inh  r, 

as  in  the  first  case. 

Further,  because     1 1— a;J  |  =  cos*  u,  -f  sinh'  v„ 
therefore 
I  l-a'i|-*[cos(-^)(o-,+r.)-hi*8in(-|)(a.-fr,)] 

=  r r^^ r-r— =  sec(w.-h"*,), 

cos  n,  cosh  i\  —  I  sin  n,  sinh  r, 

as  in  the  first  case. 

Hence  it  is  proved  in  all  cases  that 

=  sec  (u,-^tv,). 

Hence  the  continuation  of  the  power  series  for  (1— aj*)"*,  when 
X  =  sin(u-h*V)»  ^^^  everywhere  the  value  sec  (w-f  tv).  In  this  form 
it  is  easy  to  trace  the  changes  in  the  value  of  the  power  series. 

When  H  =  a,  v  =  ft, 

sec  (tt  +  iv)  =      sec  (a  +  ib). 

When  u  =  a,  r  =  —  6, 

sec  (m  -f-u')  =      sec  (a— ifc). 
When  ^«  =  TT— a,  ?'  =  —  6, 

sec  (?t  f  tv)  =  —  sec  (a-f  t6). 

Hence  u-^-iv  has  changed  from  a+i6  to  tt— (a-f  i6),  and  the  value  of 
the  power  series  has  merely  changed  its  sign. 

It  is  possible  to  deduce  from  the  above  the  corresponding  results 
for  the  power  series  for  (1-f  aj*)"*  [which  is  not  in  reality  a  distinct 
series  from  the  preceding]. 

The    result    is    that    the    power    series     for     (l+ar')~*,     where 
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aj  =  sinh  (ti+tV),  and  its  cootinnations  are  everywhere  represented 
by  the  expression  8ech(ti  +  tr). 

7.  Second  IlltutrcUion. — The  Continuation  of  the  Logarithmic  Series. 

The  results  only  are  given. 

The  work  depends  on  the  theorem  due  to  Abel, 

aj--^+...  +  (-ir-'—  +...  =log|l+aj|+»amp(l+a;), 
Z  n 

where  |  a?|  <  1,  and  amp  (1-^x)  is  the  principal  amplitude  of  (l  +  a). 

Since  |  a;  |  <  1,  this  principal  amplitude  lies  between  — ^  and  +  ~  . 

Let  P(^)=«_J+...  +  (_iy-'?:+...     (|,1<1). 


Then  Piz\x,)  =  Pix,)-i-P  (*-=|), 

P(x\x,\...\x.,\x.) 

\l+a,/  Vl+a..,/  U+a-,/ 

If  therefore  x,  be  the  same  point  as  a;,, 

P(x\x,\...\x..,\x,)-P(x\x,)=p{'^^-'^)+...  +  p('^=^). 


=  log 
therefore 

^l\l+x, 


•Pr  ♦  1        ^r 


l  +  a?, 

I-fa;J  "*  |l-ha;,.,|) 


,L±£5  +  , 


■^^*^°^PrTf;-''"Pi7^-'---''"pf^^ 


l  +  a',  1 


The  logarithm  vanishes. 

In  consequence  of  the  hypothesis  regarding  the  vertices  of  the 
polygon,  viz.,  tliat  each  is  in  the  circle  of  convergence  whose  centre 
is  the  preceding  vertex,  the  value  of  the  coefficient  of  i  is  equal  to 
the  angle  which  the  i-adius  vector  joining  x  to  the  point  ( — 1) 
describes  as  x  describes  the  polygon.  It  is  therefore  zero  if  the 
polygon  do  not  contain  the  point  (—1),  but  equal  to  27r  if  the  point 
(  —  1)  lie  in  the  interior  of  the  polygon,  and  the  describing  point  has 
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gone  once  round  the  origin  in  the  positive  direction.     Therefore 

[P(x\x,\x,...\x..,\x,)]^P(x\x,)  =  2i7r 
if  the  polygon  contain  the  point  (  —  1).     Also 

[P(x\x,\x,...\x..,\x,)]  =P(x\x,) 
if  the  polygon  do  not  contain  the  point  (—1). 

8.  Third  Illtutration, — Continuation  of  the  Series  for  arc  tan  x. 
The  results  only  are  given. 


Let 

where 

Let 


\x\<\, 

n 


Then 

therefore 

P{x\x^  ...  \x,.,\x,) 


p<.i.,)=pw+i[«e3)-«(^)], 


=  !>(',)+ ^ 


«(^-^)+ 
-«(?^)- 


..-g(?^')-«{^) 


If  oj,  be  the  same  point  as  x^^  then 
^(^K|...aJ,.,K)-P(aj|ar,) 


.  1 
'2i\ 


\  ajj— t  /  \  a;,  i— i  / 

-q(^')-"-<2(^^') 

\x^-\-t/  \x,.x-\-il 

"»''  C;-i) +*»'■  (53)  +  ■ +'"p  (^) 
,-™p(SS:)-"'(5tj)--"^(S), 

=  TT  for  a  circuit  round  a:  =  i      in  the  positive  direction, 

but  equal  to  —  ir  „  „  a;  =  —  i  „  „         , 

and  equal  toO  for  a  circuit  including  neither  x  =  i  nor  a?  =  —  t  or  for 
a  circuit  including  both  x  =  i  and  a;  —  —  t. 
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9.  Fourth  Illustration. — Continuation  of  the  Power  Series  for  arc  Bin  «. 

General  Formulas  for  the  Continuation  of  Power  Series. — 
If  /  (x)  be  a  power  series,  then 

fix  I  X,)  =fix,)  +  I    ('--'ll-Vc*.)  ; 
»>i       nl 

therefore        [/(a^|  a^) ],-,.= /(^)+;S   (?>-^>(aH). 

Putting  0?— «,  =  («|— aJi)  +  («—«*,), 

it  follows  that 

+  ... 

Potting  x-x^  =  (aJ,— «,)  +  («— «,), 

it  follows  in  like  manner  that 

f(x  \x,\x,\  X,)  =  [f(x  I  .r,  I  *,)],.,.+ (ar-r,)p^/f*  ]^^' '  "'^J^^^^ 

(x-ag'pf/-(^|a.,|.r.)-| 
■^       2!       L        <te«         J,.,."*"-' 
and  80  on  ;  therefore 

/  (a;  I  a-,  I  a-,  I  a.) 

=/w.Sc.-..[«?']...,^"--''R?]....--S 
.{('-.)[«£'"'].../<^if^F"i;''"l..--i, 

AZ2Cf  00  OB. 
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Denoting  therefore  the  series 

«-o    (n+1)!    L  da^''  J,-*, 

by  X  (^j  ^r)i  it  follows  that 

10.  The  quantity  x  satisfies  the  following  relations  : — 

^x(x.xr)  ^  I  (x^XrY  rdr^'f(x\x,\...\^r-^)l 


J«-Jt^ 


The  quantity  X (iCj  a?^)  does  not  involve  «!,«,.  ..., aj^_j,  except  in  so  far  as 
the  choice  of  these  points  afEects  the  branch  of  the  function  f(x) 
which  is  represented  hj  f(x\xi  \  ...  |  x^). 

Its  value  will  be  determined  later  on  in  the  case  where  /  (x)  is  the 
power  series  for  arc  sin  x, 

11.  Calculation  of  the  Differential  Coefficients  of  the  Continuations  of  the 
Power  Series  for  arc  sin  x. 

We  will  now  suppose  that  /  (x)  is  the  power  series 

S    1.3...(2n^l)    a>*' 
H.o     2.4...  (2n)      2n  +  l' 

which  is  convergent  if  |  a;  |  ^1.     And  we  choose  x^  so  that  |  ajj  |  <  1. 

df(x)        s    1.3...(2n-l)^  .      .  1 

CM?         fi-0      2.4...  (2n)  v^l— aj* 

therefore,  using  the  notation  of  Art.  5, 

'  «<'.)«(r;)-«(iEgif)«(s) 


dx 
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therefore 

««Wii(|r3),..s(ft^) 

"•'5[«(S)«(!S)] 

»»-     «(f5i)=:?ife!^(Biy-. 

therefore 

^  //»-^^  =  S"  l-3...(2<-l)  <(<-!)  ...(f-v  +  l)  /a;-A'-' 
<fo"^U-f/       ...     2.4...  (20  (1-0*  \l-(J 

_'j.'  l.3...(2v+2w-l)  (i;+w)(p  +  w-l)  ...  (w  +  1)  /"g-^V 
— «     2.4...  (2t'+2w)  (1-f)'  U-^/ 

_''yl.3...  (2t>  +  2w-l)        1       fx-^y 

-0       2'-w!       (i-^r  {i-(J  ■ 

I  will  prove  tbat  this  is  equal  to 


X-J\ 


<  1. 


Now 
i.e.,  to 


['-&]• 


^     ='H     1-^/  -.«      2.4...  (2m)      U-^/ 


«(«  +  !)  ..Je+w-D/x-f 


W! 


f5|)---]- 


Aw 
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The  coefficient  of  [  r — ^  J     in  this  product  is 

L  wi 

^v(v-^l)  ...  (t;-f  t^-2)       1.3  t;(r-H)  ...  (y  +  tg-S) 
~^^  («7-l)!  2.4  (t£;-2)!  "*"•*• 


1.3...(2^;-3)         1.3...  (2u^- 1)1 

2.4...(2m;-2)''         2.4...  (2«;)    J' 


The  bracket   is  the  coefficient  of  z'^  in  the  product  of   the  power 
series  for  (l—^;)"*  multiplied  by  the  power  series  for  (1— js)"*. 
Hence  it  is  the  coefficient  of  z*'  in  (1— jj)"'"*.     It  is  therefore 

(«+i)(t'+i)...(«+^j 

The  coefficient  of  ( := — ^  )     is  therefore 

fl    A       2t?-l\/2t;-fn/2t;-h3\        /2r+2tg-l\ 

/JLYVl'l'l   2   A   2   A  2   y  •"  V      2      y 

1_     1.3...(2t;-h2ti?~l). 


therefore 


provided  |«— f  |  <  1 1— ^|  •     Similarly, 


therefore 


?[«(S;)MfS)] 

=:?[.o.(-i)...(-t).«(J-Ef;)«(f;t)(-V-(^-] 

= « (S:)  *(!3);!  [M-i)-(-  i>-j^.  (^1  > 
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therefore 

1        d— /('a-|g.|...|x,) 

xE(.,e('^)...e(?==^.)b(--J) 
„   1  'i  r(-i).-.  (-i).     1         1    ] 

w  +  l..«  L(n-«)!        «!       (x-1)—   (a!  +  l)'j' 

Hence  ^^-'-r' \^::^(^l^y[^■A^^^ 
"^'''^     (n+1)!    L  dar—  J,.,, 

=  ^^(..)Q(l'E3)-'<^(r£t;) 


12.  Dele nniuat ion  of  the  Quanlilien  x  (•'^.  'r))  X  (•''..i-  •'^J- 
Hence 

xi.(.,)E(^;).../.(^;) 

»=o  (      n  +  1       .-oL(w— .s-)!        s\       (a;,-!)'*-  (ir^+l)*J  ) 

Now  take  a  circuit  round  x  =  1,  such  that  |a;,  — 1|  is  always  less 
than  I  j*r+l  |;  then  it  will  be  proved  that  the  above  series  is  con- 
vergent if 


Since 


L_   2 


and  I  ^  — ^  I   are  eacli  less  than    unity,    therefoi-e 


^V+1  I  ' 


the  modulus  of  the  general  term  of  the  series  is  less  than 


1 


<\4 


X  —  Xr\ 


*»  1 


w+1        ,.„  |a;,— 1  I'-*  |a;,+  l|*        hv-l|"    n  +  1  «... 
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ar,+  l 


<  1, 


1       2'l^.-l 


<  1. 


Hence  the  modulus  of  the  general  term  of  the  series  is  less  than 


|«-«r| 


X — x^ 


^'r-l 


Hence  the  series  is  convergent  if 

\x-Xr\  <  |iCr-l|. 

In  like  manner,  if  a  circuit  round  a?  =  —  1  be  taken,  the  series  will 
be  convergent  if  ,  i       •         ,  i 

^  \X-X,\<    \Xr-^l\. 

Hence  the  series  will  be  convergent  if  x  be  so  taken  that  {x—Xr  \  is 
always  less  than  the  smaller  of  the  two  moduli  |a;— a5^|  and  |a*,+  l| . 

Hence  x(*'^»)  ^^^  X (*•+!»  ^J  ^^^^  ^®  convergent  if  the  vertices 
a^i,  j'j,  ...,  Xr  are  all  chosen  so  that  each  of  them  is  in  the  cii-cle  of 
convergence  whose  centre  is  at  the  preceding  vertex. 

In  order  to  evaluate  xC^.^-i*  a:,)  we  will  suppose  that  x,  and  »,+, 
both  lie  either  on  one  of  the  hyperbolas  for  which  u  =  constant,  or 
on  one  of  the  ellipses  for  which  v  =  constant.  This  is  not  in  reality 
a  restiiction,  for,  if  x,  and  x,^i  are  not  so  placed,  it  is  possible  to  draw 
the  ellipse  (or  hyperbola)  through  aj„  and  find  where  it  meets  the 
hyperbola  (or  ellipse)  through  x,^i  and  take  their  point  of  intersec- 
tion as  a  vertex  of  the  polygon  intermediate  between  x,  and  x,^i. 

Now  it  was  proved  in  Art.  10  that 

^x(^^^r)  _df(x\x,\  ...  \xr) 
dx  dx 


and 


therefore 


^xi^^Xr)  _       [df{x\x^\...  |ar^,0 

()Xr 


rdf{x\x,\..,\x^,{)i      . 

L  dx  Jx=x,  ' 


^Xi^s^u  X,)  __       rdf{x\x^\..,\x,) 


9«.+i 


rdf{x\x,\...\x.)-\ 

L  dx  Jx=x,,,' 


5x(a?.^i.  X,)  _       rdf{x\x^\...\x,.x) 
dx.  L  dx 


u 


410  Prof.  M.  J.  M.  Hill  on  the  Continuatwtu  of  [Dec.  11, 

Therefore,  by  Art.  11, 


costt.^i  coshv,,,  — t  8inM,^,8inht7,^, 

.b(^b(^)...b(^) 

(by  Art.  6) 


(by  Art.  6), 


-1 


cos  u,  cx)8h  v,—i  sin  u,  sinh  v. 

Now  suppose  that  x,  and  a;,^,  both  lie  on  the  ellipse  for  which 
v  =  b.     Then 

X,  =  sin  u,  cosh  6+ 1  cos  u,  sinh  ^, 

a;,.n  =  sin  u,^i  cosh  ^  + 1  cos  u,^i  sinh  6  ; 
therefore 

J>\(sp,.ux,) 
Db 

dx.  Bh^       dx,^,  Db 


-1 


cos  u.  cosh  6 — isinM,  sinh  6 
1 


(sin u,  sinh  b-\-i  cos  u,  cosh  b) 

(sin  tt,  ^ I  sinh  6  +  J  cos  i*, + 1  cosh  6) 


cos  w,^iCosh6  — isintt,^!  sinh6 
=  — t  +  i  =  0. 

In  this  case  then  we  may  find  the  value  of  x(x,^i,  x^)  by  putting 
6  =  0;  then  x,  becomes  sin  u,  and  x,^i  becomes  sinn.^i.  Here  u,  and 
u.^i  are  the  parameters*  of  the  hyperbolas  through  the  vertices  x,,  a?,^, 
of  the  polygon. 

Again,  if  x,  and  x,.,  both  lie  on  the  hyperbola  for  which   w  =  a, 
^"®^  ar,  =  sin  a  cosh  v,    -\-i  cos  a  sinh  r„ 

x,,i  =  sin  a  cosh  i\^y-\-icos  a  sinh  v,^i, 


*  The  values  of  the  parameterB  depend  on  the  path  of  the  variable  x. 
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Da 


-1 


COB  a  cosh  V,— »  sin  a  sinh  i?, 

1 


cos  a  cosh  v,^i— i  sin  a  sinhr,^.i 
=  -1  +  1=0. 


(cos  a  cosh  r,— t  sin  a  sinh  r,) 

(cos  o  cosh  v,^x—i  sin  a  sinh  i;,  ^  i) 


In  this  case  we  may  find  the  value  of  x  (*•+!>  ^*)  ^y  putting  a  =  0 ; 
then  «,  becomes  i  sinh  v.,  a5,^i  becomes  i  sinh  v,+,.  Here  v,  and  v,^i  are 
the  paramet-ers*  of  the  ellipses  which  pass  through  the  vertices  x,  and 
x,^  X  of  the  polygon. 

13.  Now  consider  x(^*«*i»  ^O  ^^  the  case  in  which  x,  and  o?,^,  both 
lie  on  the  ellipse  whose  parameter  =  h.    Its  value  is,  by  Art.  12, 

Q(x.)Q(^.)...Q(?^.) 
*o  L     (n+l)      <-.  (n-0!       «!       (».-!)-' (a!.+  l)'J 


COB  M.  cosh  6 — i  sin  M,  sinh  h 
X 


..0  L     (n  +  l)       <*   (n-0!       <!      («.-!)"-' («.+  !)' J' 

Now  we  have  seen  that  the  value  of  this  does  not  depend  on  the 
value  of  h ;  therefore,  putting  6  =  0,  and  consequently  x,  =  sin  u„ 
a;,n  =  8in«,,„  x(*«n.  *.)  becomes 


1     "2"  r(8in«..,-8inH.)'-  '^-  (-1)...  (-i). 
)su.  «.oL  («  +  l)  <-o  (n— 0!      <! 

X 1 1 1 

(sin  «,-!)"-'  (8inu.  +  l)'J" 


*  The  value*  of  the  psrameten  depend  on  the  path  of  the  variable  x. 
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Now,  by  Taylor's  theorem, 
the  acute  angle  whose  sine  is  a*,  =  the  acute  angle  whose  sine  is  x, 

v/l-x:  -»'-("+ 1)      '-(«-<)!      <!       (*,-l)-'(»,  +  l)'J' 

where  the  square  root  is  to  be  taken  with  the  positive  sign. 
Now,  if  u,  and  u,^i  are  both  acute  angles,  we  can  put 

a*!  =  sin  fi„     «,  =  sin  t*,*„ 

v/ 1 — «'  =  cos  M,. 
Also  the  acute  angles  whose  sines  areo^-j  and  x^  are  u«,  u,«,  respectively. 
Hence  u.^,  =  k,+x  («-♦!»  «^-)  J 

therefore  x  ('»*b  *-)  =  «.*i— »*.• 

The  next  case  that  comes  up  for  consideration  in  forming  a  circuit 
is  that  in  which  u,  is  an  acute  angle,  but  u,^i  an  obtuse  angle. 
There  is  in  this  case  a  difficulty.  As  h  approaches  zero  the  ellipse 
shrinks  up  into  the  line  joining  the  points  — 1  and  +1.  But  it 
always  has  two  sides,  and  we  have  to  work  out  the  continuation  of 
the  seHes  from  the  point  sin  m,  on  one  side  up  to  the  point  + 1,  and 
round  on  the  other  side  to  the  point  sinu^^i.  It  is  therefoi*e  better 
to  regard  it  as  consisting  of  two  parts,  viz.,  of  the  part  from  sin  m,  to 

sin--,  which  belongs   to  the  preceding  case  ;  and  of  the  part  from 

sin        to  sin  u,^i,  which  belongs  to  the  following  case. 

Consider  therefoi'e  the  case  where  both  u,,  and  ?*,^i  are  obtuse. 
We  put  here,  in  applying  Taylor's  theorem, 

^,  =  sin^TT— ?i,),     ^j  =  sin(7r— M,.,), 

\/l—x\  =  cos(7r — u,). 

In  this  case  the  acute  angles  whose  sines  are  a\  and  x^  are  *• — u,  and 
X— M, . ,  respectively  ;  therefore 


IT  — 11,,  I  =  TT — u„-\- 


therefoi'e 


1 "^  r(sinu,.i— sin?^)"^^ 

os(7r — «,)    H  =  o  L  M+l 

's  (-ik-  (-i)'       „i     __      _i 1 . 

»...   {n-t)\        t       (sinw.-I)'-'  (sinw.^-iyj  ' 
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therefore  X  (*•  *  i.  a*.)  =  «.  ♦  i — w., 

as  before. 

We  are  now  in  a  position  to  take  the  case  wliei'e  w,  is  an  acute 
angle  and  w,^i  is  obtuse.     Let  us  call  the  point  +1,  x^ .     We  take 

first  u  from  m,  to         ,  which  gives  by  the  first  case 

X(«^,  aj.)  =  -•-«.. 
Then  we  take  u  from  —  to  i*,+„  which  gives  by  the  last  case 

Hence  x{x^,  a;0  +  x(^.^it  ^e)  =  m,*i— «*.. 

Hence  in  all  cases  we  have 


14.  We  have  now  to  proceed  to  the  case  where  a?,^,  and  x^  both  lie 
on  the  hyperbola  for  which  the  parameter  is  equal  to  a.     Here 

X  («..!.«.)  = 


cos  o  cosh  r, — %  sin  a  sinh  v* 


..loL     (n  +  l)       .7o    (n-01       ^!      (ar.-ir"'  (a'.+  iyj' 

The  value  of  this  is  independent  of  the  value  of  o.  So  we  can  put 
a  =  0.  Then  ar,,  iT,^,  become  t'sinht',,  tsinhr.^i  respectively.  And 
x(^-*i>  ^»)  becomes 

1       C  ^   (i  sinh  t\ , ,  —t  sinh  t?,)" ^  ^ 
coshvt  l  n-o  ?i+l 

^  Pi"  (-i).-.  (-^).  ___J 1  1  ) 

L.o   (n-/)!       ^!       (/8inhr.-l)'-'(tsinhr.  +  iyj  i 

_       t_     C  s  (sinh  y,^  i — sinh  v^*  ^ 
cosh  i;,  C"-<)  n  +  l 

L.o   (n-O'       <!      (8inhr.+t)'-'(Rinh».-t)'J)  ■ 
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To  evaluate  this  we  consider  the  real  logarithm  of  z-k-y/l-^-s?  where 
z  is  real.     Gall  this  real  logarithm 

log,(s+v/H-^). 


Then         ^J?g^(-^+ ^^Lh?!)  =  _-J_=  (.  +  tv»(^-o-*; 
dz  yi+aj* 

therefore 


dzT' 


therefore 


1        (i''-'log,(g^^^/^f7) 
(n+1)!  dsT*' 


— .        ^  ^  _  J     (""3 )•»-.<    ("12)/ 


where  the  square  root  is  to  be  taken  with  the  positive  sign. 

Put  now  z  =  sinh  v, ; 

therefore 


r    1     (i"-4og,(z+yi+^)-| 

L(n+1)!  d5»**  Jz  =  8inhp, 

n+1  cosht^  <-o  (?i  —  ^)!       /!       (sinhr.  +  i)**"'   (sinh  r, — i)*' 
Hence  the  valae  of  x(^**n  ^«)  ^  ^®  obtained  is 

^  ^.  I  (sinhjv^.—sinhr,)'*^'  f^"  *  *  I^Fjl  (- +2^1 +/)"] 

\-o  (w+l)!  L  dz^'^  Jz  =  8inhr. 


=  ^[log,(5^-^/l  +  ;:*).  =  sinh^,  -log,(.^+yi  +  z*),^3i„h,] 

The   senes  is  convergent  if  |  sinh  r,,i— sinh  r,  |    is  less  than  the 
smaller  of  the  two  moduli  |  sinh  v,  —  i  \   and  |  sinh  r,  H- 1  | . 
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15.  Hence,  by  Art.  13,  if  the  vertices  «„  x,^i  be  taken  along  an  arc 
of  one  of  the  ellipses  v  =  constant, 

X  (^«+i>  ^f)  =  value  of  u  at  a;,^i— value  of  u  at  x, 

=  {value  of  (w+tv)  at  aj,^.i— value  of  (u-\-%v)  at  aj,], 

since  the  values  of  v  at  a;«^,  and  x,  are  the  same. 

If,  however,  x„  x,^i  be  taken  along  an  arc  of  one  of  the  hyper- 
bolas u  =  constant,  then,  by  Art.  14, 

X  (^t^  i>  ^m)  =  t  (^fl*!^®  o^  ^  **  a;, + 1  — value  of  v  at  x,) 

=  value  of  (u-i-tv)  at  a5,+,  — value  of  {u-\-iv)  at  aj„ 

since  the  values  of  u  at  a;, ^i,  a;,  are  the  same.  Putting  the  two  results 
together,  when  x,  and  aj,,,  are  not  situated  as  above,  we  may,  by 
interposing  one  or  more  intermediary  points,  prove  that 

x(^«*i»  ^t)  =  value  of  (u-^iv)  at  aj,+i— value  of  (u-\-tv)  at  «„ 

where  the  values  of  u,  v  will  depend  on  the  path  of  the  variable  x 
round  the  circuit. 

16.  Let  us  now  examine 

^      2!      L  cb*  J«=x, 


Suppose  that  the  circuit  has  been  t<aken  round  x  =  I,  but  not  round 
z  =  —  1 ;  and  that  x,  coincides  with  a^. 

Then  xi'i't  *r))  where  x,  coincides  with  «,,  is,  by  Art.  12, 

xE(^)e(^)...e(^^) 

«.o\     n+1      .To  (»-»)!       »!     (a!,-l)— (a!,  +  l)'/ 

--0(x)B(x)%  I(''-^y'^"i  (^^  (-i)-__l L_\ 

by  Art.  5. 
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17.   Continuation  of  the  Power  Series  for  arc  sin  a;  round  a  Circuit 
enclosing  x  =  +  1,  hut  not  a;  =  —  1. 

fix\x,\  ...|«,-,|iP,) 

[where  Xr^x^ 

But  Mr  =  T— Ml     and     tv  =  —  I'l ; 

therefore 

=  IT  —  M,— tv, 

-Q{x,) B(x,)  i  ('-^i)" -' 's  S""'^;?  ^"~'^'     ~         ^ 

=  ^-fM 


-i),         1  1 


(.,_^j";w^.  r~i)_(-^),      1  1 


BTitf(x\x,)=f{x,) 

».(.       //  +  1        «-«    (7i— k)'        •'*•        (^1-1)        («i-i-l) 
therefore  /  (.r  1  .r,  |  . . .  |  a-, _  1 1  .r, )  =  7r—f(x\  .r, ) 

for  a  circuit  in  the  positive  direction  round  .r  =  +  1,    which  does  not 
include  .z;  = —  1. 

18.  In  like  manner  for  a  circuit  in  the  positive  direction  roand 
a;=  — 1,  which  does  not  include  a*  = -f  1,  the  result  would  be 
_7r-/(.e|,ri). 

For  a  circuit  in  the  positive  direction  round  both  x=-^l  and 
.r  =  — 1  the  result  would  be  —  27r-|-/(.r  |  Jj),  provided  tliat  the  point  a*, 
is  situated  in  such  a  manner  that  the  circuit  is  equivalent  to  a 
circuit  round  a*  =  —  1,  followed  by  a  circuit  round  x  =  1,  both  these 
circuits  being  described  in  the  positive  direction. 

Other  circuits  may  be  treated  in  a  similar  way  by  resolving  them 
into  circuits  round  .c  =  -f  1  and  ./•  =  —  1. 
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On  the  Functions  associated  tvith  the  Paracolic  Oylinder  in 
Harmonic  Analysis,  By  E.  T.  Whittakbe.  Received  and 
Read  December  11th,  1902. 

1.  Introduction, 

The  following  paper  is  a  study  of  the  functions  defined  by  the 
differential  equation 

where  ^  is  a  quadratic  function  of  z.  To  these  functions  the  name 
functions  of  the  'parabolic  cylinder  may  be  given,  as  it  was  shown  by 
Weber  {Math  Ann,,  Vol.  i.)  that  the  harmonic  functions  applicable  to 
the  parabolic  cylinder  satisfy  this  equation  ;  some  power  series  which 
represent  these  harmonic  functions  and  satisfy  the  differential  equa- 
tion have  been  found  by  Baer  (Diss.,  Gastrin)  and  Haentzschel 
(Zeitschrift  fiir  Math,,  Vol.  xxxiii.) 

The  differential  equation,  however,  has  an  importance  quite  apart 
from  its  occurrence  in  harmonic  analysis  ;  for,  owing  to  its  simplicity, 
it  naturally  is  presented  to  us  as  the  first  object  of  study  in  the 
general  scheme  of  defining  new  ti*anscendental  functions  by  means  of 
differential  equations ;  and  it  will  be  evident  from  the  results  found 
in  the  present  paper  that  many  definite  integrals,  which  have  been 
suggested  at  various  times  by  different  writers  as  suitable  definitions 
for  new  transcendental  functions,  are  really  special  cases  of  definite 
integrals  which  satisfy  the  differential  equation  of  the  parabolic 
cylinder. 

2.  Bescriptimi  of  Paper. 

In  the  present  paper  the  differential  equation  associated  with  the 
parabolic  cylinder  is  first  (§3)  solved  by  means  of  a  family  of  de- 
finite integrals.  It  is  then  (§4)  shown  that  one  of  the  integrals  of 
this  family  possesses  properties  which  fit  it  to  be  taken  as  a  standard 
solution,  and  this  integral  is  denoted  by  D^{z).  It  is  shown  that 
J9«  {z)  possesses  an  asymptotic  expansion  which  is  well  suited  for  the 
purpose  of  calculating  its  numerical  values,  and  that  in  certain  cases 
it  degenerates  into  an  elementary  function.  It  is  then  (§5)  shown 
that  the  general  solution  of   the  equation  does  not  introduce  any 

VOL.  XXXV.— NO.  816.  2  E 
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function  other  than  D„(r),  and  a  second  family  of  definite  integrals 
is  found  which  satisfies  the  differential  equation. 

It  is  then  shown  (§6)  that  the  function  D^  (z)  possesses  two  sets 
of  recurrence  formulae,  and  that  in  the  case  in  which  n  is  an  integer 
(§  7)  this  function  can  be  expressed  in  a  simple  form,  and  (§  8)  that 
it  possesses  integral  properties  and  can  be  used  to  form  expansions 
of  arbitrary  functions.  A  third  family  of  definite  integral  solutions 
of  the  difiEerential  equation  is  found  in  §  9,  and  a  fourth  family  in 
§  10,  and  the  members  of  these  families  which  represent  !>»(«)  are 
determined. 

3.  Determination  of  a  Family  of  Definite  Integrals  which  satisfy  the 
Differevtial  Equation. 

As  has  already  been  said,  the  differential  equation  found  by  Weber 
for  the  functions  of  the  parabolic  cylinder  is 

where  Z  is  a  quadratic  function  of  z.  There  is  clearly  no  real  loss 
of  generality  if  we  write  this  in  the  form 

5  +  («+i-i^)y  =  o, 

where  n  is  a  constant.  We  shall  accordingly  adopt  this  as  our 
standard  form  of  the  equation.*  It  is  evident  that  two  independent 
solutions  of  this  equation  exist  of  the  forms 

,      2n-|-l   2  ,  47i*  +  4n-h3  4, 

and  .-     ^^-^+-.-^^_^+... 

respectively.  These  series  are  convergent  over  the  entire  z-plane, 
and  may  be  taken  as  the  two  fundamental  solutions.  As,  however, 
series-solutions  of  this  kind  have  been  discussed  by  the  two  previous 
writers,  and,  as  we  shall  show  that  it  is  advantageous  to  choose  the 
two  fundamental  solutions  otherwise,  these  seiies  need  not  further 
be  mentioned. 

In  order  to  obtain  a  pair  of  fundamental  solutions  suitable  to  be 
taken  as  standards,  we  shall  first  show  that  a  family  of  definite 

♦  This  differs  from  the  standard  foims  previously  adopted  ;  the  reason  for  it  will 
appear  subsequently. 
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integrals  exists,  by  means  of  which  the  solutions  can  be  represented ; 
for  in  the  difFerential  equation 

2  +  («+i-K)y  =  o 

let  a  new  independent  variable  be  introduced  by  the  relation 

y  =  e'**Vt*. 
The  equation  becomes 

z^^J^  +(2n^_3»)  p.  +n(«-l)n  =  0. 
dz  dz 

Xow,  if  V  denote  the  integral 

where  the  path  of  integration  y  is  for  the  present  unspecified,  we 
find  that 

.^j)-f(2n.-^)2+n(n-l). 

=  -  ^   [  |[{^*-/^H(n-l)«»]r-e-'-*^''/«'»](i^. 
It  follows  from  this  that  any  integral  of  the  type 

18  a  solution  of  the  differential  equation  of  the  parabolic  cylinder,  provided 
the  path  of  integration  y  is  such  that  the  quantity 

resumes  its  initial  value  after  describing  the  path. 

This  result  furnishes  a  large  number  of  definite  integrals  which 
satisfy  the  equation ;  thus,  the  quantity 

is  zeix)  at  the  points 

<  =  4«'+i^{^-4(n-l)}», 

^  =  i^-i^{^-4(n-l)}*, 
^  =  0     (when  n  is  negative), 
^  =  00     f  provided  the  direction  at  infinity  is 
such  that  —  is  real]  ; 
2  K  2 


420      Mr.  B.  T.  Whittaker  on  the  Functions  dssociated    [Dec.  11, 
and  therefore,  if  y  be  a  path  joining  any  of  these  points,  the  expression 

will  be  a  solution  of  the  differential  equation. 

4.  Asymptotic  Expansion  of  one  of  the  Integrals  fontid  in  §  3. 
Determination  of  a  Standard  Solution. 

Among  these  solutions  there  is  one  which  (as  will  appear  later)  is 
especially  suited  to  be  taken  as  a  standard  solution.  This  is  the 
integral  taken  along  a  path  which  encircles  the  origin  in  the  ^-plane 

and  begins  and  ends  at  infinity  in  that  direction  which  makes  —  a 

z 

positive  i-eal  quantity.     This  path  will  be  denoted  by  5.     We  shall 
now  show  that  this  solution 


i.vf  «-'-*-'•-• 


t-^'-'df 


possesses  an  asymptotic  expansion  when  z  is  real  and  positive. 

For  let  ;:  be  any  real  positive  quantity  greater  than  some  fixed 
quantity  A*.  Then  the  path  of  integi^ation  can  be  divided  into  two 
parts,  namely,  (1)  a  part  S^  consisting  of  the  portion  of  8  which  is 
contained  within  a  circle  of  radius  k  and  centre  the  origin,  and  (2)  a 
part  §2  consisting  of  the  two  portions  of  8  which  are  outside  this  • 
circle.     Thus 


dt 


+'  '-•  1' '  •!  '■"■"-'^  6--  (T^in  ( v)"' }  '-■"' 

The  first  of  these  integrals  can  be  evaluated  by  help  of  the  relation 
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and  thus  furnishes  the  terminating  series 
•2ir(-l)"'      J,.  .  f  i_  »(n-n 

Considering  next  the  second  integral,  we  observe  that  at  all  points 
of  its  path  of  integration  \  the  quantity 


^-»(W)_i^  f    _ 


... L_/zi'r" 


can  be  expanded  as  an  absolutely  convergent  series  in  the  form 


+  ..., 


from  which  it  follows  that,  when  z  is  large  (r  being  supposed  pre- 
determined independently  of  r),  the  second  integral  can  be  written 

A 


-jt" 


«". 


?'' 


where  -4  remains  finite  when  z  is  indefinitely  increased. 

Considering,  lastly,  the  third  integral,  we  observe  that  |  ^  |  is 
greater  than  h  at  all  points  in  the  range  of  integration,  and  there- 
fore (r  being  supposed  predetermined  independently  of  z)  the 
occurrence  of  the  factor  e'*  in  the  integrand  shows  that  the  integ^l 
will  at  most  be  comparable  with  c"*  when  h  is  large,  i.e.,  it  will  for 
large  values  of  z  be  small  compared  with  the  second  integral. 

Summing  up,  we  see  that,  if  r  be  a  predetermined  integer,  then  the 

solution  e-^A  e'''^^''^**H'^-Ht 

can  for  large  positive  values  of  z  be  expressed  in  the  form 

ir(n  +  l)  *      ^  1*  2«'      ^•■• 


(-l)-'n(«-l)  ...  (n-r  +  1)       1 


(r-1)!  (a.*)' 

where  A  remains  finite  when  z  increases  indefinitely  ;  that  is  to  say, 
the  divergent  series 

(n-l) 


iT(n  +  l)  C 


2s? 


+  ... 


(-iyn(n-l)...(n-r)    1 


2'^r! 


i....} 
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18  an  asymptotic  expansion  of  this  solution  for  large  real  positive  values 
of  z. 

We  can  now  define  our  standard  solution  in  the  following  way  : — 

The  integral     *Ei^±ile-*='r"  f  e-'-»('"''^(-^0'"''^^ 

will  be  denoted  by  B„  {z), 

avid  ivill  be  taken  as  a  stand  ird  solution  of  the  differential  equation  of 
the  parabolic  cylinder. 

The  function  Dn  (z)  is  a  one-vcdued  analytic  function,  regular  for  all 
finite  values  of  z ;  and,  for  large  real  positive  values  of  Zy  it  possesses  the 
asymptotic  expansion 

It  is  obvious  that  when  n  is  a  positive  integer  this  last  series 
terminates;  in  this  case  the  function  Dn(z)  therefore  degenerates 
into  the  product  of  an  exponential  function  and  a  polynomial.  This 
case  will  be  deferred  for  the  present ;  but  it  may  be  observed  that 
this  circumstance  is  a  justification  for  the  choice  we  have  made  of  a 
standard  solution. 

When  the  real  part  of  7*  is  negative,  by  deforming  the  path  of 
integration,  we  find  that  the  function  D„  (z)  can  he  expressed  by  the  real 
integral 


5.  Expression  of  the  Second  Solution  of  the  Eqnatioji  in  terms  of  I>„(j:). 
^4  Second  Family  of  Definite  Integrals  ichich  satisfy  the  Equation. 

Since  the  differential  equation 


'2,+(n  +  ^-iz--)y  =  0 


is  unaffected  if  we  simultaneously  replace  n  by  —  w— 1  and  z  by  —iz, 
and  since  from  the  asymptotic  expansion  it  is  evident  that  D„  (z) 
and  i)_„_i(/-)  cannot  be  mere  multiples  of  each  other,  we  see  that 
the  general  solution  of  the  differential  equation  of  the  parabolic  cylinder  is 
expressible  in  ternv<  of  the  D-function  in  the  form 

aD„(z)  +  hD.„.,{iz), 

where  n  and  b  are  nrbitrary  constants. 
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This  transformation  shows  that  integrals  of  the  type 

uihere  y  is  any  path  such  that  the  quantity 

resumes  its  initial  value  after  t  ha>s  described  y,  constitute  a  second 
fa/mily  of  definite  integrals  satisfying  the  equation. 

6.  Recurrence  Formulae  for  the  Function  B^{z). 

For  all  real  or  complex  valaes  of  n  and  of  z  the  function  2)„  («) 
satisfies  certain  recurrence  formulae.  For,  on  integrating  by  parts 
the  right-hand  member  of  the  equation 

1  (n  +  i;  J, 

we  obtain  the  result 

and  in  the  same  way  we  can  obtain  a  second  recurrence  formula, 
namely,  ^n  f  \ 

^^^  +i^Z>,W-nJD„.xW  =0. 

7.  The  Functions  D^  (z)  in  the  case  in  which  n  is  an  Integer. 

We  have  already  seen  (§  4)  that  when  n  is  an  integer  the  function 
Dn(z)  ceases  to  be  a  new  transcendental  function  and  becomes 
merely  the  product  of  an  exponential  function  and  a  polynomial. 
Its  explicit  expression  may  be  found  as  follows  : — ^We  have 

D,(z)  ='^^-i^^^^  e-^'z'^l  e''-^^''^''^(^ty'^-'dt. 

If  we  take  a  new  variable  v  defined  by  the  relation  t  =  z(v^z),  the 
resulting  integral  can,  when  n  is  a  positive  integer,  be  at  once 
evaluated  by  Cauchy's  formula  for  the  n-th  derivate  of  a  function. 
We  thus  obtain  the  formula 

D.(.)  =  (-l)"6»"|;.(e-«") 
which  represents  D^  (z)  when  n  is  a  positive  integer. 
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Applying  the  transformation  which  changes  z  to  iz  and  n  to  — » — 1, 
we  see  that,  when  »  is  a  n^;atire  integer,  the  expression 

i$  a  BoliUif/n  of  the  differential  equation.  This  gives  a  second  set  of 
solutions  expressible  as  the  product  of  an  exponential  and  a  polj- 
nomiaL 


8.  Integral  Properties  of  the  Functvjns  2>,  (z)  when  n  is  an  Integer. 
Expansion  of  an  Arbitrary  Function. 

We  shall  now  show  that  the  functions  D^^^z)  possess  properties 
analogous  to  those  expressed  in  the  theory  of  Legendre  functions 
by  the  well  known  equations 

[_P.(.)P.(.)=o,  fprw'^-^nTi- 

For,  from  the  differential  equation,  we  have 

and,  integrating  this  relation  between  r  =  —  oo  and  z  =  oo  ,  ic*i  have 
the  integral  relation 

I'    D„(:)D„(z)dz=0, 

for  all  unequal  integer  values  of  m  and  n. 

Moreover,  we  have  by  the  recurrence-formulee 

j'    ]y,(z)dz  =  ^'    2)„(.-)y_2'^^^^-->+(M-l)D..,(z)|dr. 

Transforming  the  right-hand  member  by  use  of  the  theorem  just 
established,  and  by  integration  by  parts,  we  obtain 


j*    D?.(.-)rfr  =  «r    K.,(z)dz 
=  nlfjD,(z)ydz 
=  «!('    e^'^dz, 
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whence,  for  all  integer  values  of  n,  we  have  the  integral  relation 
{D.W}'ir  =  (2x)»n!. 


I 


From  these  integral  relations  it  is  evident  that,  */  any  function  f  {z) 
he  expanded  in  a  series  of  the  form 

f{z)  =^  a^Do(z)'{-a,D,(z)^a,D,(z)'\'..., 

then  the  coefficients  are  given  by  the  relations 


''•'=(2h.L'''^'^^^'^''- 


9.  A  Third  Family  of  Definite  Integrals  which  satisfy  the  Differential 
Equation  :  Expression  of  D„  (z)  as  an  Integral  of  this  Type. 

We  shall  now  find  another  family  of  definite  integrals  which  satisfy 
the  differential  equation. 


For  let 


-I 


e»'"(l  +  0"''(l-0""'"<«. 


where  the  path  of  integration  is  for  the  present  left  undetermined. 
Then 

0+(«+i-K)y 

=  f  e»'^(l  +  0-«"-'(l-0»'"-"{i'+K<'+n+i-i«'}<ft 


i 


It  follows  that  the  differential  equation    of  the  parabolic  cylinder  is 
satisfied  by  any  integral  of  the  type 

{  e**''(l  +  O'*""'(l-0*^"'*'^i 
provided  the  path  of  integration  y  is  such  tha^  the  quantity 

e^^-'Cl-hO'^^Cl-O*^"*'^ 
resumes  its  initial  value  after  t  has  described  y. 

A  large  n amber  of  paths  y  can  be  found  to  satisfy  this  condition ; 
among  these  we  shall  select  the  one  which  gives  our  standard  solu- 
tion D^{z), 

Let  e  denote  a  path  of  integration  which  encircles  the  point  ^  =  —  1, 
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and  begins  and  ends  at  infinity  in  that  direction  which  makes  s^t 
negative.  Then,  if  we  form  the  integral  corresponding  to  this  path, 
we  easily  find  that  it  possesses  an  asymptotic  expansion  of  the  form 

js"e"**'  X  a  power  series  in  — ;  and,  on  evaluating  the  first  coefficient 

in  this  series  and  comparing  with  the  asymptotic  expansion  of  D„  (x?) , 
we  have  the  formula 

which  expresses  the  functimi  D„  (z)  as  a  member  of  this  family  of  in- 
tegrals. 

When  the  real  part  of  n  is  negative,  this  gives,  on  deformation  of 
the  path,  the  result 

i>„U)  =  |sin'»2'r(»+l)e-»=-.»j*e-V'»-'(l  +  J)*'"""d.. 


10.  A  Fourth  Family  of  Definite  Integrals  which  satisftj  the  Differential 
Equation.     Expression  of  D„  {z)  as  on  Integral  of  this  type. 

By  a  similar  process  to  that  employed  in  §  3  and  §  9,  it  can  be 
shown  that  the  differential  equation  of  the  parabolic  cylinder  is  satisfied 
by  any  integral  of  the  type 

provided  the  path  of  integration  y  is  such  that  the  quantity 
e  i^''(^-l)-i-»(f-fl)i"*' 

resumes  its  initial  value  after  t  has  described  y. 

A  large  number  of  paths  y  can  be  found  to  satisfy  tliis  condition, 
and  these  furnish  integi'als  of  the  equation.  Among  these  we  shall 
now  find  one  whicli  represents  the  standard  function  l>n(z). 

Let  rj  denote  a  path  of  integration  which  begins  and  ends  at  in- 
finity in  the  direction  which  makes  z^t  positive  and  which  encircles 
the  point  /  =  1. 

Let  y,  denote  the  integral  taken  along  this  path,  so  that 


y,z=z{  e-i=^'(f-l)-i"-H^  +  l)^"^^- 
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Then,  if  s  be  a  new  variable  defined  by  the  relation 

<  =  -,+!,. 


have 


Vx 


=  2-*''*»e-*''i5"  f  e-5-*-*  (l+  ^f)^' ds, 


where  the  integration  is  now  taken  round  a  contour  which   begins 
and  ends  at  infinity,  and  encloses  the  point  /?  =  0. 

This  quantity  clearly  possesses  an  asymptotic  expansion  of  the  form 

e"**'z"  X  a  power  series  in  — , 

and  is  therefore  a  multiple  of  D„  {z).     To  find  the  constant  multiplier, 
we  observe  that  the  first  term  in  the  expansion  is 


2-*«*ie-**';?*[e-s-»"-*£i« 


2-^"*'irt" 


e-^''z\ 


It  follows  that 


2/i 


r  ("-f' ) 


B.(«l, 


and  therefore  that  Dn{z)  is  expressed  as  a  member  of  this  family  of 
integrals  by  the  formula 

2*n-r(!i±l) 

^  J., 

When  the  real  part  of  n  is  less   than  unity,  it  is  easily  seen  by 
deformation  of  the  path  that  this  can  be  replaced  by  the  real  integral 

D,(z)  = i e-""*-  r «-*-♦"-*  (l+^^ds. 
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Some  Applications  of  Fourier's  Theorem.     By  H.  M.  Macdonald. 
Received  and  Read  11th  December,  1902. 

Fourier's  theorem  may  be  written  in  the  form 

where  a,  h  are  two  real  quantities,  the  path  of  integration  with 
respect  to  z  is  the  part  of  the  real  axis  in  the  z  plane  lying  between 
z  =  b  and  z  =^  a,  c  is  a  real  positive  quantity,  and  the  path  with 
respect  to  y  lies  in  the  first  and  fourth  quadrants  of  the  y  plane, 
being  terminated  as  indicated.     From  this  it  follows  that,  if 


\y"'fiz)dz=i,(y). 


then  „^  U''*(y)dy=/W,  (A) 

where  the  path  of  integration  is  any  curve  into  which  the  path 
(c— QOt,  c  +  oot)  can  be  deformed  without  passing  over  a  singularity 
of<^(y). 

This  supgests  that  there  may  be  other  paths   of  integration  such 

that  f{x)=A\e'^le''-f(z)dydz, 

and  then  con^sponding  relations  between  integrals  would  follow. 
For  example,  Cauchy's  relation 

may  be  written 


2Tt  loo--* 


where  a  and  P  are  such  that  cos  a  and  cos  fi  are  negative.       If  the 
value  of  the  integral 

is  known,  the  value  of  the  integral 

[  e-'^^{y)dy  (B) 

Jo 
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In  what  follows  these  two  relations  will  be  applied  to  obtain  the 
values  of  certain  integrals. 
It  is  known  that  the  integral 

{*  e-*'J,,(z)z'"^dz 

can  be  expressed  as  a  hypergeometnc  function  ;  it  therefore  follows 
from  the  above  that  /"  (x)  x'*"  can  be  expressed  as  an  integral 
involving  a  hypergeometric  function.     Writing 


i: 


e-'^  JA^)  z""  ^^  =  ^  (y\ 


then 
that  is, 


/  X  -  i  (--Vn(i2-mf2^)         1        . 


therefore    ^  (y)  =  2 


(-)n("-=^+.)n(«-^-=il+.)      ^ 


whence       ^  (y)  =  -  — 


2»Ny.i 


2'"n(n4-*)nwn(-j) 
n(-j)n(») 

^/n— ^W'  +  l    »— m  +  2 


n  +  1,   -A), 

using  the  usual  notation  for  a  hypergeometric  function.  The  rela- 
tion holds  if  the  real  part  of  7i — w  is  greater  than  —1  and  the  series 
converges.  The  hypergeometric  function  that  occurs  in  the  above 
expression  can  be  expressed  by  means  of  a  spherical  harmonic,  and 
the  relation  can  be  written 

{\-^'Jn(z)z-'"dz=J^^  t— ^ie«'-*J-(-y*-l)»^*'"-'^Qj:;'  (ly).        (1) 

Hence,  from  the  above, 
Jn{x)x--  =  A     /l."--ie(«-*)- p*>(-y«-l)i(^-'^Q*-';;  (,y)  dy, 
that  is, 

J,{x)x-'"  -  J ^r-^'-'e^'"-^"'  f'"*e-*"'(/ii«-l)»^^-*'Q*'"(Ai)c?/u. 


*»>  Xr-  E.  IL  K»a»U  «»  TJte  II, 


,._!.-      -g^;,^. 


-«*-*-<cro-^")}*j= 

•A'h';re  ?h*;  hanrjonics  aitj  now  harmonics  of  a  real  qoantitv.     This 

that  in, 

(2i 
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When  n— ?/i  is  an  integer  the  relation  becomes 

j.,{^)x--  =  -^=^   e-'"-(i-M')»'^"'-"p!.:70x)d^. 

v/  27r   J  -I 

Various  known  results  can  be  obtained  from   the  above  as  par- 
ticular cases.     Putting  m  =  w,  and  remembering  that 


it  becomes 


(3) 


where  the  real  part  of  n  is  greater  than  — |. 
Putting  m  =  0,  and  using  the  relations 


K-i  (cos  <^)  =  \/ ^— 7  cos  »», 


the  equation  (2)  becomes 

J,  (a;)  =  —  I  U-*'«<**co8  nOde-sinnir  f  V«°*^-"^#  |  ,       (4) 

which  holds  if  the  imaginary  part  of  x  is  greater  than  zero.  The 
corresponding  relation,  when  the  imaginary  part  of  a;  is  less  than 
zero,  is 

_(_0-ff'  --.     -      r-       .       .  -.  • 


M^) 


W'r' 


C08n^(i^-8innir     e-'^^^^""* 


pg-^codi^-H^^^I 


When  n—m  is  an  integer,  it  may  be  shown  that 

p>-*7„>.^  2'»-*n(m-l)n(n-m).^_    ,.Ham-i)/T«n     ,    . 

^„.,w-    n(n+m-i)n(-i)  ^'   ^^       ^-^Ai;, 

where  C"^_^  (/a)    is    the   coefficient   of    »"""*   in    the    expansion    of 
(1—2/iaj +  «*)""'  in  powers  of  ar. 
Hence,  when  n — m  is  an  integer, 

r  /  \    -!«      2''*-*nOn  — l)n(n— m)  ^"■"•P  ^-tr./i       i\m-*/r»     /  \j     • 
Lx{n-f-7n  —  1^  ir    J.i 


•  Cf,  Sonine,  Math,  Ann,,  Vol.  xvi. 
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when  »«  =  —n, 

4..         _  n(2n)II(-l)  e''^^^_ 

and  relation  (1)  becomes 

J,"     •^■(')'^'^-Vx      2-»n(„)       (-y'-l)-'' 

that  is.  £e-''/.(.)^i.-=2;^°-(»=i).- 

where  the  real  part  of  n  is  greater  than  —J. 
The  relation  (2)  becomes  in  this  case 


(5) 


/.(z)2-  = 


^_2"n(n— I)    If'*'   _e^^ 


v/» 


that  is, 


1  r— 


(l+j^)-«' 


(6) 


where  the  real  part  of  n  is  greater  than  —  ^. 

This  integral  can  be  transformed  into  one  along  the  real  axis  when 
the  real  j)art  of  n  is  less  than  5,  and  then 

a  result  given  by  Sonine.     When  in   relation  (2)  m  =  i,  the   expres- 
sion for  J,Xx)x'^  in  terms  of  Legendre  functions  is  obtained. 
Taking  the  expression  for  a  Bessel  function 


it  may  be  written 


when  the  real  part  of  il  is  greater  than  — 1,  which  is 

The  application  of  relation  (B)  gives  the  result 

|%-J„(av/.)«'«V.x=(|)"'^^^:;*', 


'  Sonine,  I.e. 
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that  is,  re-^''J^(ax)2^^'dx  =  "--^^l  (8) 

when  the  real  part  of  n  is  greater  than  —1,  a  result  given  by  Weber* 
and  by  Hankel.f 

An  expression  for  the  second  solution  of  Bessel's  equation  is 

-    [iv.„(«.^)-i-v„0z)]  =  f%-**'-^v-»i*, 

sinwr^  -■       Jo 

which  may  be  written 

^  d        JO 


sin  nir 
therefoi-e,  by  relation  (A), 


2iri 
that  is, 


VI  ]  L  -^  sin  nir  a**'*  a^ 


1    r  ^-^^  [.»"/..(a.)-/.(«*)]  ^.,  =  Ml'.-r 
2)r«J^,^         sintiir'-  ■'sr  '  a" 

Now  f""'  J.(a*)-f',=0; 

thei-efore       ^   r*  -  f '"    e"*""/.,  (oar)  ^,  =  i^VT-  e'"''r 
2t  sin  nir  .  ^        a?"'*  a" 

This  can  be  transformed  into  integrals  along  real  paths  as  follows  : 
the  relation  may  be  written 

J^  "^     ^d?"  '^  ^      2«8innirJ.p  "^     ^a^  ' 

a-      ^        • 

Writing  J  =  ^    ^""       P  e-*"-/.,  (a;r)  ^„ 

°  2isin  nirj.^  ir"  * 


2i  sin  7»ir 


X  =  pe^\ 


tben  /=  -4^  [e-y^^'j.Mpe-)  ^,^^^, 

2t  sin  nir  J,  p"  ^c^"  *^*' 


•  C»W//,  Vol.  LXix.         t  Maih.  Ann.,  Vol.  vm. 
VOL.  XXXV. — NO.  817.  2  P 
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V' sin »T r  2-*''n (-n+2)) n(2))  J„  ^ 


or 


V  '8inniro2  '»**''n  (-w+^)  H  (/))  Jo 


Now  e-yp^  •'(''-P--^)^'d$ 


that  is, 


=:  2p(P+i-«)»*re!'^«)8«co8  {yp'sinO— (n— /)— 1)^}<W, 


r*  /in- 

when p>n-\-l^  and 

Jo 

=  .2.0'+i-'')'.  [Bin  (n  -^-1)  r  f  e-vp*'  Z'?!  +  '(kp')"-""'  1 

L     ^    ^     '    u        a"-?'    n(«— /)— i)J 

when  ^  <  «  + 1 ;  therefore 

j_ TT "1^"  a-"«'jr:^-' 

~28intnr  n   2-"*''"n(p)n(-n+^)n(n— 2>-l) 

_i"2"_         (ap)-^"(-)" fe-..'.  '^o- 

-  0  2  "♦V"'n(;>)n(-n+p)J,        o-"-" 


+  i2 


(ap) --'"(-} 


-a  .-■^"p-»n(p)n(-«+;,)J„       a—' 

where  (n)  denotes  the  greatest  integer  less  than  ?i,  and  this  is  equi- 
valent to 

.n~])      -n  +  2p.H-p-l  / \p        (n-lj  „     n*lp( \p  f» 

+  2  -1 r-f^ *•— ^r  ,  ^     e-'"'ir"-'"*'<ir. 

„i2-'*->n^-M+j5)n(i;)J„ 

Hence  f .  -  f.r  „  (a.) -"  2%- -  '."-(-y^-;;     1  '^r 


_(2y) 


-I 


/I     1    fj'n*'2p..u-p-l( \|> 


a 


(-y 


a"  0        2"^''-"*'n(jo)     ' 
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or,  denoting  the  part  of  the  series  for  /.  „  {ax)  which  begins  at  the 
[(n)  +  l]-th  term  by  /'*J  {ax\ 

When  n  is  an  integer  this  becomes 

which  can  easily  be  shown  to  be  true  for  all  values  of  n. 
The  relation  (2)  when  n—m  is  a  positive  integer  is 

.h{x)x-  =  ^  j'e-"-(l-,t')'""-"i^/.r(^)<iM, 
and  this  may  be  written 

v27rj-i 

hence  by  relation  (A) 

2^  r"  '''•^"(-'*>*  ""'^  =  "72^  (i-y')'""-"Pi:r(y). 

that  is, 

therefore 

j*  J„(x)  X-  COS  (;ry+  ^^)  'fo^  =  ^f  (l_y«)«>»-"  Pi:^  (y) 
when  w  >  —  ^  and  |  y  |  >  1,  and  vanishes  when  \y\  >  1,  or 
j'  .7„  (az)  X-  cos  (6«+  "-'"^)  dx  =  ^^^  ("'-fc')'"-"-?!!::  (^) 

(11) 

when  a  >  />,  aud  vanishes  when  a  <  h,  n  being  greater  than  — J. 
When  n  =  m,  this  becomes 


J/^"("^)^^^^^^^=(2arn(n:-^)     ^"^^H 
=  0     (a  <  6) 

2  F  2 


(12) 
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1  r*«*' 


{z)  ^dz  =  ^(y), 


where  the  real  ports  of  ye**,  ye^'  are  negative,  then 


-ift-n—m- 


that  is,  Hy)  =2  gi^xi  ( -+p)  II(p)  U{-2p-n-m-\) 
when  I  y  I  >  1 ,  or 

, ,  X  _  __  Rin(n+m)  IT  »  n  (2pH-n+7/i) 1 

8-  "("-¥')  "("-±1=-') 


(13) 


a  known  result.*     When  m  =  ^,  and  n  is  a  positive  integer,  the 
relation  (11)  becomes 

^^oofihxJ^^^{ax)xr^ilx  =  yJ^^P^[^)     (a>h) 
=  0     (a  <  6) 
Similarly  from  the  relation  (7)  it  can  be  deduced  that 

=  0     (a<t) 

when  5  >  n  >  —  I,  a  known  result. 
Writing  the  integral 


(14) 


whence  i/r  (y) 


_  __  sin  (n  +  m)  IT     211 


r>/ir         y"*'"*^  n(n) 

^p/n+m4-2  n+m  +  1      ^,,       1\ 

""^V      2        '  --2~"'    ''^^'     yO' 
which  may  be  written 

y     IT  TT 


♦  rf.  Sonme,  i.e. 
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If  now  K„(2)    be   the    second  solution    of  Bessel's   equation  with 
imaginary  argument,  where 

the  integral  —  f**'  e^'K^(z)  z'^dz  =  0 

Jfl-ODl 

when  |y|  <  1,  and  by  the  above 

Jc-xi 

=  -^-  C^^'  (y'-l)-*'-*"  [8in(»+m)  .rQ:.V(y) 

—  8in(m-n)irQ.«'!j(y)], 
that  is, 

27rt  J  ^  ^  ^  V   '^         8in  n^r 

(15) 

when  \y\  >  1.     The  application  of  relation  (B)  gives  the  result 

K,{x)x''  =  J^  C08(m  +  i)x  ("e-^(y._i)-.,-»)p::|  (j,)dy     (16) 
V  2  sinnir         J, 

when  m  +  ^  <  1.     Putting  m=—n,  this  becomes 

Jt,(:r)  a,- =  ^|:  11°  e"(y»-l)-»'»-)Pl:^(y)  dy. 

that  is,        ir,(*)  ^-"  =  2Wn^^-r)  |'  «-"(y'-i)'-'dy. 

a  known  result.     Putting  m  =  —  ^,  it  becomes 

When  m  =  0,  the  relation  (15),  using  its  first  form,  becomes 


(17) 


(18) 


that  is, 


1  r"„.«-.,jf_^(,)^,  =  co8h«j,  (ij,) 

2ir«  I  ^  '  amhy 
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and  therefore,  by  relation  (B), 

K^ (x)  =  r  e-'"'^»'  cosh  ny  dy,  (20) 

a  known  result. 

It  has  been  proved  that 

/.  (ax)  /. (bx)  =  ^  p"'  ef-t"'-*"''™  I.  ( ^)  f . 

when  the  real  part  of  n  is  greater  than  —1.* 
This  may  be  written 

Je-oDi 

whence,  by  relation  (B), 

that  is,  re-'""/„(a«).7,(6*)«<ix=''"'",y'''-'/.(^).t  (21) 

fVom  this  it  follows  that 

Now  r    e-'"'/„(aa-).r.„(6a-)a!(ir  =  0; 

therefore 

r    e-"'J,(ax)[i''J.„ibx)-,-J,(bx)]xdx 

thai  is, 

r"e«-./,.(a^)[.".7.,.(fci«)  -.-V„(6^)]  (di 


e 


^  «"*'  sin  «ir 


y  ^2y 


©^ 


•  Piw.  Xowrf.  Math.  5or.,  Vol.  xxxn. 
t  Of.  Weber,  Hankel,  /.r. 
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whence,  by  relation  (B), 

2t«]„  W   y 

=  i/„(aa;.)  [."J..(6a«)-.-V.(6a!.)] ; 
and  therefore  '' 

r  e-"t-('.-'«')/.J  l(<^)^  =  _JL^j^(axi)  [/.,(6«)-.-»-/,(&w)], 
Jo  \   #    /  «       sinwir 

(22) 
a  result  equivalent  to  one  given  in  the  previous  paper.* 

Writing  the  integral 
then 
that  is, 

when  n  >  m  >  —  1 ;  whence 

Jo 

=  n .„) Tt  f"e--'"(«'-H"--'^*'<«  (n>m>-l). 

2"o"y"  * '  n  (n  —  w— 1)  J 

(23)t 

This  relation  may  be  written 


♦  Pror.  Zo/w*.  Jfo^A.  6(hj.,  Vol. 
t  C/.  Sonine,  I.e. 
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and  therefore,  by  relation  (B), 
/„  (cut-*)  «"•-»" 


that  is, 


'2=^vTr(«--^i)  2~,  j[;;;£'^-''"(«'-n"--^-<if^s. 


'''    '^-('^)  =  2---a-n(Lm--T)f/"(^)('^'-^)""'"^'""'^ 

"  (n>m>-l),     (24) 

a  known  relation. 

Prom  (24)  it  follows  that 
/.(«»!») /.(fco!*) 

that  is, 

or  /„(aa*)/„(6a!)» 

=  2--'.-n(-..-l)f. '''-<•)  ^--'"^ 

therefore,  by  relation  (B), 
r  e-''J,{a^)  J„,{hx^)  x^  ^"-"  dx 

that  is, 

I    e-y''J,{iix)J„,{hx)x''^-''''dx 
Jo 

(w  >  m  >  -  1).     (25) 


1902.]  some  Applications  of  Fourier^ s  Theorem. 


441 


Proceeding  to  the  limit  when  y  =  0,  the  integrand  on  the  left-hand 
side  vanishes  except  for  values  of  (  in  the  neighbourhood  of  b,  and, 
evaluating  it. 


jV.(a.)/.(6.).--^  =  ^,i^^^  (a>6)' 


(26) 


=  0     (a  <  6,  n  >  m  >  —  1) 

Relations  (25)  and  (26)  have  been  given  by  Sonine.* 
Again,  fi'om  (24),  writing 

X  =  ; 

then 


2  sin  mir 


^^[J-^ihxi)^r^-J^(bxOl 


n(w— m— 1)  a"  J^ 


sinm^2'*''" 
that  is,  by  (22), 

2"--n(n-m-l)a-JJ/      ^«     ^>         "  H2»)s^^ 

which,  using  (25),  becomes 

-^  "^  r  r  *"'■■"'"'•'••  ('^^  •'-  (^^>  ^""**'^*'. 

Jo  Jo 

thatis,  z=R-^'^)^-Wr-^, 

and  therefore 

Jo  c+«^  28inmir    (aji)"  * 

(6  >a,  n>m>-l).     (27) 
The  relation  (23)  suggests  the  evaluation  of  the  integral 

Writing /(y)  for  this  integral, 


I.e. 
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that  is,  performing  the  integration  with  respect  to  f, 


f(y\^        II(t»)         f*'**'     Jn-f-l-l.V 


which  may  be  ^vritten 


1  dt 

\iy'^  2/ 


whence 


f(y)  -  r:^n(2i)jr'!  r*"'e»-^'-'*__J_ 


♦  1   fn*-l^ 


wf'-xi    Jo 


that  is, 


jfore 

Jo  (c'  +  D*- 


and  therefore 


that  is, 

(28) 

From  this  it  follows,  by  applying  relation  (B)  as  in  (24),  that 

(7*>m>-l).     (29) 
Similarly  as  in  (25),  by  (B), 

= 2^v^,  P""^"'"^»  {|)  •^— ^''^(-•-^^^ 

x(,«--f')!  •-•"-' ^*""f/f     (n>»i>-l).     (30). 
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As  in  (26),  when  y  =  0,  this  becomes 

_/„-..- {cAa'-fc')}(a'-6')"-"-"6-     (^^^) 

arc'-"-'  ' 

and  =0     (o  <  6) 

(n>m>-l).     (31) 

Again,  as  in  (27),  it  may  be  proved  that 

/.{ayCc'+g*)}  JAhx)x"'' 
(c'+a;')'"  «'  +  ^ 

(6  >  a,  n  >  m  >  - 1).     (32) 

Relations  (29)  and  (32)  have  been  given  by  Sonine,  the  method  of 
proof  of  (32)  being  much  more  difficult. 

The  preceding  examples  are  illustrative  of  the  results  which  can 
be  obtained  by  using  the  relations  (A)  and  (B),  and  are  capable  of 
being  greatly  extended. 


Generational  Relations  for  the  Abstract  Group  Simply  Isomorphic 
with  the  Linear  Fractional  Group  in  the  GF  [2"] .  By  L.  B. 
Dickson.  Received  December  22nd,  1902.  Read  January 
8th,  1903. 

1.  The  object  of  this  paper  is  the   determination  of  two  linear 
fractional  ti-ansformations  A  and  B  having  the  following  properties  : 

(i.)  A  and  B  generate  the  group  V  of  all  linear  fractional  trans- 
formations of  determinant  unity  in  the  GF\2'*']  (n>l). 

(ii.)  A  is  of  period  2"+ 1.  J9  of  period  2,  AB  of  period  3. 

(iii.)  A  and  B  satisfy  relations  of  the  form 

(1)     {BA'BAr=l    (r=l,2,  ...,2»), 
the  integer  «  being  nniqnely  determined  modnlo  2"+l  by  r. 
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The  result  finds  immediate  application  in  the  study  of  the  abstract 
group  G  simplj  isomorphic  with  P.  For  u  =  2,  3,  4,  5  (the  cases 
hitherto  investigated),  the  group  O  is  generated  by  two  operators  A 
and  B  subject  only  to  the  generational  relations  (1)  and 

(2)     il^*^  =  J,     5«  =  J,     (ABy  =  I. 

Among  the  pairs  of  exponents  r,  s  in  (1),  the  following  four  sets 
always  occur : 

1,  2;     2,  1;     2»,  2"-l;     2"-l,  2". 

The  resulting  four  relations  follow  at  once  from  (2).  For  n  =  1  or  2, 
there  are  no  further  relations  (1)  ;  so  that  the  generational  relations 
for  O  are  (2)  when  n  =  2.  But,  for  n  =  1,  relations  (2)  define  the 
alternating  g^up  on  four  letters  with  which  T  is  not  simply  iso- 
morphic ;  while,  for  n  =  2,  relations  (2)  define  the  altei-nating  group 
on  five  letters  with  which  F  is  simply  isomorphic*  For  n  =  3  and 
« =  4,  the  theorem  has  been  proved  by  the  writer  ;t  for  n  =  5 
by  Mr.  Bussey. 

Moreover,  the  paper  obtains  by  a  genei*al,  but  simple,  method  the 
data  needed  in  the  study  of  G  by  the  method  used  for  n  =  3,  4,  6. 


2.  Use  is  made  of  the  transformations 
1 


T:     z'  = 


S^:      Z=:Z+\. 


To  reduce  -4  =  iS,  T  to  its  canonical  form,  let 
have  the  roots  z^  and  r„  and  set 

Z — Zf  2*1  2^1 2j 

SO  that  i*  =  a'{+ 1  (mod  2).     Then  A  becomes 

(3)     Z'  =  CZ. 
Since  Zi—z^^Zj-\-z^^a  (mod  2),  Sx  becomes 


/4N     ^._(X  +  a)Z+X 


*  Linear  Groups,  6  280.  lu  explanation  of  the  exceptional  character  of  the  case 
M  *  1,  note  that  a  of  §  2  miuit  be  unity,  so  that  B  ^  Sq  ^  identity. 

t  Bulletin  Atner.  Math,  Soc,,  Vol.  ix.,  1902,  pp.  194-204 ;  Froe,  Lond.  Math, 
Sofi,,  Vol.  zxxv.,  pp.  300-19. 
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Let  B  =  Sa^i.     Then,  for  modulus  2, 

BA':     X'=fi^±^; 
(o+l)X  +  l' 

BA'BA-  ■     T-^^  X(r+a'+l)  +  (r+l)(a+l)} 
~    X(r+l)(a  +  l)+r(a'+l)  +  l     • 

fliswce  BA'BA'  is  of  period  2  t/,  and  only  if. 

Let  w  be  a  mark  of  the  OF  [2^"]  which  belongs  to  the  exponent 
2-  +  1,  a  divisor  of  2^'— 1.  Then  w  +  a)2"  is  a  mark,  say  a',  of  the 
OF  [2"]      Hence  u;  is  a  root  of 

(6)     r  =  a'i-hl, 

an  equation  irreducible  in  the  0F[2'*'\,  For  later  use,  we  note  that 
a\  and  hence  a,  defines  the  OF  [2**]y  namely,  is  a  root  of  an  equation 
of  degree  n  with  integral  coefficients  and  irreducible  modalo  2.* 
Since  a  root  f  of  (6)  belongs  to  the  exponent  2''  +  l,  the  transforma- 
tion A  defined  by  (3)  is  of  period  2**-f  1.  Since  the  conjugate  {^"  of  £ 
equals  l/([,  the  conjugate  of  the  second  member  of  (5)  equals 

{-(a«+l)-fl,     r+a'+l 
f-'+a^-hl  r(a*  +  l)  +  i' 

Hence  the  second  member  of  (5)  is  a  root  of  X^  "*'^  =  1,  and  hence 
equals  some  power  of  {.  Hence,  if  an  arbitrary  integral  value  be 
assigned  to  r,  there  exists  an  integer  s  such  that  relation  (5)  holds. 
Finally,  J5-4  =  S,T  is  of  period  3.  Hence,  if  n>ly  A  and  B  have 
the  properties  (ii.)  and  (iii.)  of  §  1. 

Since  condition  (5)  may  be  written 

r^'+(r  +  O(«'-M)  +  l  =  0  (mod  2), 

it  follows  that,  if  r  =  p,  s  =  <r  are  solutions,  then  are  also  r  =  a, 
8  =  p;  r  =  —  p,  5  =  — 0-;  r  =  —  <r,  «  =  —  p.  Another  proof  follows 
from  (1). 

*  Moore,  Mathematical  Papers^  Chicagfo  Congress,  p.  226,  No.  7. 
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3.  By  §  2,  A'BA'^BjV  may  be  written 

Xf(r  +  l)(a  +  l)+r(a'+l)  +  l    • 
It  is  therefore  identical  with  (4),  namely, 

[^  =  <r  =  aX,    p=  i'  =  a(X  +  a)], 
if,  and  only  if,  I  =s  t  and 

/o^       j,^ (r+l)(a+l)a     _ 

^  ^  ((-  + !)(-«+ 1) +{'(£'+-«•+ !")• 

Given  any  integer  r,  there  exists  (by  §  2)  an  integer  2/  and  hence 
an  integer  t,  determined  modnlo  2'*-f-l,  such  that  (7)  is  satisfied. 
Then  \  is  determined  by  (8).  Ah  shown  in  §  4,  or,  as  may  be  verified 
directly,  Xr"  =  A. 

For  an  arhitrary  uifeger  r,  (t7t  inhujer  t  is  uniquely  determined 
mofi?tZo  2"  +  l,  a7id  a  mark  X  of  the  (rii^[2"]  is  uniquely  deterrtiined^ 
such  that  ^^^     A'BA'BA'  =  S,. 

4.  Let  7%  t  and  p,  r  be  two  sets  of  relations  of  (7)  which,  by  (8), 
define  the  same  mark  A.     Then,  by  (8), 

Squai'ing,  and  eliminating  f-'  and  ^■'  by  (7), 

{^'■(«=+i)+]j(r+i)'(^''+"'+i) 

=  {r(«'+i)+i]a'+i)'(r+«'+i). 

Expanding,  we  obtain,  modulo  2, 

C'^''a*-\-i^a'  =  C'"a'-^^''(f\ 
(C  "4-l)a'-f«=0. 

Hence  either  p^r  or  else  p^^.—r,  modulo  2'*+l.  Then  r^f  ov 
r^i—t,  respectively  (end  of  §  2).  Since  the  replacement  of /•  and 
t  by  their  negatives  may  be  attained  by  replacing  ^  by  ^"^  =  ^",  it 
follows  that  A.'-"  =  A.. 

The  value  of  A  given  by  the  pair  of  soluti'.na  v,  t  of  (7)  equals  that 


1903.]       Generational  Relations  for  an  Abstract  Oroup,  -447 

given  by  the  pair  — r,  —t ;  but  differs  from  that  given  by  any  third  pair 
of  solutions.     Each  X  belongs  to  the  GF  [2**]. 

We  therefore  obtain  2""'  values  of  X,  different  from  0,  by  giving  to 
r  the  values  1,  2,  ...,  2".  For  r  =  0,  then  ^  =  0,  X  =  0.  The  addi- 
tive group  determined  by  these  2'"'  +  l  distinct  marks  X  of  the 
GF[2"']  is  of  order  a  power  of  2  and  hence  of  order  2".  Hence  a 
suitable  product  of  the  S^  defined  by  (9)  leads  to  S^,  where  fi  is  any 
given  mark  of  the  GF[2''],  Moreover,  T=  8„A.  But*  T  and  the 
various  S^  generate  V.     Hence  property  (i.)  of  §  1  holds : 

The  transformations  A  and  B  generate  the  group  T. 

5.  Let  n  =  3.     The  only  cubics  irreducible  modulo  2  are 
X»+X+  1  =  0,     X»+X«-f  1  =  0. 
Let  i  denote  a  root  of  the  former.     Then 

t'=i  +  l,     i*  =  ^*  +  ^,     t*=z*  +  i-i-l,     *'  =  r-hl,     ^7  =  L 
For  a  =  z,  ^  =  a'f  + 1  is  irreducible  in  the  GF  [2*J,  since 

r  =  c+^'',  r  =  i. 

Hence  -4  =  S,  T  is  of  period  9.     Also,  (5)  has  the  solutions 

r  =  l,  s  =  2;     r  =  2,  5  =  1;     r  =  3,  »  =  5;     r  =  4,  »  =  6; 

r=5,  s  =  3;     r=6,  8  =  4:;     r  =  7,  *  =  8;     r  =  8,  «  =  7. 

Hence,  for  an  arbitrary  integer  r,  there  is  an  integer  s  such  that 
BA'^BA'  is  of  period  2.     These  relations  all  follow  from 

^»  =  /,    J5«  =  /,    (ABy  =  I,    (BA'^BA'y  =^  I. 

If  «,  r  is  a  set  of  solutions  of  (5),  then  t  =  ^-  (mod  9),  r  is  a  set  of 
solutions  of  (7).     By  (8), 

r  =  1,  ^  =  1,  X  =  i  +  1;     r=  2,  ^=5,  X  =  i*  +  i; 

r  =  3,  ^  =  7,  X  =  i*;  r  =  4,  ^  =  3,  X  =  t*  +  l. 

The  first  gives  S.,,  =  ABABA. 

•   Linear  Groups^  p.  80,  Cor.  ii. 
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The  others  give 

S,.,i  =  A''BA*BA\     Si.^A^BA'^BA^     S,.,i- A*BA'BA\ 

Now  every  Sj,  can  be  derived  from  Si^u  'Sp*  and  S,ii+,.  Also, 
T  =  8iA,  We  therefore  obtain  the  expressions  for  8^,  and  T  in  terms 
of  the  generators  A  and  B, 

Let  j  denote  a  root  of  X»  -f  -X*  + 1  =  0  (mod  2) .     Then 

Then  {*  =  /£+ 1  is  reducible  in  the  OF  [2*],  having  the  roots  j  and  f. 
Taking  f  =  j,  we  find  that  (5)  has  only  the  four  sets  of  solutions 

r==tl,  s  =  d=2;     r  =  d=2,  «  =  d=l. 

In  fact,  the  denominator  is  zero  if  r  =  3,  the  numerator  if  r  =  4. 
Hence  the  only  existing  relations  of  the  form  {BA^BA'Y  =  I  all 
follow  from  A^  =  I,  B'  =  I,  (ABy  =  J.  The  necessary  additional 
relation  is  more  complicated.* 

6.  Let  n  =  4.  The  GF  [2*]  is  defined  by  the  primitive  irreducible 
congi'uence  t*  =  z-|-l  (mod  2).  In  it,  ^  = /^i+ 1  is  irreducible. 
Indeed, 

r=  (i»+t+i)£+t  +  i,     r  =  0'+i)^+t'+t+i, 

r  =  (t'+i)  c+t'+i,      r  =  (*'+»■+!)  f+t-'+ 1. 

Hence  ^  =  S^  IT  is  of  period  17.     Also  (5)  has  the  solutions 

r  =  1,  «  =  2  ;     r  =  3,  s  =  7  ;     r  =  4,  x  =  12  ;     r  =  6,  8  =  9. 

But,  if  r,  s  are  solutions,  then  are  also  —r,  — s ;  s,  r  ;  —s,  — r.  Hence, 
for   an    arbitrary   integer  r,     there   exists   an    integer  x  such    that 


♦  Burnside,  Math.  Ann.,  Vol.  lii.,  pp.  174-6  ;  Dickson,  Jiiillelin,  I.e. 


(10) 
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BA'BA*  is  of  period  2.     These  relations  all  follow  from 

r  A'"^  =  J,     i?»  =  7,     {ABY  =  I, 

\  (BA'^BAy  =  I,     (BA'BA'y  =  /,     (BA'BAy  =  7. 

As  solutions  of  (7)  and  (8),  we  readily  get 

r  =  l,  f  =  l,     X  =  i-fl;  r  =  2,  ^  =  9,     X  =  i*-fi; 

r  =  3,  ^  =  12,  X  =  i»  +  t*  +  i  +  l;    r  =  4,  <=6,     X  =  i»+«  +  l; 
r  =  5,  ^  =  15,  X  =  i'»  +  ^;  r  =  6,  ^  =  13,  X  =  z»+i»; 

r  =  7,  ^  =  10,  X  =  1  ;  r  =  8,  ^  =  14,  X  =  t»  +  i«-f  t. 

From  these  we  have 

/S..1  =  5,     S...,  =  ^'^i?^*^.4^     S,  =  A'^'BA^BA'^ 

In  view  of  (10),  these  are  equivalent  to  the  expressions  given  in  the 
earlier  paper  in  these  Proceedings. 


7.  Let  n  =  5.     The  only  quintics  irreducible  modulo  2  are 
X*+X'  +  l,     Z'^+X'  +  X'+X+l,     Z*-hZ*-f-P-fX+l, 
XHX»+1,     X*+X*+X»+X«+l,     X'^+X*+X»+X-fl. 
Any  one  of  the  six  defines  the  OF  [2*] .     Let  j  be  a  root  of 

(11)     X»=A'-hX'+A'  +  l  (mod  2). 
We  make  use  of  the  following  table : 

r=r+f, 


/  =/+i+i, 


/•=/+j+l, 

TOL.  XXXV. — KO.  818. 


/»=/+/+l, 

^■*=/+/+i+i, 

/=/+/+ 1, 

2  0 


/'=/+i+l, 
/■  =  1. 
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For  a-=j,  a  root  of  (6)  belongs  to  the  exponent  33.     Indeed, 


c  =fi  +A 

v  =ri:+A 


For 


Hence  A  =  SjT  ia  oi  period  33,  while  B  =  Sj,,  is  of  period  2. 
r  =  3,  the  second  member  of  (5)  equals 

so  that  s  =  25.  In  this  way  we  obtain  the  first  of  the  four  sets  of 
solutions  in  the  eight  systems  given  below,  the  other  three  sets  of 
each  system  following  from  the  first,  as  at  end  of  §  2  : 


1   2 

'  3 

25 

'  4 

10 

•  5  17 

2   1 

25 

3 

10 

4 

17   5 

31  32 

8 

30 

23 

29 

16  28 

>32  31 

.30 

8 

.29 

23 

.28  16 

-  6  15 

7 

11 

'  9 

14 

12  20 

15   6 

11 

7 

14 

9 

20  12 

18  27 

22 

26 

19 

24 

13  21 

.27  18 

.26 

22 

.24 

19 

.  21  13 

We  observe  that  r  hei-e  takes  the  values  1,  2,  ....  32.     The  resulting 
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relations  (1)  all  follow  from  (2)  and 

^BA^BA'^y  =J,     (BA^BA'y  =  l     (BA'^BA'^y  =  I, 

(12)     ■   (BA^^BA'^y  =  I     {BA^BA'^y  =  7,     (BA''BA'*y  =  J, 

,  (BA'^BA'^y  =  J. 

Employing  the  preceding^  result,  we  obtain  the  following  sets  of 
solutions  of  (7)  and  (8),  with  r  =  1,  ...,  16: 


r 

t 

A 

r 

t 

A 

1 

1 

J+l 

9 

7 

f+J 

2 

17 

f+J 

10 

2 

f+f+j 

3 

29 

/+/+J+1 

11 

20 

j*+j*+j 

4 

5 

/•+/ 

12 

10 

/+/+1 

1     5 

25 

r 

13 

27 

/+/ 

,     6 

24 

/+/+;>! 

14 

21 

/+/  +  1 

7 

22 

i*+i 

16 

3 

/  +  1 

8 

15 

r+f+j 

16 

14 

/+i+i 

(13) 


All  the  S^  can  be  derived  from 

Sj.^  =  B,    Sj.^A'^BA'BA'',     Sj.,,  :=  A'^BA'BA'', 
Sj..j.  =  A'BA*BA\     Sj.,j,,  =  ^"B^"5.4". 
As  a  check,  it  is  shown  that,  in  view  of  (2)  and  (12), 
SjuiSj^.j.,  =  Sj.^j.,j  =  A^'BA'^BA'^. 
The  condition  may  be  written 

A*'BA'BA'BA'^BAA-''BA-''BA-'^:=  I. 
Replacing  A'^BA'^'B  by  its  inverse   BA^^BA\  and  then  BAB  by 
A'^BA~\  and  transforming  by  A^B,  the  condition  becomes 

BA-'BA'BA''BA^^BA''A*BA'''B  =  7. 
Replacing  BA^^BA"^  and  .4*^^*"^  by  their  inverses,  and  BA'^B  by 
ABA,  the  condition  becomes 

^i?^»i^^-^5A«B^-*  =  7. 
Replacing  A^BA'^B  by  its  inverse,  the  condition  becomes  an  identity 
in  view  of  (2). 

Again,  the  condition  for  Sj^Sj^.j^^  =  Sj*^j*^j,i  is 

A'^BA''BA''BA'''BA'''BA''BA''*  =  7. 

2  o  2 
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Transforming  by  A**B  and  replacing  BAB  by  A'^BA'^^ 

A''BA*BA''BA'''ABA-'''BA-*  =  J. 

Replacing  BA^BA^^  by  its  inverse  and  BAB  by  A-^BA-\  and  then 
A'''BA''^^B  by  its  inverse,  the  condition  becomes  an  identity. 

8.  Let  %  be  a  root  of  Z»+ Z'+ 1  =  0  (mod  2).    Then 


i»  =  »»+», 

t»  =  »♦+»»+»■•+»• 

+  1. 

»«  =  <«+♦»+»•+«■, 

»'  =  »'•+«', 

»>•  =  »«+«•+»+!, 

«•  =  »♦+»*+!, 

t»  =  <•+<•+!, 

tw  =  »•+»+!, 

t*  =  »*+i»+t  +  l. 

t*  =  <•+»•+«, 

<"  =  »+!, 

t*  =  t»+i+l. 

t^o  =  <•+!, 

t"  =  »•+», 

«-  =  «•♦+«'+», 

t«  =  t»+t  +  l, 

»»  =  «•+»••, 

»*  =  »*+!, 

»"  =  »*+»«+,•, 

»»  =  t«+»', 

t*  =  *♦+*, 

t"  =  »•+«•+»», 

«»  =  »«+,••+ 1, 

»"  =  1. 

For  o  = »,  equation  (6)  is  reducible  in  the  OF  [2'],  having  the 
roots  £  =  i*  and  «"*.     For  the  former, 

f=t»    r  =  t'",   r=i",  r=t"»,   r=<",   r=«'", 

{'•  =  i«,   £--  =  *•",  {"  =  »',   r  =  t",  r  =  i*, 
^=i«,  £-■•  =  »»  £»  =  *',  r  =  t",  ^"=1, 


We  obtain  at  once  the  following  solutions  r,  s  of  (5)  ; 


f  1  2 

2  I 

29  30 

30  29 

6  24 

24  6 

7  25 

25  7 


3  20 

20  3 

11  28 
128  11 

r  8  19 

19  8 

12  23 
U3  12 


4  13 

13  4 

18  27 

127  18 

9  15 

15  9 

16  22 
122  16 


5  17 

17  5 

14  26 

26  14 
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Here*  r  takes  every  value  from  1  to  30  except  10  and  21.  For 
r  =  10,  the  numerator  of  the  second  member  of  (5)  is  zero ;  for 
r  =  21,  the  denominator  is  zero.  We  obtain  readily  the  following 
sets  of  solutions  of  (7)  and  (8)  : 


r 

t 

1 

1 

2 

16 

3 

10 

4 

22 

5 

24 

6 

12 

7 

28 

1 

A     ! 

r 

t 

A 

t  +  1 

8 

25 

»••  +  »»+ I 

t«  +  t 

9 

23 

t'+i'+t'+tH 

I'+t'+i+l 

11 

14 

t*  +  t'+»  +  ] 

tVi* 

12 

27 

i*+l 

»*+i»+t 

13 

2 

t'+i'  +  t' 

»»+l 

14 

13 

»•  +  »» 

e 

15 

20 

»* 

9.  For  i!:»+X*  +  X»+Z+l  =  0,  a  root  is  X  =  i+1.     If 

r=(t+l)'i+l, 

then  f "  =  1 ;  so  that  A  is  of  period  11.     Note  that,  for  r  =  3,  there  is 
no  value  of  8  satisfying  (5). 

For  Jt*-|-Z»  +  1  =  0,  arootis  X=~.     Then 


is  reducible  in  the  ^^^[2*],  since  f"  =  f. 

For  X*+X*+JSC»+X»-f  1  =  0,  a  root  is  4 +l!     Then 

t 


r=(|-hi)'(;+i 


is  reducible  in  the  OF  [2*],  having  the  roots  i"  and  i**. 
In  the  last  two  cases  relation  (1)  fails  for  two  values  of  r. 


♦  For  the  missing  relationn  of  type  (1),  we  may  take 
{BA^^BA^BA^)*  «  J, 
the  product  itself  being  X'  «  (i  +  *^)I(X  +  1),  and  hsuce  ol  "^ensA  1. 
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10.  For  JP+Z*+JP+Z+1  =  0,  arooti8Z=l/(i  +  l).     Then 
is  irreducible  in  the  OF  [2^"].    Indeed, 

the  value  of  i""  being  c{+(i,  if  that  of  C  is  (i{+c.     Since 

.{"  =  »•"' (C+1), 
we  get  {"  =  i.     Hence  ^  =  S,  T  is  of  period  33. 
The  sets  of  solutions  r,  «  of  (5)  are  found  to  be 


f  ^     ^ 

3 

20 

f  "* 

15 

r   5   8 

2   1 

20 

3 

16 

i 

8   5 

31  32 

13 

30 

18 

29 

25  28 

32  31 

.30 

13 

.29 

18 

.28  25 

r   6  11 

•  7 

21 

f  ^ 

16 

|-10  14 

11   6 

21 

7 

16 

9 

14  10 

22  27 

12 

26 

17 

24 

19  23 

27  22 

26 

12 

24 

17 

23  19 

Hence,  f or  r  =  1,  ...,  32,  there  is  a  solution  s  of  (6). 
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APPENDIX. 


Records  of  Proceedings  at  Meetings. 


Thursdaij,  January  8iJi,  1903. 
Dr.  B.  W.  HOBSON,  F.R.S.,  Vice-President,  in  the  Chair. 

Twenty-one  members  present. 

Mr.  F.  W.  Dyson  was  admitted  into  the  Society. 

Dr.  Larmor  described  the  origin  and  progress  of  the  movement  for 
presenting  a  testimonial  to  Mr.  Tucker  on  his  retirement  from  the 
office  of  Honorary  Secretary. 

Mr.  Kempe  spoke  on  the  services  rendered  by  Mr.  Tucker  to  the 
Society. 

The  Chairman  presented  the  testimonial  to  Mr.  Tucker. 

In  the  course  of  his  reply,  Mr.  Tucker  said : 

**  On  looking  back  I  find  that  I  was  elected  a  member  of  the  Society 
on  October  16th,  1865 — which  shows  that  the  meetings  were  not  then 
held  on  the  second  Thursday  of  the  month,  as  now — and  that  the  first 
meeting  which  I  attended  was  held  at  Univeraity  College  on  Novem- 
ber 20th  of  the  same  year,  when  I  made  the  acquaintance  of  the  then 
President,  De  Morgan,  as  well  as  of  Hirst,  Sylvester,  Adler,  Bompas, 
Cotterill,  Kisch,  G.  C.  De  Morgan,  Harley,  Finlaison,  S.  Roberts, 
and  Jenkins,  for  many  yeai-s  my  senior  colleague  in  office,  and  from 
whom  I  have  received  much  kindness.  Of  these  five  at  least  have 
left  this  lower  scene.  On  the  death  of  G.  C.  De  Morgan  I  succeeded 
him  on  November  14th,  1867,  in  the  office  which  I  have  recently 
vacated.  From  this  latter  date  I  think  the  number  of  my  absences 
from  meetings  could  be  counted  on  the  fingei-s  of  one  hand  ;  in  fact, 
the  number  is,  I  believe,  limited  to  three. 

**  A  simple  calculation  will  show  that  some,  if  not  many,  of  the 
present  members  of  the  Society  were  then,  on  my  election,  mere 
infants,  othera  barely  acquainted  with  the  rudiments  of  Euclid's 
aToi\€ia.  The  editorial  duties  fell  to  my  lot,  and  I  have  been  mainly 
responsible  for  the  getting  out  of  the  Proceedinguy  from  No.  12  to 
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No.  766.  Now  I  am  glad  to  think  that  that  part  of  the  secretarial 
work  will  devolve  upon  the  brilliant  mathematicians  who  occupy  the 
posts  vacated  by  Mr.  Jenkins  and  myself.  I  may  here  remark  that 
no  choice  could  have  pleased  me  better  than  the  election  as  my 
successor  of  Prof.  Bumside,  whose  courtesy  tx>wards  myself  in  the 
course  of  a  very  frequent  correspondence  has  been  most  grateful 
to  me. 

"This  editorial  work  has  greatly  increased  in  late  years.  Volumes 
I.  and  II.  contain  altogether  twenty  numbers,  of  256  and  110  pages, 
and  include  from  the  inaugural  address  of  De  Morgan,  January,  1865, 
down  to  papers  read  at  the  June  meeting  in  1869  ;  that  is,  the  papers 
range  over  four  years.  Now  a  recent  annual  volume  occupied  some 
six  hundred  pages,  and  this  has  led  to  an  order  of  the  Council 
limiting  the  number  of  pages  to  about  four  hundred,  and  breaking 
up  the  volumes  so  as  not  to  be  confined  to  the  papers  of  one  session. 

"  Only  one  meeting  of  the  Society  has  failed  through  the  non- 
attendance  of  a  quorum. 

"One  pleasing  duty  remains,  viz.,  to  express  my  warm  thanks  to 
the  Society  and  to  the  gentlemen  who  pi-oposed  at  a  previous  meeting 
the  vote  of  thanks  to  me  for  the  services  which  I  have  been  able  to 
render  to  the  Society  during  my  thirty-five  years  tenure  of  office. 
When  I  look  over  the  long  list  of  Presidents,  nineteen  of  whom  I 
have  served,  I  see  much  occasion  for  regret.  The  first  six  are  gone, 
and  three  later  ones  have  followed  them.  They  are  gone  to  the 
bourne  "  unde  negant  redire  queniquam,*'  some  many  years  since, 
and  others  have  left  us  quite  recently.  Some  I  regi-et  to  have  lost 
as  personal  friends,  as  Spottiswoode,  Hirst,  Smith,  and  Cockle,  but 
I  am  glad  to  think  that  those  who  remain  have  entertained  kindly 
thoughts  towards  me.  There  is  one  man  who  stands  out  as  a 
brilliant  mathematician  and  kind  fi'iend — I  mean  W.  K.  Cliffoixi — 
he  and  H.  J.  S.  Smith  made  our  ineetinjjfs  delightful  to  look  back 
upon.  To  the  former  I  was  glad  to  be  able  to  render  such  service  as 
it  was  in  my  power  to  show.  His  wish  that  I  should  edit  his  papei's 
was  totally  unexpected,  and  would  have  been  impossible  of  execution 
had  it  not  been  for  the  promise  of  aid  from  othei*s. 

'*  The  .'designation  of  the  Secretaiyship  to  which  1  have  devoted 
half  my  life  will  at  Hrst  exercise  a  depressing  effect  upon  me  ;  but  the 
rest  I  shall  obtain  and  the  knowledge  that  1  shall  have  acquired  that 
my  labours,  though  falling  short  of  what  they  might  have  been,  have 
been  valued,  will  cheer  me  in  my  retirement. 

**  And  now  I  conclude  wit\i  a  ^uota\io\i  vfliich  I  used  in  my  preface 
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to  Clifford's  papers  :  *  If  I  have  done  well,  it  is  that  which  I  desired  ; 
but,  if  slenderly  and  meanly,  it  is  that  which  I  could  attain  unto.'  " 

The  Chairman  referred  to  the  loss  which  the  Society  had  sustained 
by  the  death  of  Mr.  Henry  Fortey. 

The  following  papers  were  communicated  by  their  authors : — 
Prof.  A.  Lodge :  Note  on  a  Method  of  representing  Imaginary 

Points  by  Real  Points  in  a  Plane.* 
Dr.  J.  Larmor :  The  Mathematical  Expression  of  the  Principle 

of  Huygens. 
Prof.  A.   E.  H.  Love:    Wave  Motions  with   Discontinuities  at 

Wave  Fronts. 

The  following  papera  were  communicated  from  the  Chair : — 

Dr.  H.  F.  Baker:  Of  Functions  of  several  Variables. 

Mr.  W.  H.  Young :  On  non-Uniform  Convergence  and  the  Term- 
by-term  Integration  of  Series. 

Prof.  L.  E.  Dickson:  Generational  Relations  for  the  Abstract 
.  Group  Simply  Isomorphic  with  the  Linear  Fractional  Group 
in  the  Galois  Field  [2"]. 

Rev.  F.  H.  Jackson :  Series  connected  with  the  Enumeration  of 
Partitions  (second  paper). 

Mr.  J.  Brill :  On  the  Minors  of  a  Skew-symmetrical  Determ- 
inant. 

Prof.  W.  S.  Burnside :  (1)  On  the  Jacobian  of  Two  Binary 
Quantics  considered  Geometrically  ;  (2)  On  the  Resolution  of 
some  Skew  Invariants  of  Binary  Quantics  into  their  Factors 
in  terms  of  their  Roots. 


February  I2th,  1903. 
Prof.  H.  LAMB,  F.R.S.,  President,  in  the  Chair. 

Thirteen  membei-s  and  a  visitor  present. 

Mr.  P.  E.  B.  Jourdain  was  elected  a  member. 

The  President  desciibed  the  services  which  had  been  I'endered  to 
mathematics  by  the  work  of  the  late  Sir  G.  G.  Stokes,  and  of  the  late 
Dr.  Ferrers.     He  also  i-eferred  to  the  losses  which  the  Society  had 


♦  Cf.  Mathematical  Gazette,  V«l.  ii.,  No.  39,  May,  1903. 
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suHtained  by  the  deaths  of  Mr.  J.  Glaisher,  Mr.  B.  B.  Hayward,  and 
Mr.  W.  I.  Bitchie,  and  gave  an  account  of  the  scientific  work  of  the 
first  two. 

Lt.-Col.  Cunningham  read  a  paper  "  On  4-ic  Besiduacity  and 
Beciprocity."  Messrs.  Western  and  Cullen  took  part  in  a  discussion 
of  the  subject. 

Prof.  Love  communicated  a  paper  by  Mr.  E.  T.  Dixon,  entitled 
"  Note  on  a  point  in  a  recent  Paper  by  Prof.  D.  Hilbert." 

The  following  papers  were  communicated  from  the  Chair: — 
Mr.  H.  Hilton :   Some  Properties  of  Binodal  Quai-tics. 
Prof.  A.  W.   Conway:    The  Field  of  Force    due  to  a  Moving 

Electron. 
Prof.  W.  Bumside :    An  Arithmetical  Theorem  connected  with 
the  Boots  of  Unity,  and  its  application  to  Group-Character- 
istics. 


Thursday,  March  12th,  1903. 

Dr.  E.  W.  HOBSON,  F.E.S.,  Vice-President,  in  the  Chair. 

Fifteen  members  and  a  visitor  present. 

Mr.  F.  B.Watson  and  Monsieur  J.  de  Seguier  were  elected  members. 

The  following  papers  were  communicated  by  their  authors  :  — 

Mr.  G.  H.  Hardy  :  On  the  Convergence  of  certain  Multiple  Series. 

Mr.  S.  M.  Jacob:    On  certain  Sequences  for  determining  the  n-th 
Boot  of  a  Bational  Number.     (Communicated  by  Prof.  Hill.) 
Prof.  Love  communicated  the  following  paper  : — 

Prof.  H.  Lamb  :    Note  on  the  Approximate  Calculation   of   the 
Frequencies  of  a  Vibrating  Circular  Plate. 
The  following  papers  were  communicated  from  the  Chair  : — 

Prof.  A.  R.  Forsyth  :  On  Surfaces  whicli  liave  assigned  Families 
of  Curves  iis  their  Lines  of  Curvature. 

Mr.  E.  T.  Dixon :  Note  on  a  point  in  Hilbert's  Grundlagen  der 
Gtuinetrie. 

Mr.  J.  H.  Grace  :   Extension  of  two  Theorems  on  Covariants. 

Prof.  T.  J.  I' A.  liromwicli :  Note  on  Double  Limits  and  on  the 
Invei-sion  of  a  Repeated  Definite  Integral. 

Prof.  W.  Burnside :  On  the  Representation  of  a  Group  of  Finite 
Order  as  an  Irreducible  Group  of  Linear  Substitutions  and  the 
Direct  Establishment  of  the  Relations  between  the  Group- 
Characteristics. 
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Thursday,  April  Idth,  1903. 
Dr.  E.  W.  HOBSON,  P.R.S.,  Vice-President,  in  the  Chair. 

Sixteen  members  present. 

Mr.  T.  Stuart  was  elected  a  member. 

Mr.  C.  S.  Jackson  and  Mr.  H.  J.  Curjel  wei-e  admitted  into  the 
Society. 

Mr.  C.  S.  Jackson  exhibited  his  logo-logaiithmic  slide-rule,  and 
gave  an  account  of  the  history  of  the  invention.* 

The  following  papei^  were  communicated  by  their  authors  : — 
Prof.  A.  Lodge :    Relations  between  Points  (in  a  Plane)  having 

Conjugate  Complex  Coordinates. t 
Prof.  A.  E.  H.  Love :  Note  on  Exact  Solutions  of  the  Problem  of 

the  Bending  of  an  Elastic  Plate  under  Pressure. 
Mr.  E.  T.  Whittaker :  On  those  Functions  which  are  defined  by 

Definite  Integrals  with  not  more  than  two  Singularities. 

The  following  papers  were  communicated  from  the  Chair : — 

Mr.  R.  P.  Gwyther :  On  the  Deduction  of  Schl5milch's   Series 

from    Fourier's  Series,  and  its  Development  into  a  Definite 

Integral. 
Mr.  H.  MacColl :  On  the  Validity  of  certain  Formulae. 
Mr.  A.  Young  :  On  Covariant  Types  of  Binary  n-ics. 
Messrs.  H.  W.  Richmond  and  T.  Stuart :  The  Inflexion  Conic  of 

a  Trinodal  Quartic  Curve. 


Thursday,  May  14fA,  1903. 

Prof.  H.  LAMB,  P.R.S.,  President,  in  the  Chair. 

Sixteen  members  and  two  visitors  present. 

The  President  referred  to  the  loss  which  the  Society  had  sustained 
by  the  death  of  Prof.  Willard  Gibbs. 

Dr.  H.  F.  Baker  communicated  a  series  of  notes  : — 

(1)  On  the  Definite ness  of  Quadratic  t'orms   with  Imaginary 

Coefficients. 

(2)  On  a  certain  Form  of  Logical  Argument  which  occui's  in 

the   Proofs    of  several    Fundamental  Theorems  of  Pure 
Mathematics. 

♦  Of.  Mathematical  Gazette,  July,  1903,  p.  217. 
t  Cf.  Mathewatieal  Gazette^  'NLHy^  1903. 
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(3)  On    the  Summation  of     Neumann's  Series   representing  a 

Potential  defined  by  Boundary  Values. 

(4)  On  the  Formation  of  the  Variant  Equation  in  the  Theory  of 

Differential  Equations. 

(5)  On  some  points  in  the  Theory  of  Continuous  Groups. 

Lt.-Col.  A.  Cunningham  announced  the  discovery,  made  jointly  by 
Rev.  J.  CuUen,  Mr.  A.  E.  Western,  and  himself,  of  seven  new  factors 
of  Format's  numbers. 

The  following  papers  were  communicated  from  the  Chair : — 

Mrs.   Young :     The    Surface     representing    all      Right-angled 

Spherical  Triangles. 
Mr.  W.  H.  Bussey  :  Generational  Relations  defining  an  Abstract 

Simple  Group  of  Order  32736. 
Mr.  W.  H.  Young :    (1)  Skew  Surfaces  contained  in  a  Linear 

Congruence;  (2)  Closed  Sets  of  Points  and  Cantor's  Numbers. 


Thursday,  June  l\th,  1903. 
Prof.  H.  LAMB,  F.R.S.,  President,  in  the  Chair. 

Sixteen  members  present. 

Miss  C.  I.  Marks  was  elected  a  member. 

Mr.  S.  M.  Jacob  and  Prof.  A.  C.  Dixon  were  admitted  into  the 
Society. 

The  President  made  the  following  statement : — 

The  Council  has  had  under  consideration  some  proposals  for  altering  the  form  of 
the  Society*8  Proceedings. 

The  first  four  volumes  of  Proceedings  contain  the  papers  of  eight  and  a  half  yesTB 
(January  1865-June  1873).  Vols,  v.-xxix.  correspond  with  the  sessions  1873-1898, 
one  with  ea<;h  session.  Vols,  xxx.-xxxv.  are  edited  in  accordance  with  the  rule  that 
the  "Volumes  shall  contain  as  nearly  four  hundred  pages  as  may  be  found  con- 
venient, provided  that  each  volume  shall  begin  with  the  Report  of  Proceedingi*  at 
a  meeting,  not  necessarily  an  Annual  General  Meeting."  These  volumes  contain 
the  records  of  proceedings  at  meetings,  followed  by  the  papers  read  at  the  meetings, 
and  they  also  contain  Appendices  in  which  are  Notes  and  Corrections  and  Obituary 
Notices  of  deceased  Members  The  Council  has  decided  that  in  future  the  records 
of  procecHiings  at  meetings  and  matter  of  the  kind  previously  placwl  in  Appendices 
shall  be  collected  at  the  beginnings  of  volumes  and  shall  liave  a  different  pagination 
from  that  of  the  papers,  and  that  tlie  records  of  proceedings  at  meetings  shall  be 
issued  for  a  session  at  a  time  in  the  earliest  completed  volume  after  the  end  of  the 
session. 

The  Council  has  decided  further  that  the  page  and  type  of  future  volumes  of 
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Froeeedinga  ahall  be  larger  than  those  of  previous  volumes.  The  size  selected  is  the 
**  super-royal  octavo,*' rendered  familiar  by  some  publications  of  the  Cambridge 
University  Press — Prof.  Forsyth's  Theory  of  Functiotu  and  Lord  Sayleigh's  Seientifie 
Fapei's  are  examples  of  this  size. — A  specimen  is  laid  on  the  table.  The  volumes 
are  to  contain  as  nearly  Ave  hundred  pagpes  as  may  be  found  convenient. 

The  following  papers  were  commnnicated  by  their  authors : — 
Major  P.  A.  MacMahon  :  The  Application  of  Quaternions  to  the 

Algebra  of  Invariants. 
Prof.  G.  B.  Mathews :  Jacobi's  Construction  for  Quadric  Surfaces. 

The  following  papers  were  communicated  from  the  Chair : — 

Mr.  H.  W.  Richmond :    Automorphic  Functions  in  relation  to 

the  general  Theory  of  Algebraic  Curves. 
Prof.  L.  E.  Dickson  :    Addition  to    the  Paper  on  four   known 

Simple  Groups  of  Order  25920. 

An  informal  communication  "  On  a  Method  of  introducing  the 
Logarithmic  Function  by  means  of  Geometrical  Properties  of  Conies  " 
was  made  by  Prof.  A.  C.  Dixon. 


Library. 
Presents. 


Between  December,  1902,  and  June,  1903,  the  following  presents 
were  made  to  the  Library  : — 

**  Joannis  Bolyai,  In  Memoriam/'  4to;  Claudiopolis,  1902. 

Reynolds,  O.  -**The  Sub-Mechanics  of  the  Universe**  (published  for  the  Itoyal 
Society) :  Cambridge,  1903. 

Mukerji,  C.—"  Elementary  Geometry,**  8vo;  Allahabad,  1903. 

Decombe,  L. — **La  Compressibilitc  des  Guz  r^ls." 

D.  Ocagne,  M.— '' Prinoipes  fondamentaux  de  la  Nomographie,**  4to;  Paris, 
1903. 

Bigelow,  F.  H. — **  Eclipse  Meteorology  and  Allied  Problems,'*  4to  ;  Washington, 
1902. 

From  M.  A.  Hermann,  Paris  : — 

Duhem.— **Traite  de  Mecanique  chimique,**  4  vols.,  1897-9. 
Tumlirz.— •*  Theorie  electromagfn^tique  dela  Lumi^,**  1892. 
Briggs. — '*  Mirifici  Logarithmorum  **  (1620),  facsimile  reprint,  1895. 
Tannenherg. — "  Applications  geometriques  du  Calcul  differentiel^*'  1899, 
Oltramare.— "CalculdeG^^ralisation,**  1899. 
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•*  Educational  Times,"  Vol.  lv.,  No.  500, 1902,  and  Vol.  lvi.,  Nob.  502,  504-506, 
1903. 

**  Mathematical  Questions  and  Solutions  from  the  *  Educational  Times,*  "  New 
Series,  Vol.  ra.,  1903. 

'•Indian  Engineering,'*  Vol.  xxxn.,  Nos.  21-26,  1902,  and  Vol.  zxxm., 
Nos.  1-3  and  8-20,  1903. 

••University  Quarterly,'*  Vol.  x.,  No.  4  :  Kansas,  1901. 

"Science  Bulletin,"  Vol.  i.,  Nos.  5-9;  Kansas,  1902. 

"  Mathematical  Gazette,**  Vol.  n.,  Nos.  36-39 ;  1903. 

•*  Nautical  Almanac  for  1906  '*  (presented  by  the  Admiralty). 

'*  Literary  and  Scientific  Society,**  No.  3  ;  Ottawa,  1902. 

*'L*Enseignement  Mathematique,**  Ann^e  v.,  Nos.  1-3;  Paris,  1903. 

*•  Nova  Acta  Regime  Societatis  Scientiarum,*'  Vol.  xvn..  Ease.  1,  2,  1896-1898, 
and  Index,  1744-1889;  Upsala. 

**  Gomptes  Rendus  de  la  Society  des  Naturalistes,*'  1901,  and  Procds- verbal, 
12me  ann^e ;  Varsovie. 

*'Wiadomosci  Matematyczne,**  Tom  vi.,  Zeszyt  6,  1902,  and  Tom  vm., 
Zeszyt  1,  2,  1903  ;  Warsaw. 

Exchanges, 

Between  December,  1902,  and  June,  1903,  the  following  exchanges 
were  received  : — 

"  American  Journal  of  Mathematics,"  Vol.  xxv.,  Nos.  1,2;   1903. 

**  Tran-nactions  of  the  American  Mathematical  Society,*'  Vol.  iv.,  Nos.  1,  2;  1903. 

"Bulletin  of  the  American  Mathematical  Society,"  Vol.  ix.,  No8.  4-9 ;  1903. 

"  Annual  Register  of  the  American  Mathematical  Society."  1902-1003. 

"  Proceedinga  of  the  American  Philosophical  Society,"  Vol.  xli.,  No.  171; 
Philadelphia,  1903. 

"  Revue  SemcHtrielle,"  Tome  xi.,  Pt.  1  :  Amsterdam,  1903. 

•'  Revue  Semestrielle,  Table  des  Matieres,"  1898-1902  ;  Amsterdam. 

**  Wiskimdige  Opgaven,"  Deel  viii.,  Stuko  ;   Amsterdam,  1903. 

"Bulletin  de  1' Academic  Royale  des  Sciences  de  Belgique,"  1902,  Nos.  9-12, 
1903,  NoH.  3,  4  ;  Bruxelles. 

'•  Annuaire  de  T Academic  Royale  des  Sciences  de  Belgique,"  1900  ;  Bruxelles. 

"Jahrbuch  iiber  die  Fortschritte  dor  Mathematik,"  Btl.  xxxi..  Heft  3; 
Berlin,  1902. 

"  Journal  fiir  die  Mathematik,"  Bd.  cxxv.,  Ilefte  1-3  ;  Berlin,  1902-3. 

"SitzuDgsberichte  der  Kiiniglichen  Preussische  Akademie,"  1902,  Nos.  41-')3, 
and  1903,  Nos.  1-24  ;  Berlin. 

"Proceedings  of  the  Cambridge  Philosophical  Society,"  Vol.  xi.,  Pt.  7, 
1902  ;  Vol.  XII.,  Pts.  1,  2,  1903. 

"  AnnaLs  of  Mathematics,"  Vol.  iv.,  No.  2  ;  Cambridge,  Mass.,  1903. 

"  Transactions  of  the  Canadian  Institute,'*  No.  14  ;   1902. 

"Proceedings  of  the  Canadian  Institute,*'  No.  11  ;   1902. 

"  Jomal  de  Sciencias  Mathematicas,"  Vol.  xv.,  No.  2  ;  Coimbra,  1903. 

"  Trnnsactions  of  the  Connecticut  Academy,'*  Vol  xi.,  Pt.  1 ;   1901-3. 
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"  Proceedings  of  the  Koyal  Irish  Academy,"  Vol.  vi.,  No.  4,  1902  ;  also  Vol.  xxiv., 
Section  A.,  Pt.  1,  1902  ;  **  Transactions,'*  Section  A,  Vol.  xxxn.,  Pte.  3-5,  1902. 

"  Bulletin  de  la  Society  Mathematique  de  France,"  Tome  xxx.,  Fasc.  3,  4,  1902, 
and  Tome  xxxi.,  Fasc.  1,  1903  ;  Paris. 

**Nachrichten  von  der  Konigl.  GeseUschaft  der  Wissenschaften  zu  Gottingen," 
Math  -Phys.  Klaase,  1902,  Heft  6,  and  1903,  Hefte  1,  2 ;  Geschaftliche  Mittheil- 
ungen,  1902,  Heft  2. 

**  Archives  Nderlandaises,'*  Tome  vni.,  Liv.  1,  2  ;  La  Haye,  1903. 

*'Beiblatter  zu  den  Annalen  der  Physik,"  Bd.  xxvi..  Heft  12,  and  Bd.  xxvn., 
Hefte  1-6 ;  Leipzig,  1902,  1903. 

**  K.  Sachsische  GeseUschaft,  Math.  Klasse,  Berichte,**  Bd.  liv.,  Hefte  3-6  und 
Sonderheft ;  Leipzig,  1902. 

**  K.  Sachsische  GeseUschaft,  Math.  Klasse,  Abhandlungen,"  Bd.  xxvn.,  Nos.  7-9; 
Leipzig,  1902. 

**Periodico  di  Matematica,*'  Anno  xvni.,  Fasc.  4,  5  ;  Livomo,  1903. 

**Supplemento  al  Periodico  di  Matematica,''  Anno  vi.,  Fasc.  2-7;  Livomo, 
1902,  1903. 

**  B.eale  Istituto  Lombardo— Rendiconti,"  Vol.  xxxv.,  1902,  and  Vol.  xxxvi., 
Fasc.  1-8  ;  MUano,  1903. 

"  Reale  Istituto  Lombardo — Rendiconti,*'  Indice  generale,  1889-1900;  Milano, 
1902. 

'*  Proceedings  of  the  Royal  Society,"  Nos.  469-475  ;  London,  1902,  1903. 

*' Proceedings  of  the  Physical  Society,'*  Vol.  xvni.,  Pt.  4  ;  London,  1903. 

*•  Annali  di  Matematica,"  Tomo  vin.,  Fasc.  2,  3  :  Milano,  1902. 

'*  Rendiconti  deU'AccademiadeUeScienze,"  Vol.  viii.,  Fasc.  8-12,  and  Vol.  ix., 
Fasc   1-4 ;  NapoH,  1902,  1903. 

"  Atti  deU'Aocademia  deUe  Scienze,"  Vol.  xi. ;  NapoU,  1902. 

"Nature,"  Vol.  Lxvn.,  Nos.  1732-1747,  and  Vol.  Lxvin.,  Nos.  1749-1753; 
1903. 

"  Rendiconti  del  Circolo  Matematico  di  Palermo,"  Tomo  xvi.,  Fasc.  6,  1902,  and 
Tomo  xvn.,  Fasc.  1-3,  1903. 

'*  BuUetin  des  Sciences  Mathematiques,"  Tome  xxvi.,  1902,  and  Tome  xxvn., 
Jan. -Mai,  1903  ;  Paris. 

"  Journal  de  I'Ecole  Polytechnique,"  Cah.  vn.  ;  Paris,  1902. 

''Reale  Accademia  dei  Lincei — Rendiconti,"  Vol.  xi.,  Sem.  2,  Fasc.  11,  12, 
1902,  and  Vol.  xii.,  Sem.  1,  Fasc.  2-9,  1903  ;  Roma. 

**  Acta  Mathematica,"  Bd.  xxvn. ;  Stockholm,  1903. 

*•  Annales  de  la  Facultc  des  Sciences,"  Tome  iv.,  Fasc.  1-4 ;  Toulouse,  1902. 

*'  United  States  Naval  Observatory,  Report  for  1902." 

**  Nova  Acta  Regise  Societatis  Scientiarum,"  VoL  xx.,  Fasc.  1  ;  Upsala,  1901. 

"  Monat«*hefte  fiir  Mathematik,"  Jahrgang  xiv., Viertelsheften  1-3  ;  Wien,  1903. 
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International  Catalogue, 

Between  February,  1902,  and  April,  1903,  the  following  exchanges 
have  been  sent  in  the  first  instance  to  Prof.  Love  to  be  indexed  for 
the  "  International  Catalogue  of  Scientific  Literature  "  : — 

**  ProceedingB  of  the  Mathematical  Society  of  Edinburgh,"  Vol.  xx.,  1902. 

**  Proceedings  of  the  Royal  Society  of  Edinburgh,"  Vols.  xxin.  and  xxiv., 
Pts.  1-3,  1900-1902. 

**  Transactions  of  the  Institute  of  Naval  Architects,"  London,  1902. 

"Journal  of  the  Institute  of  Actuaries,"  Vol.  xxxvn.,  1902,  1903. 

"Proceedings  of  the  Manchester  Literary  and  Philosophical  Society,"  Vol.  xlvi., 
Pt».  5,  6 ;  Vol.  xLvn.,  Pts.  1,  2 ;  1902. 

The  following  have  also  been  sent  especially  for  the  purposes  of 
the  "  Catalogue  "  :— 

"  Mathematical  Gazette,"  Nos.  32-37  ;  London,  1902-3. 

**  Transactions  of  the  Royal  Society  of  Edinburgh,"  a  number  of  separate  papers, 
1900-3. 

**  Journal  of  the  Royal  Statistical  Society,"  Vol.  xlv.  ;  London,  1902. 
"  Educational  Times,"  Nos.  489-604  ;  London,  1902-3. 


Notes  and  Correct[on8. 

Prince  Camille  de  Polignac  calls  attention  to  the  fact  that,  in  the 
Bulletin  de  la  Societe  Mathematique  de  France,  Vol.  xxvii.,  p.  142,  he 
had  shown  that,  if  a  closed  circuit  can  be  found  passing  once  through 
every  point  [of  the  network],  the  truth  of  Tait's  theorem  becomes 
manifest,  and  had  deduced  consequences  which  partly  anticipate  the 
results  obtained  by  Mr.  S.  Roberts  in  his  paper  on  "Networks"  in 
Froceedings,  Vol.  xxxiv.  Mr.  Roberts  was  unaware  of  this  when  he 
wrote  his  paper. 

Mr.  J.  Buchanan  has  noticed  an  en^or  which  runs  through  his 
paper  **  The  Errors  in  certain  Quadrature  Formulae,"  Proceeedings, 
Vol.  XXXIV.  On  pp.  337-341,  h  should  be  deleted  wlierever  it  occurs 
in  combination  with  A^,  A^,  ... . 

Prof.  A.  C.  Dixon  sends  the  following  note  in  correction  of  the 
second  paragraph  of  his  paper  *'  Expansions  by  means  of  Lame's 
Functions,"  IWoceedings,  Vol.  xxxv.,  p.  162  : — "For  functions  in  a  Rie- 
mann  space  see  Klein,  Math.  Ann.y  Bd.  xviii.,  p.  421,  and  Bocher,  Ueher 
die  Beihenentvnckelungen  der  Potentialtheorie,  p.  151  (Leipzig,  Teubner. 
1894)." 


Appendix, 


465 


Professor  Lamb  sends  the  followinsr  note  in  correction  of  his  paper 
on  "  Wave-Propaeatiou  in  Two  Dimensions  "  : — "  In  the  foot-note  on 
p.  ]56  the  word  'source'  is  used  somewhat  loosely.  The  formula* 
there  given  really  relate  to  the  case  of  a  eras  suri\)undinfi:  a  sphencal 
harrier^  whose  i-adius  is  made  to  vary  at  the  i-ate  /(/)  ^ttii*.  It  is 
only  when  the  mean  radius  a  is  infinitesimal  that  this  asrives  with 
the  usual  conception  of  a  source,  as  employed,  e.g.,  in  Rayleigh's 
Sound. 

"  The  correct  formula*  for  the  case  of  a  unifonn  sphencal  sheet  of 
simple  sources,  of  a<rtrreirate  amount  /(O*  ^i*^ 


4irr^  =  I 


f(k)dk     0>a), 


47rr9  =  I    ' 


/(A)r7A      (r<«); 


for  these  come  under  the  form  (G),  they  make  f  continuous  for 
r  ^  Qy  and  they  give 

The  value  of  ^  at  any  point,  internal  or  exti*rnal,  therefore  ultimately 
vanishes  if  the  source  be  of  Unite  duration.  It  is  otherwise  obvious 
from  the  principle  of  superposition  tlint  the  statement  in  the  text, 
to  which  the  note  is  attached,  must  hold  without  qualification  for 
any  finite  distribution  of  temporary  sources  in  an  unlimited 
medium. 

"The  author  is  indebted  to  Lord  Kayleijtrh  for  calling  attention  to 
the  misleading  phi-aseology  of  the  note.'' 


Ebeata,  Vol.  xxxv. 

P.  40.  line  8,  for  **  f/  rovient  *'  irnff  **  y  rt^vinit." 
P.  239,  last  line./ur  '»«'-2.-^-   »  ''  nad  '»«--'"«*-w; 


VOL.  XXXV. — xo.  819. 
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Obititaey   Notices. 


Robert  Baldwin  Hayward,^ 

Robert  Baldwin  Hayward,  M.A.,  F.R.S.,  who  died  at  Shanklin, 
Isle  of  Wight,  on  the  2nd  of  February  last,  was  born  at  Booking,  in 
Essex,  on  March  7th,  1829,  one  of  a  long  succession  of  Robert 
Hay  wards,  of  whom  the  first  was  well  known  as  the  "  Iron  Parson  " 
of  Bacton.  The  family  were  Quakers,  but  the  father  of  Robert 
Baldwin  had  lost  touch  of  the  Society,  perhaps  by  marrying  outside 
it.  Early  in  the  eighteenth  century  the  Haywards  seem  to  have  left 
Bacton,  and  from  that  time  until  the  end  of  the  century  appear  as  "of 
Keldon  [Kelvedon]  Hall,  Essex." 

Our  Robert  Hayward  was  educated  at  University  College  School 
and  University  College,  whei'e,  in  May,  1846,  he  was  reading  the 
calculus  of  variations  and  the  details  of  definite  integrals  with 
De  Morgan.  He  was  a  favourite  pupil  of  De  Morgan,  and  drank 
deep  of  his  mathematical  genius. 

On  leaving  Univereity  College  Hayward  competed  with  his 
friend  Mr.  E.  V.  Yool  for  the  Flaheii^y  Scholarship.  A  second 
examination  was  held  in  order  to  discriminate  between  the 
candidates,  Mr.  Yool  finally  obtaining  the  Scholarship.  This 
was  a  great  disappointment,  as  Yool  was  rich  and  Hayward 
poor. 

Hayward  went  to  St.  John's,  Cambridge,  in  October,  1846,  and 
read  chiefly  with  Hopkins.  He  graduated  as  Fourth  Wrangler 
in  1850,  being  beaten  by  Besant,  H.  W.  Watson,  and  Wolstenholrae. 
In  the  same  year  his  friend  Prof.  Liveing  took  his  degree  in 
Mathematics,  and  E.  H.  Perowne  and  Hort  in  Classics.  In  1851  we 
find  the  names  of  Ferrers,  Yool,  Searle,  Lightfoofc,  Joseph  Mayor, 
Whymper,  and  Harcourt.  The  intellectual  men  of  the  time  were 
fast  fiiends,  twelve  of  them  forming  *'  The  Society "  and  dining 
together  regularly  from  their  college  days  to  the  present  time.  But 
friendships  covering  fifty-six  years  of  manliood  must  have  their  end. 
One  of  the  twelve  writes,  in  February  of  this  year :  "  During  the  last 
five  weeks  five  of  my  oldest  University  friends  have  died." 

Hayward  took  his  London  B.A.  in  1847,  gaining  the  Scholarship 
for  Natural  Philosophy.     In  due  course  he  was  elected  a  Fellow  of 


*  The  Council  is  indebted  for  this  notice  to  Mr.  W.  N.  Roseveare. 
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St.  John's,  and  became  also  an  Assistant  Tutor.  Among  his  private 
pupils  at  this  time  was  Archbishop  Benson,  who  took  his  degree  in 
1852.  From  1855  to  1859  Hay  ward  was  a  Mathematical  Tutor  and 
Reader  in  Natural  Philosophy  at  Durham  University.  During  these 
years  many  of  his  more  advanced  mathematical  papers  were  written, 
while  in  the  vacations  he  was  an  enthusiastic  climber,  being  an 
original  member  of  the  Alpine  Club.  It  was,  alas,  on  his  ascent 
of  the  Finsteraarhom  in  1859  that  his  guide,  Bennen,  disturbed  and 
broke  the  thermometer  which  Tyndall  had  carefully  left  to  winter 
on  the  summit.  At  this  time,  too,  he  took  an  active  part  in  dis- 
cussions on  the  constitutions  both  of  St.  John's  College  and  of  Durham 
University.  A  pamphlet  of  his  addressed  in  January,  1857,  to  the 
Governing  Body  of  St.  John's  "  On  the  Tenure  of  Fellowships," 
strongly  urging  the  abolition  of  the  restrictions  of  Holy  Orders  and 
Celibacy,  is  admirable. 

In  1859  he  was  appointed  a  Mathematical  Master  at  Harrow  by 
Dr.  Vaughan,  and  held  the  post  till  his  retirement  in  1893.  At 
Hari'ow  he  found  his  old  college  friend  H.  W.  Watson,  and  in  1860  he 
married  Mrs.  Watson's  sister,  Miss  Marianne  Rowe,  of  Cambridge. 
The  brothers-in-law  died  within  three  weeks  of  one  another.  Hay- 
ward,  apparently  in  his  usual  good  health,  airanging  all  the  details 
of  Watson's  funeral.  In  April,  1880,  Mvs.  Hayward  died,  the  loss  to 
one  of  Hay  ward's  temperament  being  in*epai*able.  They  had  two 
sons,  and  also  four  daughters,  the  eldest  of  whom  became  hencefoi'th 
his  efficient  housekeeper  and  constant  helper  and  companion. 

In  1868-9  Hayward  was  appointed  Examiner  in  the  Mathematical 
Tripos,  a  peculiar  honour  for  a  schoolmaster  of  nine  years'  standing 
who  had  been  fourteen  years  absent  from  the  University,  and  one 
which  he  much  appreciated.  In  1876  he  was  elected  a  Fellow  of  the 
Royal  Society,  chiefly,  it  is  understood,  on  the  ground  of  his  valuable 
work  on  "  Moving  Axes."     ' 

But  Hayward,  though  a  keen  mathematician,  had  the  widest  sym- 
pathy with  all  sor-ts  of  knowledge.  He  had,  during  his  Cambridge 
career,  taken  up  a  course  of  analytical  chemistry  ;  notes  of  his  climbs 
are  full  of  geological  and  other  observations;  and, though  circumstances 
di-ew  his  attention  largely  to  pure  mathematics,  he  valued  them  mainly 
for  their  applications  to  physics.  He  was  a  fair  French  and  German 
scholar,  and  in  his  closing  years  was  equal  to  reading  Homer  in  the 
original  for  the  purposes  of  a  local  essay  club.  At  Harrow,  at  Dr. 
Butler's  i-equest,  he  represented  the  School  on  the  Local  Boai*d,  filling 
the  post  of  chairman  for  seventeen  years.     He  was  no  orator,  but  he 
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won  the  respect  of  the  Board  by  his  clear  judgment  and  his  kindly 
disposition.  He  gave  up  his  House  in  1888,  but  continued  to  teach  in 
the  School  until,  in  1893,  he  retired  with  his  daughters  to  a  quiet  home 
in  the  Isle  of  Wight,  where  he  lived  active  in  mind  and  body,  doing 
much  examination  work,  contributing  letters  on  scientific  subjects  to 
various  papers,  and  roaming  daily  over  the  downs.  He  was  for  a 
time  on  the  Shanklin  District  Council,  his  scientific  knowledge  and 
experience  contributing  largely  to  the  solution  of  a  difficult  question 
of  water  supply.  He  had  ever  been  strong  and  healthy,  and  some 
slight  signs  of  heart  weakness  had  by  no  means  prepared  his  friends 
for  his  sudden  death  after  only  two  days'  illness. 

Of  his  mathematical  work,  that  of  older  date  consists  of  papers 
on : — "  A  Direct  Method  of  Estimating  Velocities,  Accelerations,  and 
all  similar  Quantities  with  respect  to  Axes  Movable  in  any  manner  in 
Space  "  (Trans,  Camh.  Phil  Soc,  Vol.  x.,  Part  I.,  Feb.  25,  1856)  ; 
"  A  Direct  Demonstration  of  Jacobi's  Canonical  Formulae  for  the 
Variation  of  Elements  in  a  Disturbed  Orbit "  (about  1858)  ;  "  An 
Interpretation  and  Proof  of  Lagrange's  Equations  of  Motion  referred 
to  Generalized  Coordinates  "  (Jour,  of  P.  and  A.  Math.,  No.  40,  1870) 
— this  won  the  admiration  of  Sir  Robert  Ball,  who  WTote :  "  I 
never  before  had  a  thorough  hold  of  these  beautiful  equations  " ;  ''  On 
an  Extension  of  the  term  'Area'  to  any  Closed  Circuit  "  (Proc.  Land. 
Math.  Soc,  No.  59,  April,  1873) — this  met  with  the  appi*oval  of 
Clerk-Maxwell,  who,  by  the  way,  considered  Haywai-d  sound  "  on 
tops"  ;  and  "An  Analysis  of  Foucault's  ^Experiments  with  a  Revolving 
Disc."  He  also  wix)te  lucid  essays  "  On  Laplace's  Coefficients," 
"On  the  Mechanical  Sciences,"  "  On  the  Genei-al  Distribution  of  Stars 
in  Space." 

But  perhaps,  next  to  his  memoir  on  moving  axes,  the  chief  debt  the 
mathematical  world  owes  to  Hayward  is  for  his  work  on  the  A.I.G.T. 
Syllabus  and  Text-Book  of  Elementary  Geometry.  From  1871  to  the 
appearance  of  the  book,  in  1885,  Hayward  (President  from  1878)  and 
Mr.  R.  Levett  (Secretary)  were  the  unflagging  leaders  of  a  band  of 
men  who,  though  busy  in  various  walks  of  life,  devoted  time  and 
energy  to  the  production  of  an  alternative  t«xt-book  to  Euclid,  which 
should  not  only  be  as  sound  as  they  could  make  it,  but  should  fairly 
represent  the  view.s  of  the  general  body  of  thoiighful  teach ei^s. 

The  history  of  this  work,  with  its  long  tight  over  commeusurables 
andinconiuiensurables,  and  tlie  vai'ious  able  replies  to  an  appeal  made 
in  1874  to  all  members  of  the  A.I.G.T.  to  send  in  print  their  views 
on  proportion,  seem  well  worthy  to  be  permanently  recorded.  It  is  true 
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that  the  protest  against  the  exclusive  use  of  Euclid  seemed,  in  a 
measure,  to  fail,  and  that  the  A.I.G.T.  book  has  not  to  any  great 
extent  supplanted  Euclid  ;  hut,  now  that  the  less  ambitious  effoi-ts  of 
last  year  in  the  same  direction  seem  destined  to  succeed,  the 
details  of  those  fourteen  yeai's'  work  would  be  interesting  and  in- 
structive if  one  of  the  survivors  would  publish  them. 

The  full  scheme  of  proportion  (applicable  to  all  magnitudes)  which 
was  in  the  main  adopted  by  the  Association  was  Hayward's.  He 
was  on  the  sti'ong  Committee  of  the  British  Association  on  Elementary 
Geometiy,  and  drew  up  its  repoi-t  in  1876.  The  A.I.G.T.  Syllabus  of 
Solid  Geometry  again  entailed  much  work  on  the  President  and  Secre- 
tary, although  the  Committee  was  "  unable,  owing  to  various  causes, 
to  complete  its  labours."  One  of  these  causes  seems  to  have  been  the 
difficulty  of  getting  the  Committee  to  give  enough  time  to  the  work. 
But  Hayward  persevered  in  this  work  by  himself,  and  published,  in 
1890,  a  small  book  on  Solid  Geometry  having  many  merits  (a  detail 
was  the  suggestion  of  the  word  "  cuboid  "  instead  of  "  rectangular 
parallelepiped  '*),  which  received  the  compliment  of  being  reproduced 
almost  verbatim  in  the  United  States  in  1896,  but  under  another 
author's  name ! 

Hayward  also  drew  up  for  the  A.I.G.T.  Syllabuses  of  Geometrical 
Conies  and  of  Elementary  Dynamics.  The  latter  he  seems  to  have 
partly  developed  into  a  book.  In  1892  was  published  the  "  Vector 
Algebra  and  Trigonometry."  This  interesting  and  suggestive  little 
book,  the  first  attempt  in  English  to  deal  simply  with  the  subject  of 
Vectors,  seems  to  have  been  planned  many  years  before :  he  made 
notes  for  it  as  far  bacM  as  1882.  The  work  was  very  favourably 
received,  many  mathematicians  greeting  it  as  "charming."  Prof- 
Maxime  B6cher,  reviewing  it  at  length  in  the  Bulletin  of  the  American 
Mathematical  Society^  speaks  of  "  its  freshness  and  interest,  which 
many  a  mathematical  writer  might  well  envy."  He  proceeds,  how- 
ever, to  make  it  the  text  for  a  severe  attack  on  the  "  lack  of  rigor  " 
of  recent  English  mathematical  work,  especially  pillorying  Haywai*d*8 
use  of  '*  the  permanence  of  equivalent  forms."  Among  the  interesting 
features  of  the  book  are  the  use  of  i^  in  place  of  the  cumbrous  e'*  for 
the  unit  vector  of  angle  A,  the  attempt  to  inti-oduce  "ex circle"  for 
"  rectangular  hyperbola,"  and  the  pretty  geometrical  consideitition  of 
convergency. 

Huywai-d  ventui*ed  once  to  criticize  Mr.  Herbert  Spencer's  use 
of  certain  dynamical  terms,  and  was  thereby  involved  iu  an  arduous 
coiTespondence,  characteristic  on  both  sides. 
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The  Nineteenth  Century  of  February,  1884,  contains  an  ingenious 
article  by  Hay  ward  on  **  Proportional  Representation,"  which  aroused 
much  interest  in  the  political  world. 

He  was  an  able  and  eager  advocate  of  the  introduction  of  the 
metric  system,  and  with  that  end  in  view  pleaded  strongly  for  im- 
proved methods  in  arithmetic,  especially  in  decimals.  His  influence 
established  a  good  system  of  arithmetical  teaching  at  Han*ow.  He 
published  in  December,  1895,  an  admirable  pamphlet,  Hints  on 
Teaching  Arithmetic y  the  substance  of  which  he  forwarded  to  Sir  J.  E. 
Gorat  at  the  Boaixi  of  Education ;  and  on  April  5th,  1899,  the  Times 
printed  a  lucid  letter  from  him  on  the  decimal  system.  In  Febmary, 
1901,  he  wrote  to  the  Standard  on  the  recorded  hearing  at  great 
distances  of  the  guns  that  saluted  the  Queen's  funeral  voyage  from 
Osborne,  and  suggested  an  ingenious  solution. 

As  a  practical  teacher.  Hay  ward,  as  is  so  often  the  case,  was  perhaps 
riot  as  good  as  his  theories.  He  was  not  always  ready  to  immerse 
himself  in  the  steady  di-udgery  whicii  is  essential  even  to  the  inspiring 
teacher.  But  he  lias  left  on  the  minds  of  those  who  knew  him  the 
impression  of  a  remarkably  clear-headed,  clever  man,  withal  simple, 
sympathetic,  and  kindly,  free  from  every  taint  of  littleness. 

James  Glaisher.* 

James  Glaisher  was  born  in  London  on  April  7th,  1809,  and  died 
at  Croydon  on  February  7fch,  1908.  His  long  life  thus  almost  spanned 
the  nineteenth  century,  to  the  scientific  history  of  which  he  con- 
tributed one  of  the  most  romantic  chapters. 

Geology  and  astronomy  were  his  earliest  fields  of  work  :  first  as 
an  assistant  in  the  Irish  Survey  (1829-84),  and  afterwards  at 
Cambndge  (1834-6)  and  Greenwich  (1836-40)  Observatories.  In 
1840,  however,  the  Meteorological  Department  was  established  in 
connexion  with  Gieenwicli,  and  for  tliii-ty-t'our  years  (1840-74)  was 
under  Mr.  Glaishei-'s  superintendence.  Meteoi'ology  and  the  allied 
subjects  became,  in  this  way,  the  main  business  of  his  life ;  he  was 
the  chief  founder,  and  for  long  the  Secretary,  of  the  Met^oi*ological 
Society,  and  the  originator  of  the  Meteorological  Reports.  His 
services  in  the  promotion  of  this  department  of  knowledge  led,  in 
1849,  to  his  election  as  a  Fellow  of  the  lioyal  Society. 

It  was  not,  how^ever,  until  he  was  well  on  in  life  that  he  commenced 

*  The  Council  ih  mdebted  for  thi«  notice  to  Mr.  E.  T.  Whittaker. 
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those  sensational  investigations  by  which  his  name  became  most 
widely  known.  In  1859  a  Committee  of  the  British  Association  was 
appointed  to  consider  the  possibility  of  making  meteorological  observ- 
ations, at  great  altitudes,  by  means  of  balloons.  Of  this  Committee 
Mr.  Glaisher  was  a  member,  and  to  him  the  actual  execution  of  the 
plan  was  committed.  Accordingly,  in  1862,  lie  made  arrangements 
with  a  well  known  aeronaut,  Mr.  Coxwell,  for  a  series  of  balloon 
ascents,  which  were  can'ied  out  in  the  ensuing  four  years.  The  most 
memoi'able  of  these  was  the  ascent  of  September  5th,  1862,  in  which 
the  record  height  of  37,000  feet  was  reached  :  Mr.  Glaisher  became, 
for  the  moment,  completely  paralyzed,  and  the  two  were  saved  only 
by  Mr.  Coxwell's  presence  of  mind  in  gripping  the  valve-rope  with 
his  teeth. 

These  adventures  were  later  described  in  his  published  work. 
Travels  in  the  Air.  He  was  known  to  those  interested  in  cosmical 
physics  also  as  the  editor  of  Flammarion's  Atmosphere  and  Guillemin's 
World  of  Comets,  and  in  other  circles  as  the  President  of  the  Photo- 
gi'aphic  Society  of  Great  Bntain  and  as  the  President  of  the  Palestine 
Exploration  Fund. 

The  mathematical  world  will  always  remember  him  as  the  author 
of  Factor  Tables  which  extend  several  millions  beyond  the  limit 
reached  by  the  earlier  German  workers.  These  were  completed 
chiefly  in  the  period  following  his  retirement  from  the  public  service 
in  1874.  

William  Irvine  Ritchie. 
William  Irvine  Ritchie  was  the  eldest  son  of  the  late  Mr.  William 
Ritchie,  formerly  Advocate- General  of  Bengal  and  legal  member  of 
the  Council  of  the  Governor-General  of  India.  He  was  educated  at 
Eton,  King's  College,  London,  and  Trinity  College,  Cambridge.  He 
was  a  Scholar  of  Trinity  and  was  seventh  Wi-angler  in  1873.  In 
1874  he  was  appointed  a  Junior  Examiner  in  the  Education  Office, 
and  in  1893  he  became  a  Senior  Examiner  and  subsequently  an 
Assistant  Secretary  to  the  Board  of  Education.  A  writer  in  the 
Times  of  January  6th,  1903,  eulogizes  his  work  in  the  Education 
Office,  in  which  he  appeal's  to  have  found  scope  for  the  exercise  of 
his  mathematical  ability.  He  was  elected  a  member  of  the  London 
Mathematical  Society  in  1874,  and  remained  a  member  until  his 
death  on  January  1st,  1903.  In  1873  he  mamed  Magdalene  Alice, 
only  daughter  of  the  Rev.  W.  H.  Brookfield,  who  was  a  well  known 
personage  and  a  friend  of  Thackeray  and  Tennyson. 
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